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Hukonait HukomaeBuu KpacoBckmit
(K desanocmonamusemuio co ons poscdenus,)

Axkanemuxk Huxosaii Hukonaesny KpacoBckuit — BbLaarommuiicss pyc-
CKUil yIEHBIN, 000raTUBINNI HAYKY (DYyHIAMEHTAIbHBIMU JOCTUXKEHUSIMU
B psijie HAIIPABJIEHUI MaTEMATUKUA ¥ MEXAHUKU.

H.H. Kpacosckuit pomuicst 7 cenrsiopst 1924 r. 8 Ekarepunbypre B
cembe u3BecTHOrO B ropogie Bpada. C 1932 mo 1941 roji oH yuuics B KO-
age Ne 1 r. Ceepyioseka. C 1941 mo 1943 rojyr paboTalt 3JIeKTPOMOHTEPOM
na 3aBosie umenn C. Opkonukuze. [locrynus B 1943 1. B Ypasbckuit
nosmrexaudeckuil uacruryr (YIIN) nm. C.M. Kuposa, 3akoH4YHI €ro
B stuBape 1949 1. co 3BaHWEM MHXKEHepa II0 IJIACTHUYECKOW W TepMude-
cKoit 0bpaboTke MerasioB. Ha BTOpOM Kypce MHCTHUTYTa HAYAJ 3aHU-
MAaTbCsI HAYTHONW paboTO# 1o PYKOBOJACTBOM IIpodeccopa-aaredbpancra
C.H. Yepuukosa, 3aBejyonero kadeIpoil BbICIIeH MATEMATHKH.

ITocne okomuanuss VIV Huxkomait Hukonaesuu B TedeHme mecs-
T JileT paboraj Ha Kadeape BBICIIEl MaTeMaTHKH B JIOJIKHOCTSIX
aCCHUCTEHTa, JIOIeHTa, podeccopa, 3aBeiymomero Kademnpoit. B 1959-
1970 rr. paboras B ¥YpajbckoM rocyaapcrsensom yuusepeurere (Ypl'y)
nM. A.M. Topbkoro, 3aBeiays cHadaJia Kadeapoil TeopeTHdecKoi Me-
XaHUKHU, & 3aTeM — OPraHM30BaHHBIMH 110 €r0 WHUIUATUBE Kadeapoii
BbIYUC/IUTEIbHON MaremaTuku u (¢ 1965 1.) kadeapoii npukiaHoil
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marematuku. B 1970-1977 rr. H.H. Kpacosckuit Bozriasisi ucru-
ryr maremaruku u Mexanuku (MIMM) AH CCCP, opranumszosanHbIit
na 6aze CsepioBCKOro orjesienns MareMaTudeckoro HWHCTUTYTA
nM. B.A. Crekiosa no nannparuse akagemukos .M. Bunorpamosa u
M.B. Kennprma. Ilo3naee mHCTUTYT BOMIET B cOCTaB Y PAIBCKOrO Hayd-
Horo neHTpa (no3gHee — Ypasbckoro oraesnennss PAH). o nocieaanx
JHEeNl KU3Hb W HaydHas naedareJbHocTh Hwukonas HukomaeBumva ObLan
cBs3anel ¢ VIMM.

IIpuopurersr mayunnix wmatepecoB H.H. Kpacosckoro mexanu B
cdepe KayecTBeHHOI Teopun auddepeHIualbHbIX yPaBHEHUT, TeOpUn
YCTOMYMBOCTH, TEOPUM CTADUIN3AIUN JIBUXKEHUsI, MaTeMaTHIeCKOM
TeoOpWH yIpaBjeHus, Teopuu guddepennmraabubix urp. Hapsmy c
9THM, OH IMPOSABJSA] YCTONYUBBIA HHTEPEC U K JIPYTUM HAIIPABJIEHUSIM
MaTeMaTUKA U MEXAHWKW, K HOBEHIINM JOCTHKEHUSIM B STUX HAIIPAB-
JIEHUSIX, TIOJJIep:KUBaJl UX paspuThe B Ypasibckom peruone. Illupora
naydabix wHTepecoB H.H. Kpacosckoro mposiBwiach €mgé B MOJIOIbIE
rojibl 1moJ BjusHueM ero yumreseii — E.A. Bap6amuna, H.IT. Epyru-
na, N.I. Mankuna, H.I. YeraeBa. OH ycHemHo Tpoio/iKuI HAyIHbIE
TPAJUIINA U HAYYIHBbIE HCCJIEI0BAaHUA B 0OJIACTH KaYeCTBEHHOH Teopuu
b depeHnuaIbHbIX yPABHEHUIT U TEOPUU YCTONIMBOCTHU, BOCXOIIATIINE
k A.M. JIsaoyHoBy.

Ilepeunciisist KpaTKo dyHIAMEHTAJIBHBIE HAY YHbIE PE3YJIBTATHI, ITOJLY-
gennbie H.H. KpacoBckuM B yKa3aHHBIX HAIPABICHUIX, OTMETHM, ITPEK-
Jie BCEro, YTO UM JIOKA3aHO CyIiecTBOBanne dbyHknumii JIamynosa, yaosie-
TBOPAIONINX TeopemMaM JIdamyHoBa 06 aCHMIITOTHIECKOH YCTONINBOCTH U
HEyCTONYUBOCTH.

Jamee, IM IpeJJIOYXKEH MOJIX0/T K PEIICHUIO 33124 ONTUMAJILHOTO TTPO-
rPAMMHOIO YIIPABJIEHUsI, OCHOBAHHBIM Ha HIAESX U METOJaX (OYyHKIINO-
HaJBHOTO aHaJm3a. JluHeiinble 3a7a4uu ¢ QyHKIIMOHAIAME, UMEIOIUMA
CMBICJI HOPMbBI B HOJIXOAAMUX (PYHKIINOHAJIBHBIX IPOCTPAHCTBAX, ObLIN
CBEJIEHBI M K IIPO0JIeMe MOMEHTOB, PEIlleHne KOTOPOii CBSI3aHO C OHOMN
13 BaykKHEHIMX TeopeM (DYHKIMOHAJIBHOIO aHAJIN3a — TeopeMoil XaHa —
Banaxa o pacmpocrpanenuu juHeHOro (QyHKIMOHAA. Takoil momxosr
[TO3BOJIMJI TIOJIY9YUTDh HEOCTAIONLYI0 NH(MOPMAIUIO O KPAEBBIX YCIOBHUIX
JIJTsT COTIPsI?KEHHOMN cucrembl mpunnuna MakcumyMma JI.C. TlonTpsruna.

H.H. KpacoBckuii mocTpous TEOPUIO YCTOWUIUBOCTU JJIsl CHCTEM C
nocyenelicreueM. VM BrepBble OBLIO IIOKA3aHO, YTO IBUXKEHHE TAKUX
CHCTEM €CTECTBEHHO OIMCHIBATH OOBIKHOBEHHBbIMHU JudpepeHImabHbI-
MM ypaBHEHUsIMUA B (PYHKIIMOHAJIBHOM IIPOCTPAHCTBE OTPE3KOB TPAEK-
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Topuii. i IMHEWHBIX CUCTEM C IOCJIEIEHCTBUEM 3BOJIIOINU OTPE3KOB
TPAEKTOPUIl OIIPEIeIeTCs JINHERHBIM TPe00Pa30BaAHIEM, 00JIaJAIONIAM
[IOJIyTPYIIIOBBIM CBOHCTBOM, 9TO HO3BOJINJIO IPHUBJIEYb PE3YIIHTATHI TEO-
pUM TOJIyTPYII JIMHEHHBIX IIpeobpa3oBaHuii. Belau mosydeHbl Kpure-
pUU aCUMIITOTHYECKOW YCTOMYMBOCTH B TEPMUHAX CIEKTPA ITPOU3BOIsI-
IIIEro OIlepaTopa MOJIyTrPyIIbl mpeobpasoBanuii. [IpuMeHnB yka3aHHbBIM
monxog, H.H. Kpacosckuii pacipocrpanui BTopoit meros JIsmyHoBa Ha
cucTeMbl ¢ mocseneiictBueM. I[Ipm 3TOM 0OKa3ajaoCh €CTECTBEHHBIM WC-
nosp30Banue B poin dyukiuit Jlamynosa dynknuonanos Jlsmynosa —
Kpacosckoro, 4To 1mo3Bomio J10Ka3aTh TeopeMmy 00 aCHMIITOTHIEeCKOM
YCTOMYIMBOCTH, JIOIIyCKAIOILY0 oOpatnenue. Brieperie nM ObLiia iepeHece-
Ha TeopHusi ONTUMAJIBHON CTAOMIN3AINY HA CHCTEMBI C IIOCIEIeCTBAEM.
st muneitHoi 3a1a9M CTAOUIN3AINN C KBAAPATHIHBIM (DYHKITHOHATIOM
KA4JeCcTBa MM YKA3aH sIBHBIA BUJI JUHEHHOTO (DYHKIMOHAJIA, [IOCTABJISIO-
IIIEr0 PelleHne 3a1a49n.

H.H. KpacoBckuit pasBumjl OCHOBOIIOJATAIONLYIO KOHIIEIIIWIO 3334
YCTOMYMBOCTH CTOXACTUYECKUX CUCTEM, BO3MYIIEHHBIX MAPKOBCKUMU
nporeccamu. VIM BBeIeHBI OCHOBHBIE OIIPEMEJIEHUS] CTOXACTHIECKOH
YCTOMNYIMBOCTH, KOTOPBIE CTAJIA OOIIENPUHATHIMIA. BbLIO BBEIEHO IMTOHS-
THe croxacTudeckux pyHkuumit JIsmyHoBa. B Tepmunax srux dyHKIumi
[TOJIyYeH PsiJl yCJIOBHIi, OOECIIeYNBAIONINX CTOXACTUIECKYIO YCTONIM-
BOCTb.

H.H. KpacoBckum Obl1a co3aHa T€OPHUs MO3UINOHHBIX JuddepeH-
nuaabHbIX urp. lLleHTpasbHbBIMA MOMEHTAMHI TEOPUH SIBIJINCH (DOPMAJTIH-
3amysl CTPATErnii U JBUXKEHUH, & TakyKe 0D0CHOBAHUE AJbTEPHATUBHBIX
YCJIOBHII pa3pemuMOCTA UI'POBBIX 3aJ1a9 YIIPABJIEHUsI, JO0KA3aTeIbCTBO
O0IIUX TEeopeM CYIECTBOBAHUsS IEHbI W CEIJIOBOIl TOYKM WUIPhI. YI00-
HBIM WHCTPYMEHTOM [UJIsl UCCJIEIOBAHUS UIPHI CTAJIA MPEIJIOKEHHAS UM
yHuGUIUPOBaHHAA (DOPMA OIMUCAHUA JUHAMHUKHM BCIIOMOTATEIbHON MO-
JeabHOM cucTeMbl. ViMm ObLta pereHa 3aa9a yHUPUKAIIAA TO3UITHOHHBIX
JuddepeHnuaIbHbIX UI'D, IIOCTPOEHB! OITUMAJIbHBIE CTPATErHH, YCTOMH-
YUBBIE K BO3MYIIEHUSIM.

H.H. Kpacosckuit — arop okosio 300 HaydHBIX pabOT, B TOM YHCJIE
6 monorpadwmit. OH BO3IIABJIST yPAJIbCKYIO HAYIHYIO MIKOJIY IO TeO-
pUH YCTOMYIHBOCTH JIBUKEHUsI, OB OCHOBATEJIEM W TJIABOH ypPaJIbCKOit
HAyYJYHOU MIKOJIBI [0 MaTeMaTudecKoi Teopun yrpasienus. Cpeau ero
YUIEHUKOB — WHKEHePbI U MPEeIoaBaTe/d, JOKTOPa U KAHINIaThl HAYK,
9JIEHBI-KOPPECIOHAeHTHI 1 akagemuku PAH.

Hearensrocts H.H. Kpacosckoro B momknoctu gupektopa VMM
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(19701977 rr.), ero aBTOPUTET U SHEPIUsl OOECIEYMIIN KAYECTBEHHO HO-
BBl ypoBeHb pasputus Uucturyra. OH MHAIUUPOBAJ U TOJIEPKUBAI
MHOT'H€ HAIIPABJIEHUS IPUKJIAIHBIX UCCIEI0BAHUN 110 MEXAHUKE U HOBOM
Texauke. Bonbimoe Bunmanune Hukosrait HukomaeBud yJiesisiji OCHAIIEHUIO
WMucTuryTa 11epBOKIACCHON BBIYMC/IATEILHON TEXHUKON, PA3BUTUIO BbI-
YUCJIUTEJIBHOTO JIeJIa B Y PAJIbCKOM PEruoHe.

Becowmmnrit Bkianm suéc H.H. Kpacosckuit B MaTemarudeckoe ob6pas3o-
BaHue B Y paJIbCKOM PETMOHE U KAK KPYIIHBIN OPraHu3aTop, 1 KakK 0J1ecTs-
mmit iekrop. B YpI'V mos HoBbIE CrIennaabHOCTH U CIEINAIU3AIAN OH
€O3/1aJ1 JIBe HOBbIE KadeIphl: BEIYUCIUTEILHON MATEMATUKI U IPUKJIAI-
HO#l Maremaruku. M 6b1I0 pazpaboTaHO U MPOYUTAHO OOJIBIIIOE YUCTIO
CITEIIKYPCOB, OPUTMHAJIBHBIX 10 COJIEPXKAHUIO M BKJIIOYABIINX HOBeHIIe
HayYHbIE TOCTUKEHUS, B TOM YHCJIE€ TOJIYIE€HHbIE UM CAMUM.

Mmuoro Bpemenu u cun Hukomait HukomaeBna oTaasas mpomaramuie
JOCTHXKEHUHN (DYyHIaAMEHTAJIBHOW HAYKU CPEIN yUIEHBIX-IPUKJIAIHUKOB,
WHXKEHEPOB, MeIUKOB. JIJisi HuX OH pa3paboTraJj U IPOYnUTaJl Psij KYPCOB,
oIy0JINKOBAaJI IOCO0UsT U OPOIIIOPHI, U3JIAraloIIue B JIOCTYIIHON dopMme
UJlen U HOBEHINe MeTOJbI B MaTeMAaTHKe, MeXaHWKe U HH(POPMATHUKE.
CUMBOJINYIHO, 9TO aMEePUKAHCKUH VIHCTUTYT MHIKEHEPOB 3JIEKTPOTEXHI-
ku u snekrporrkn (IEEE), npucyxzas emy npemuro 2003 1., orMeTni
€ro «HOBATOPCKUE UJEN, KOTOPbIe OBLIN BOCIPUHSITHI KAK TEOPETUKAMH,
TaK U UHKEHePAMU-TIPAKTHKAME».

Ocobenno ocrpo H.H. Kpacosckwuit BocripuHUMAI TTPOOJIEMBI TITKOJIb-
HOTO MATEeMATHYECKOTro 00pa30BaHus B CTpaHe U Y PAJIbCKOM DPErHOHE.
OH ObLI TECHO CBSI3AH CO IIKOJIOW C cAMOro Havasa CBOEl TBOPYECKON
JesitesibHOCTH. U3 TOfa B IOJ OH HOCTOSIHHO BCTPEYAJICS C YIEHUKAMU
U YYUTEJISIMH, BBICTYIAJI [I€PeJ] HUMU C JIEKIIUSIMU, [TPOBOJUJI 3aHSITHS,
yd9acTBOBaJ B pabore mKOAbHLIX onnvmuan. H.H. Kpacosckuit meommo-
KPAaTHO 1oceraj ypoku mareMaruku. B 1980-e ro/b1 OH BXOJINII B COCTaB
Komucenn o mkosbaHOMy ob6pazoBanuio npu OTaeleHUN MaTeMaTHKA
AH CCCP. IIposomui 60JbI1yI0 paboTy IO OIEHKE JeACTBYIOMUX B 00-
eobpPa30BaATEILHOI IIKOJIe IPOrPpaMM U YIEOHUKOB 110 MATEMaTHKE.

Cepnesnyo Tpesory y H.H. KpacoBckoro BeI3bIBa/i IPUBOIUMBIE B
[IOC/IeIHAE JECATUIETUS PEDOPMBI IIKOJBHOIO 00PA30BAHUS, B 9aCTHO-
CTH, IMKOJBHOTO MaTeMaTHIecKoro obpazoBanus. OH cautast, 910 60JIb-
[IIHHCTBO apr'yMEeHTOB, BBIIBUIAEMbIX B IIOJIB3Y ITUX PedOpPM, SIBJISIIOTCS
JTaJIeKO He OeCCIIOPHBIME, & MPOU3BOIUMBIE pedpOpMaTOpaMu JIefCTBUS
MOI'YT UMETh CAMble HETATUBHBIE TIOCIEJCTBHS I POCCUNCKOIO MIKOJIb-
Horo obpazoBanust. O6HAIEKUBAJIO TOJHKO, 9TO HE TIEPEBEJIUCH EIIE yIr-
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TeJis 110 YKU3HEHHOMY IIPU3BAHUIO U BBICOKOMY IOHUMAHHUIO CBOEH MUC-
cuu, TiryDOKHe 3HATOKH CBOETO IIPEIMETa U OJIECTSIIIE HOIYIAPU3ATOPEL.
Agropurer H.H. Kpacosckoro cpeau y4éHbIX ObLI BeCbMa BHICOK. K
€ro MHEHWIO MPUCIYIINBAJINCH U C HUM CUYUTAJNCH [IPU PEIIEHUU aK-
TyaJIbHBIX 1po0JeM Hayku u obpasoBanus. B 1964 r. on 6bu1 u3bpan
anenoM-koppectnongenTom AH CCCP, B 1968 r. — neficTBUTEIbHBIM YJjIe-
nom AH CCCP. Bxoaun B cocras [Ipesumunyma PAH u 6ropo Otnenennst
mexauukn u mporeccos yrnpasienus AH CCCP, asisiics ainenom IIpe-
3uanyMa HanroHaJIBHONO KOMHUTETA 10 TEOPETHIECKON M MPUKJIATHON
MexaHUKe. BXOoau B peJIKoJLIernu BeyuX HayJIHbIX W3IaH.

Hayunbie gocTmKeHWss ©  IIperojaBaTe/bCKas — JIeATeIbHOCTD
H.H. Kpacosckoro 6buin BbIcOKO omeHenbl rocyaapcrsom (Lepoii
Cormmmasnuctuyeckoro Tpyna, jaypear Jlennnckoit u [ocymapcrBenHoi
upemuii, kasajep Opuenos Coserckoro Corosa u Poccun) u HaydHoit
obmecrsennocTbio (Bosbimas 3o10Tag Meganb Poccuiickoit AxageMun
Hayx wm. M.B. JlomonocoBa, 3osiortast mefaib uMm. A.M. JlsamyHosa,
JemuoBckasi mpeMusi B 00J1acTu (PU3UKO-MATEMATUIECKUX HAYK, IIpe-
vust «Tpuymd», moxkrop Honoris causa Bemnrepckoit akamemnn HayK,
narpazia MexayHapomHoro obIecTBa MHKEHEPOB IJEKTPUKOB U IJIEK-
rpoumukos (IEEE), naypear npemun nporpammbl Ponga copeiicTBust
OreuecrBennOl HayKu «Bblgamomumecs yIéHbIes ).

PaborocrocobuocTh, CUIBHBII BOJIEBOI XapaKTep, J100poKeTaTes b
HOCTb B OOIEHNN ObLIM HEOTHEMJIEMBIMHU YE€JI0BEYECKUMU KAIECTBAMU
Huxkosast Hukomaesuda. OH ObLT HACTOAIIUM I'PaKIAHUHOM, KOTOPOTO
rIybOKO BOJTHOBaJIa cyapba Poccum.

IIpozpammmoii Komumem KongpepeHyuu
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O pazpemumMocTu OJHOTO KJiacca
auddepeHITMaIbHBIX yPaBHEHU
pacripe/ieJIeHHOTO MOpsiaKa

A.A. A6apaxmanosa’, B.E. ®emopos?
1 Vbumckuit rocyjapcTBEHHbIN aBHAIMOHHEI TEXHUYECKUl YHUBEPCUTET,
VYda, Poccusi, abdrahmanova-a@mail.ru

2 YenabuucKuit TOCYQapCTBEHHBIH YHUBEPCHUTET,
Yensabunck, Poccusi, kar@csu.ru

Amnnoranus: Vccmenosana madaapHas 3amada ISl JIMHEHHOTO HEOLHOPOL-
HOI'O ypaBHEHHUsI C PacCIIpeJieJIeHHON INpon3BofHoil Pumana — JluyBuiuis u ¢
OrpaHUYIEHHBIM ONEpaToOpoM B mnpasoil dactu. C nCIosb30BaHHEM Ipeobpa-
30BaHu« Jlamngaca mokasaHO CyIIECTBOBAHHE €IMHCTBEHHOI'O B KJIACCE KCIIO-
HEHIMAJILHO OIPAHUYEHHBIX (DYHKIMI KJIACCUYECKOrO PEIleHUs], HANIeH BUJ
peleHust.

KurouyeBblie cioBa: npoussojHas Pumana — JInyBuiis, npousBojHas pac-
[IPeEJIEHHOTO MOPSIIKA, CYIIECTBOBAHUE U €JUHCTBEHHOCTH PEIIEHUs], IPeos-
pazoBanue Jlamraca.

BBenenue

VpaBHeHusi PACIPEIEICHHOIO TOPAIKA CTAIN 00BEKTOM U3YUEeHUs ytie-
ubix B KoHie 20 Beka [1, 4], npu 9TOM MX HCC/IEIOBAHUS YACTO CBS3a-
HBI C NPUKJIAJHBIMEA 33@9aMU, 9ACIEHHBIMI MeTOomaMu. B HacTosiIee
BpeMsI IOsIBJISIETCsT BCe DOJIbIIe MaTeMaTHIeCKuX paboT, MOCBSIEHHBIX
HCCJIEJIOBAHUIO BOIIPOCOB CYIIECTBOBAHUS U €JIMHCTBEHHOCTH, ITOBEICHUS
peleHuii ypaBHEHHI ¢ pacipeeJeHHbIME IIPOU3BOAHbIME [2, 3, 5—7].

B nannoit pabore paccMOTPEHO HEOLHOPOIHOE JIMHEHHOE ypPaBHEHUE
B OaHAXOBOM IIPOCTPAHCTBE C PAaCIpee/IeHHol npon3Boanoii Pumana —
JInyBusis u ¢ orpanndeHHbIM orepaTopoM. C UCIOJIb30BaHUEM METOIIOB
Teopun npeobpaszosanud Jlamraca ucciieJoBaHa OJHO3HAYHAS PA3PEITH-
MOCTb HAYAJbHOU 33JIa9H JIJIsi 9TOTO YPABHEHUS U HAWJICH OTePaTOPHBIN
BUJI, periennsi. AHAJIOIMYHbIE YPABHEHUS C PACIIPEJIETEHHON TPOU3BOI-
uoii I'epacumosa — Kanyro uccienosanuces B paborax [3, 5].
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1. OcHoBHOII pe3yJibTaT

Ipu 8 > 0 obosmaunm gg(t) := 7~ /T(B) mua t > 0,

t

t
JPh(t) = (g = h)(t /gﬁt—s /t—sﬁlh s)ds.
0

0

Iycre a € (0,1], D¢ — npobuast upousBonnas Pumana — Jluysuuis,
T.e. D{h(t) == L J"“h(t), Dy “h(t) := J2h(t). Iycrs £[h] — npeobpa-
zosanue Jlamnaca dyakuuu h. [Ipy mokazaTe/beTBE OCHOBHOIO PE3YJIb-
TaTa CyMeCTBEHHBIM 00PA30M HCIIOIb30BAJIOCH PABEHCTBO

SIDER)(N) = AL[R](A) — D h(0), a € (0,1].

IIycre X — 6aHaxoBO HPOCTPAHCTBO, 0603HaunM depe3 L(X) banaxo-
BO [IPOCTPAHCTBO BCEX JIMHEHHBIX HEIPEPLIBHBIX ONEPATOPOB, JEHCTBY-
ronux 13 X B X. IIpu A € L(X) paccmorpum 3agady

b
/w(oz)folm(O)da =10 (1)

st qudDepeHnaaIbHOr0 YPaBHEHNs PACIPEIEIEHHOTO TOPSIKA.

b

/w(a)Dto‘x(t)da =Azx(t) + f(t), t>0, (2)

a

rae DY — npobnasi npoussognast Pumana — Jluyewwuist, b € (0, 1],
a < b. He uckmouaercs ciayuait a < 0. Pemenuem 3agaun (1), (2)
O6ynem nHaspiBarh bynkimo r € C(Ry;X), Takyio, 4ro cymecrByer
b
Jw(a)Dya(t)da € C(Ry; X) u Boinonusitores pasencrsa (1) u (2).
a

O6osHaunm yepe3 E(X) muOxKecTBO Taknx dyskimit ¢ : Ry — X,
gro 1ipu Beex ¢ > 0 ||z(t)]|x < Ke* ans mekoropwix K,a > 0. Bygem
HCIIOJIb30BATH TaKKe 0003HAYEeHUs

b
V= [wl@ncda, X(0) =5 [V - a7 Mar
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3

v=Jm m={reC:|\=r argh€ (-mm)},
k=1

va={Ae€C:argA=m, A\ € [-rg,—0)},
v3={A€C:arg\=—m, X € (—oo,—19]}.

Teopema 1. ITycmv A € L(X), f € (Ry;X), 20 € X u dynryua w
(a,b) = R maxosa, wmo npu wexomopom > 0 W () — anasumuneckan
dynryua na mnoocecmee Bg == {A € C: |A| > B, arg A # 7}, npu amom

3C>0 36>0 VYA€ Bs [W)|>CAP°.

Tozda npu ro = max{f, (2|| Al zx)/C)*°} pyrryus

z(t) = X (t)xo + /X(t —s)f(s)ds
0

asasemes eduncmeennvm pewenuem 3adavu (1), (2) 6 npocmpan-
cmee E(X).

Pabora nmognepkana Poccuiickum doHmoM dyHIaMeHTaJIbHbIX HCCJIEIOBAHMUIA,
rpanT 19-41-450001, 1 MuHucTepcTBOM HayKu U BbIciIero obpaszoBanus PP, 3aa-
Hue 1.6462.2017/B4.
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On Solvability of a Classof Distributed Order
Differential Equations

Aliya A. Abdrakhmanova’, Vladimir E. Fedorov?

I Ufa State Aviation Technical University,
Ufa, Russia, abdrahmanova-a@mail.ru

2 Chelyabinsk State University, Chelyabinsk, Russia, kar@csu.ru

Abstract: An initial problem is investigated for a linear inhomogeneous
equation with a distributed Riemann—TLiouville derivative and with a
bounded operator on the right-hand side. Using the Laplace transform, the
existence of a unique classical solution in the class of exponentially bounded
functions is shown, the form of the solution is found.

VIK 517.988.68

O sokasim3anuu JUHUN pa3pbiBa
3alryMJIeHHON (pyHKIT

A.JI. Arees!, T.B. AuToHOBa>

L IMM VYpO PAH, Exarepun6ypr, Poccusi, ageev@imm.uran.ru
2 UMM YpO PAH, Exarepuntypr, Poccusi, tvantonova@imm.uran.ru

Awnnoranus: IIpenmosnaraercs, 9ro To4YHas (QYyHKIUsS JIBYX [IEPEMEHHBIX
mIajKasi 3a HUCKJIOYEHUEM JIMHUN pa3pblBa, B KaXKJOW TOYKE KOTOPBIX
dyHKIMSA UMeeT pas3pblB IepBoro poja. s paBHOMEPHON CETKU B KaxK-
IOM y3Jle U3BECTHBI CpeJHUE 3HAYEHUs Ha KBaJpaTre OT BO3MYIIEHHOW B
LQ(RQ) dyukuun. Tpebyercss 1Mo HPUOIHKEHHBIM JTaHHBIM JIOKAJIU30BaTh
(onpenenuTs nonoxkenue) auHUHE paspbiBa. Ha ocHOBe npouesyp ycpeHeHust
KOHCTPYUPYIOTCSI U HCCJIELYIOTCS TI00AJIbHBbIE IUCKPETHLIE DPETYJISPU3UDY-
Olle aJITOPUTMBI annpokcuManyu. PopMyIupyIOTCs PA3JINIHbIE BAPUAHTHI
yCI0BHit Ha TOUHYIO DYHKIMIO (KJIACCHI KOPPEKTHOCTH) M MIPOBOJUTCS OIEHKA
TOYHOCTH JIOKAJIN3AIMYA Ha STUX KJIACCAX.

BBenenue

Bagaun Jokaau3anuy (OIpeIesIeH sl TT0JIOXKeH sl) JIMHUN, BHE KOTOPBIX
uzMepsiemasi GyHKIWs f IBYX HEPEMEHHBIX IJIaJKasl, a B KaXKJI0H TOUKe
JIMHUY TePIUT Pa3pblB HEPBOro poja (JIMHUU Pa3pblBa) YaCTO BO3HUKA-
10T 1pu 06paborke uzobpazkenuii (rpanuipl 00beKTOB). OOBIYHO UCKYC-
CTBEHHBIM OOBEKTAM OTBEUYAIOT KYCOYHO-TJIAJKHE JIMHUU C HEOOJIbIITUM
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9UCJIOM KYCKOB. |'paHUIIBI eCTECTBEHHBIX OOBEKTOB MOIYT OBITH HEpe-
ryssipubl. lajee B yrnporneHHoil popMyInpOBKe IIPEICTABIEHBI PE3YIIb-
TaThl [JId KyCOYHO-JIMHEHHbIX rpanul [1]. 3arem na uzpeiinoMm yposHe
paccMaTpuBaeTCs CIydail HeperyJsipHbIX I'DAHUIL.

1. WccnemoBaHue MeTOOOB JIOKAJIU3AIAN

Bapnaua I (ciyyait siomanubix). [onoxum ['= Ul1 Ty, e I'y, — orpes-
KHU; 7Yg,; — HAHMMEHBIINI yrosl MexkIy cMexkHbiME orpeskamu 'y, T';; |T|
— myHa gomamHoi. ITyets Tounas dymnkmusa f € Lo (R?) mmeer paspbi-
BBI 11epBOro poja 1o jimauu I'; A (z, y) — ckauok dbyHkmu f Ha OTpe3Ke
I'. Bagana pasnomepnas cerka T = {(z™,y™)}, 7 — mar cerxu; f0 —
npubmxkennas dynxmus: || f — 0L, < 6.

Broagrcs cpeanne sHaveHus:

y"47/2 2" 47/2

Bn=wm) [ [ renden

ym—7/2 z"—1/2

. )
ITocranoeka 3apaun. /larno: 6, fy ,, n mar 7.
1
Tpebyemca: annporcumupoBaTh MHOKecTBO I' = | J; '), mogmuOXKecTBOM
TO4YEK CeTKHU I C OIEHKOI TOYHOCTH HA KJiacce KoppekTHocTu I
(0) ma mo6oro keagpara II rakoro, uro I T = &, cyxenue byHk-
mim f ma Il mpumaaesxuT cobomesckomy Kiaaccy Wy
(i) |f(z,y)| <r; mas (x,y) ¢ Ty mo9TH BCIOJY BBIIOJHEHBI HEPABEH-
!/ / . — .
crea |1z, 1)] < 7 1@ )] < 7 (comraent r = 1);
(ii) 3aaHBI HOJIOXKUTEJIbHBIE KOHCTAHTBI L, A™™:

0<I<L, min _ |Ag(z,y)| > A™;
<L Ak (2, y)]

(iil) 3amambl HOMTOKUTEABHBIE Yncaa Y™ < 7 n S™":

min Veg >, min Tyl > ™5
k,j: Fk,ij CMEZKHbIE k

IIpumep Purummnr JUCKpPeMU308aHHHIL YCpedrerut no T u no Y.
Bsenem ycpeamstomue siapa

o(t) = cos®(nt/2), te[-1,1]; (t)=1/2, te[-1,1],
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¢)\1 (t) = ¢ <)\i1> ) 1l)>\2( ) ;2 (Ai) ) )\17>\2 > 0.

Tonoxkum Af\jl)\z = ), (iT)ha, (JT)7% M = (201 + 1)7/2, Ay =
(2ns + 1)7/2. Torma JUCKPETH30BAHHBIE YCPEIHEHUs MO T W Y MMEIOT

BUJL
677,1712 7’]
Gy (=", y™ E: E: AA1A2 ni,m+j
j=—ng i=—ng
n2
d,nin § §
G ! 2( 7y ) A)\1A2 n+i,m+j*
i=—ng j=—n1
TTomoxxum

Hy oy (™, y™) = max{|GE™ 2 (2", y™)|, |Gy (2", y™)[ ).
Ilycrs U, V — MHOXKecTBa Touek 13 R2. BeemeM mepsl 6stsoctu U, V.

u(U; V)= sup inf /(21 — 22)2 + (Y1 — 42)%;
(z1,y1)€U (z2,y2)€V

p(U; V) = max{u(U; V), u(V;U)}.

Anropurwm 1D, f],,)

Iodzomosxa x yuxay. Iomoxum N = 0; T® = &.

Iuka nepebopa mouex (x™,y™) cemwu T. Ecam B mpounecce mepe-
60opa HE PACCMOTPEHHBIX TOYEK CETKHM 1 HE OCTAJOCH, TO KOHET] IUK-
na. Ilycrs (27, y™) — Tekymas Touxa. Ecim HO(z™, y™) > A™"/2 u
p((z™,y™); T?) > 4v/2\;, 7o N := N + 1; T® := T° U (z",y™) u mpo-
JIOJKAeM IUKJI; HHAYe — MPOJ0JIZKAEM UK.

Iycrs I'y, = {(xx (), yx(t)): 0 <t < |T'k|} — ecrecrBeHHaAs MApaMeT-
pusarust 3BeHa ['y. Iomoxum I', = {(zx(t), yx(t)): e <t < |T'y| — €}
B [1] siBHO BBIIMCAHBI BCE KOHCTAHTBHI B QJTOPUTME M TEOPEME uepe3

KOHCTaHTBI, BXOJISIIIIE B OlpeJiesienne Kiaacca Gyukimit M: d, Dy, Do,
D3, Dy, O n 3aBucumoctn ny = n1(0),ng = na(d), 70(5), h(0),e(d).

Teopema 1. B ycaosuax zadawu I das ecex 0 < § < dg, 7 < 19(0)
npu c6a3u napamempos ny = ny(d), ne = na(d) U BLINOAHEHUYU YCAOBUA

€.T€) > 4 _
Pasdesumocmu - k}rjn<1l o p(L'5;1'5) > h(d) anzopumam I1D(S, f; ,,,) no

cmpoum muosicecmeo movex T® # & makoe, wmo:
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(1) u(T%T) < D16;
(2) u(I;T°) < Dyd;
(3) dns ecex pasauunvr mover (x1,y1), (v2,y2) € T° cnpasedauso
HEPAGEHCMEO
p((w1,y1); (22,92)) > 2D16;

(4) dna worunecmea mouer mmoscecmea T cnpasedausn. ovenku

D3B_39_L§N§D4H.
0 2 1

3agaya II (cay4ail HeperyssipHBIX rpaHuir). Beiiie npuseeHbt
Pe3yJIbTaThl, KOIJa JUHUN Pa3phiBa sIBISATCS JoMaHHBIME. 1loaxon [1]
JIOCTATOYHO IIPOCTO 0OOBIIAETCS HA KyCOYHO-IJIAIKHUE JIMHUU PA3PbIBA.
OHAKO ¢ TPAKTUYECKONW TOYKM 3PEHHs JKeJIATeJIbHO, HAIPUMEp, pac-
CMOTPETD CJIydaii, KOTJa JIMHUS pas3pbiBa He guddepeHnupyemMa HA B
OJHOM TOYKE, a 3TO TpebyeT HOBBIX KOHCTpyKimit. lasee mis 3amaqam 1
Ha UIEHHOM YPOBHE OIUCBHIBAETCS OJIHA U3 KOHCTPYKIU, MO3BOJIAIONIA
nepeHecTH pe3yJsbTarhl [1] Ha Gosee mupokuit knace GyHKIWH f.

OcHoBHasI ujest 3aKJII0YAETCS BO BBEJIEHUU MIOC/IEI0BATEIbHOCTH 3a-
MKHYTBIX JIOMAHHBIX ['s, KOTOPBIE AIMIPOKCUMUPYIOT JIMHUIO [° ¢ TOYHO-
¢TI0 g5 (¢s — 0 mpu s — 00; 0 < v < gsy1/qs < 1). Hus kaxioro s
BBOJMTCS 3aMKHYTast OKPECTHOCTD Qs JloManHO#H 'y m BBOIMTCS TPebo-
BaHIe BJIOXKEHHOCTH Qg1 C Q. Torma muana I' = (N, Qs.

Bce ycoBus Ha TOYHYIO JIMHUIO pa3pbiBa HAKJIAIBIBAIOTCS MOCPE]I-
CTBOM YCJIOBUI Ha MaciiTabbl ¢s W JIOMaHHbIe Juauu 'y (BBOASTCS T1a-
paMeTpHUecKne Kjacchl KoppekTHoctd 9i(p) u rTounas dbynkims f €
M(p)). Taxum 06pa3oM, Bee JTMHUM KIACCHMDUIUPYIOTCS B 3aBHCHMOCTH
OT CyINECTBOBAHUS AIIPOKCUMUPYIOIIEH MOCIeI0BATEIbHOCTH JJOMAHBIX
¢ 3aJ@aHHbIME cBOcTBamu. [Ipu yirydiieHuM 9TUX CBOWCTB yJIydIlaeT-
Cs1 KQYeCTBO NMPpUOJINKEeHUsI JIMHUH Pa3pblBa MeTOAaMu yepeanenus. [
f € 9M(p) npm orpaHMUEHHE Ha IAPAMETD P IOJyYeHa TeopeMa, aHa-
sgoruaHas Teopeme 1. IIpuBeseHb MpuMepsl Kak (DyHKIMH ¢ KyCOYHO-
madepeHnupPyeMbIMI JIMHAIMA Pa3pbiBa, TaK U QYHKINWA ¢ HUTAE He
JuddepeHImpyeMbIME JIMHAAMEA Pa3pbIBa, JIJIsi KOTOPBIX HOBAs TEOPEMa
IpUMEHUMA.
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Localization of Discontinuity Lines of a Function with a Noise

A.L. Ageev!, T.V. Antonova®

1 IMM UB RAS, Ekaterinburg, Russia, ageev@imm.uran.ru
2 IMM UB RAS, Ekaterinburg, Russia, tvantonova@imm.uran.ru

Abstract: Exact function of two variables is smooth outside of the discon-
tinuity lines, and at each point on the line has a discontinuity of the first
kind. There are uniform grid with the steps 7. It is assumed that, we know
the averages on the square 7 x 7 of the perturbed in Lo (R2) function at each
node of the grid. It is required based on approximate date localize (finding
the position of) the discontinuity lines. On the basis of averaging procedures,
global regular algorithms for approximating are constructed and studied. Dif-
ferent conditions for exact function (class of correctness) are formulated and
localization accuracy estimation on the class are obtained.

VIK 517.91

O ANMHaAMNIYI€CKUX CUuCrTeMax C HeOrpaHMYYe€eHHbIMU
nmpeaeJibHbIMM MHO2KEeCTBaMU

A.A. Azamos', J1.X. Pysumypaznosa?

L AH PVY3 Uucruryr Maremarukn nm. B.J. Pomanosckoro,
Tamkent, Y36ekucran, abdulla.azamov@gmail.com

2 HYV3, Tamkent, Y36ekucran, d.ruzimurodova@mail.ru

Amnnoranus: Vccnenyorcs HeorpaHUYIeHHBIE W-IPEAEIbHBIE MHOXKECTBA aB-
TOHOMHBIX cHCTeM. JlOKa3bIBaeTCsi, YTO €CIH wW-IPEJIETbHOE MHOXKECTBO (2
HEIIPEepBIBHOII JUHAMUYECKOH CHCTEMBI HE CBA3HO, TO KarKJasd KOMIIOHEHTa
CBA3HOCTHU SIBJISETCA HEOTPAHMYEHHOH, YTO yTOYHAET M3BECTHOE CBOMCTBO O
HEOTPAHUYEHHOCTH HECBSI3HBIX w-IIpeHeIbHbIX MHOXKeCTB (2. JlokasbiBaercs
TaK»Ke, 4YTO B aHAJIUTUIECKUX CUCTEeMaX Ha IJIOCKOCTHU YMCJIO KOMIIOHEHT CBA3-
HOCTH He Gosiee yeM cueTHO. UTO Kacaercs He aHAJIMTHYECKOro ciay4as {2, To
() MOXKEeT COCTOSITh U3 KOHTHHYYMa KOMIIOHEHT CBst3HOCTH. IlocTpoen mpumep
aHAJMTUYECKONH CHCTEMBI, B KOTOPOi {2 COCTOUT M3 CYETHOI'O YHCJIA KOMIIO-
HEHT CBSI3HOCTH, & TAK»Ke IPHUMEpP MMOJIMHOMMAILHOM CHCTEMBI, B KOTOPOi {2
COCTOMUT M3 M KOMIIOHEHT CBA3HOCTH, e M — 3aJaHHOE IIeJIOe IOJIO?KHUTEb-
HO€ YUCJIO.

KoroueBbie ciioBa: JAUHaAMHUYEeCKasd Ccucrema, IIpeaesIbHOE€ MHO2KECTBO,
HEOI'PaHUYIECHHOCTDh, CBA3HOCTH, KOMIIOHEHTA CBA3HOCTU.
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BBenenue

Pacemorpum munamudeckyio cucremy

z€ R?, d > 2. Beiogy B ganbheiimem 6y1eM IMeTh JeJI0 ¢ TPAEKTOPHEit
z(t), upoxojsineil Yepe3 olpeeJeHHyI0 HauaabHyIo Touky &, z(0) = .
IIycrs © — ee w-nipesebaOe MHOXKeCTBO. IIpeamoaraercs ) # &.

MuoxkectBo () Bcerga 3aMKHYTO W MHBapuaHTHO. FKcju {2 orpanu-
4yeHO, TO OHO cBsi3HO [1]. Crpoenre ) B OrpaHUYEHHOM CJydae UCCIIe-
nosano B [2]|. CiueroBarenbHo, eciiu §) HECBSA3HO, TO OHO HEOIDAHMYECHHO.
Heorpannuennocts 2 Bo3MOXKHA U100 U3-38 HEOTPAHUIEHHOCTH XOTsI ObI
OJIHOII KOMITOHEHTBI CBSI3HOCTH, JIIOO B CJIydae, KOrJa BCe KOMIIOHEHTHI
OrpaHUYEHHbIE, HO UX KOJUYECTBO OECKOHEYHO M OO'bEJIEHEHUE SIBJISET-
cst HeorpannvyeHHbIM. OKa3bIBAETCS, 9TO HA CAMOM Jiejie BTOPOil cirydaii
UCKJIIOYAETCsl, a B [EPBOM CJIydae mMeeT MecTo 6oJjiee CHIBLHOE yTBEp-
JKJICHYE.

1. OcHoBHOIT pe3yabTaT

Teopema 1. Ecau w-npedeavhoe mmoorcecmseo cucmemos (1) ne
CBA3HO, MO KAAHCAAA KOMMOHEHMA CEAZHOCTU ACAACNCA HEOPAHUMCH-
1ot.

JIerko mocTpouTsh NpUMep CHCTEMbI Ha IIocKocTd Kiacca C™°) B Ko-
TOPOU MHOYKECTBO KOMITOHEHT CBA3HOCTHU ) UMeeT MOIHOCTH KOHTHHYY-
Ma. B Takux cucremax {2 COCTOUT TOJILKO U3 0COOBIX TOUYEK. B HEKOTOpOM
CMBICJIE BEPHO U OOPATHOE yTBEPKICHUE.

Teopema 2. IIycmov ) — neceasnoe w-npedeavhoe MHOICECTNEO
mpaexmopuy z(t) dunamuueckotds cucmemv, wa naockocmu. Ecau xaorc-
dasa KOMNOKERA C8A3HOCTIU MHodtcecmsa §) codepotcum zoms bvl 00HY
HEOCO0YI0 MOUKY, MO MHONCECTNEO KOMNOHEHM céasznocmu §) ne boaee
YeMm CUEemHO.

CJIe,Z[CTBI/Ie 1. B aHaasumuveckur cucmemar Ha nLOCKOCMU MHO-
HCECTBO KOMNOHEHI CE8A3HOCTMU w—npe&eﬂbﬁoeo MHOoCcECBa He bonee
Yem CHemmHo.

EcrecTBenno Bo3HuKaeT BOIPOC: MOXKET JIU W-IIPEJIETHHOE MHOXKECTBO
AHAJIUTUIECKON CHCTEMBI COCTOSATDH U3 OECKOHETHOTO YHUCJI0 KOMIIOHEHT?
OTBer yTBepAUTESIEH.
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TTosoxkum
F(z,y)=v(z,y) (1- y? cosx),

-1
rue ¢ (z, y) = (1 + a2+ y4) 1 PACCMOTPHUM TFAMUJILTOHOBY CHCTEMY C
BO3MYIIEHIEM

J?ZFy(J?,y)—)\F(l‘,y)Fx(may)7

Teopema 3. w-npedeavhoe mnoscecmseo §) mpaexmoputi cucme-
Mol (2), nporodswur wepes mouxy (xo, yo), 0 < F (o, y0) < 1,
cocmoum u3 aunuy yposna F (zg, yo) = 0 u umeem beckoneunoe wucao
KOMNOHEHM CEAZHOCTIU.

Teopema 4. /[ xa91cdo20 4en020 NOAOIHCUMENLHO20 T, CYUWLCTNEY-
M NONUHOMUGALHAA OUHAMUNECKAS CUCTNEMA CTENEHU T, MAKAA, 4IMO
npedeavroe mroocecmso ) cocmoum u3 m KOMNOHEHM C8AZHOCTNU.
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On Unbounded Limit Sets of Dynamical Systems

A.A. Azamov!, D.H. Ruzimuradova?
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Tashkent, Uzbekistan, abdulla.azamov@gmail.com
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Abstract: Unlimited w-limit sets of autonomous systems are investigated.
It is proved that if the w-limit set 2 is not connected, then each its component
is unbounded, that clarifies the well-known property confirming that if the
w-limit set is not connected then it is an unbounded. It is established that
the number of connectivity components of the w-limit set of a planar ana-
lytic system can not be more than countable. As for the non-analytic case,
Q can consist of continuum connectivity components. Examples of an ana-
lytic system possessing w-limit set with infinity number of components and a
polynomial system with the 2-limit set having m connectivity components is
constructed, where m is a given positive integer.
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Onrumu3ariusi HEIPEPHIBHBIX CHCTEM B KJjlacce
JOUCKPETHBIX yIPaBJSIONIX BO3/I€CTBUIA

B.B. AabceBuu

BI'Y, Munck, Benapycs, alsevichvv@mail.ru

Anvoranusi: [Ins 3372y ONTHMAJIbHOIO YIIPABJICHUSI C TEPMHHAIBHBIMU
OrpaHMYEHUAMH B KJjlacCe JUCKPETHBIX yIpPaBIAONIAX BO3AEHCTBUII IpuUBe-
JIeHBI YCJIOBUSI ONITUMAJIbHOCTH B BHUJE JUCKPETHOI'O NPHUHIUIIA MaKCUMYyMa.

KimroueBble cjI0Ba: OUCKPETHBIE YIPABICHUS, NUCKPETHLINA IPHHIUI MaK-
cuMyMa.

BBenenue

Kaxk u3BecTHO, OCHOBHBIM PE3YJIHTATOM KJIACCUIECKON TEOPUU OIITHMAJIb-
HOTO ynpaBJieHus siBjisiercst npusiun Makcumyma JI.C. TlorTpsiruna [7].
K nacrosimemy BpemeHnm mmeercst HeOOO3pUMOE MHOXKECTBO PabOT J1jist
Pa3JIMIHOrO BUIA 33129 OITUMAJILHOTO YIIPABJIEHUSI, JIJIsl KOTOPBIX JOKa~
3BIBAETCS TPUHIUI MakcuMyMa. OTHAKO, KaK TPABUIIO, 33Ia1 PACCMAT-
pUBAIOTCH B KJIACCAX KYCOYHO-HEIIPEPBIBHBIX M U3MEPUMBIX yIIPABJIS-
IOIX BO3IENCTBUIA.

B nociemnaue rojgp BHUMaHNE MHOTUX HCCIEI0OBATE e OOPAIIEeHO Ha
ONTUMU3AIIIO HEIIPEPBIBHBIX CUCTEM yIIPABJIEHUS B KJIACCE JMCKPETHBIX
yupasJsiomux Boszefictsuii [6]. Owiumdue cocrouT B TOM, 4TO UX Iie-
PEeKJIIOUeHne MOXKET IIPOUCXOIUTL He B JIIOOOH MOMEHT BPEMEHH, KakK
y KyCOYHO-HEIPEPBLIBHBIX, & TOJBKO B 3ajaHHble MOMEHTHI. C MpakTu-
YeCKOU TOYKH 3PEHHUsl TAaKue yIIPAaBJISIONINE BO3IeHCTBUs H0Jiee peasib-
vbl. TeMm GoJjiee, 9TO MPHU YUCIEHHONW Peasn3allid Ha BBIYUCIUTE/IbHBIX
YCTPOICTBaX HENpEPBIBHASI 3a/1a9a CBOIUTCH K TUCKperTHOH. [Ipu srom
MOXKET UCKAXKATHCS UCTUHHBIA PE3YJIbTAT.

Jutst 061t 381 ONTUMAIBLHOTO YIIpaBJIeHus Tria BoJbiia B Kiac-
ce JIMCKPETHBIX yUpaBiieHui B [6] J0Ka3aHO yCa0BHE ONTUMAJIBHOCTH B
BHUJIe IPUHIUIA KBa3UMAKCUMyMa. DTOT Pe3yJbTaT HOI00EH YCIOBUSIM
OLTUMAJIBHOCTH ISl JMCKPETHBIX cucreM ynpasierus [4]. st 3amaqau
CO CIEIUAJBLHOI IIPaBoii YaCcThIO0 CHCTEMbl ylpaBieHus B [6] moxazaHo
yCJIOBHE ONTHMAJILHOCTH B BHUJE AUCKPETHOI'O MPUHINAIA MAKCHMYMA.
BuocsegcrBun 9T0T Ke pesdysbrar ObLI npuBeleH B [3] i cucrem ¢
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3amasjplBaHueM, B [2] — i 3ama4u ¢ QYHKIMOHAIOM, 3aBUCSIIUM OT
NPOMEZKYTOUHBIX COCTOAHUN CUCTEMBI yIIPABJICHNUS.

B macrosmee BpeMs aBTOPOM JAHHOIO COOOIIEHUs! MOJLYIE€HBI yCJIO-
BUSI OITUMAJILHOCTU OCOOBIX JMCKPETHBIX YIIPABJIEHUI JJisi PA3JIMIHBIX
38184, KO/ JIMCKPETHBIH IPUHIUI MAKCUMyMa CTaHOBUTCs Headbdek-
TuBHBIM. B yactHOCTH, B [1] HpuBe/IeHO yCiI0BIE ONITUMAIBHOCTH 0COOBIX
JIICKPETHBIX YUPABJICHUN JJIsl CHCTEM C 3ala3/bIBAHIEM C HCHOJIB30Ba-
HEEM MaTPHIHBIX UMILYJIBECOB [5].

B naHHOM COOGIIEHNN IIPUBOJMUTCS YCJIOBHE OUTUMAJIBHOCTU B BHUJIE
JIICKPETHOI'O IIPHHIIUAIIA MAKCUMyMa, JIsl 381291 OIITUMAJBLHOTO YIIPaB-
JIEHWsI HEIPEPHIBHON CHCTEMOI €O CHeNUaabHON MpaBoii 9acThio U Tep-
MHHAJIBHBIME OIDAHUICHUSIMA.

1. ITocranoBKa 3amayu

B kutacce AUCKpETHBIX YIIPABJIAIONIAX BO3IEHCTBII PACCMATPUBAETC 3~
Jada ONTHUMAaJIbHOI'O YIPaBJICHUA:

J(u) = ¢(x(t")) — min, (1)
&= fo(z) + B(z)u, teT=][0,t"], =z(0)=wxo, (2)
z(t") e X* = 3
= {xER”: gi(z) <0, i=1,m, gi(x) =0, izm—i—l,m—l—k},
u(t)eU, teT. (4)

3nech: © € R™, u € R", U — BBIIyKJIbII KOMIIAKT.

HanomuuMm [6], uro ympasmenue u(t) € U, t € T, HasbiBaercs
JUICKpeTHBIM (C mepuosoM KBaHTOBauus h > 0), ecam u(t) = u(7),
tel[r,m+h), 7 € Ty, = {0,h,2h,...,t* — h}, tne h = t*/N, N —
HATYPAJILHOE YUCIO.

Juckpernoe ynpasienue u(t), t € T, H0IyCcTUMO, €CJIU YIOBJIETBO-
psier orparmuenuio (4). JlomycTuMoe yrpaBieHne HA3BIBAIOT MPOrPaM-
Moii [6], ecsin coorBeTcTByIOmas Tpaekropus z(t), t € T, cucremsr (2)
YZOBJIETBODSIET OrPAHUIEHHIO (3).

B pasbHeilieM Bce BEKTOpa IIOHUMAIOTCS KaK BEKTOP-CTOJIONbL. s
TPAHCIIOHUPOBAHUS UCIIO/Ib3yeTCd 3HaK ' (IITPHX).

29



2. JIuckpeTHBI NPUHIUII MAKCUMyMa

Byaem upemnosnarars, uro dyukuuu p(z), fo(z), B(x), g¢i(z),
t=1,m+ k wueupepbiBo muddepennupyemsr. Ilycrs u(t), ¢ € T
— HekoTopas mporpamma B 3amade (1)—(4), z(t), t € T — coorser-
cTByIomas Tpaekropus. Kak o6brano, obosnaunm uepes H(x,¢,u) =
Y'(fo(z) + B(z)u) ramuiabronnan 3ajaun, rje (t), t € T — perienune
COIIPSA?KEHHOI CUCTEMBbI

§ = PHE0:bu0)

CupaBeJInBO CJIeAyIONIee YTBEPK ICHHE:

, teT. (5)

Teopema 1. Ecau u(t), t € T — onmumasvhas npozpamma 6 3a-
dawe (1)-(4), z(t), t € T — coomeemcmeyowaa ONMUMAALHAAL MPALEK-
MopuA, Mo20a CYWecmeyom maxue 4ucaa A;, © = 0,m + k, wmo 6doav
YKA3AHHDLT NPOZPAMMDBL U MPALEKMOPUL U COOMBEMCMEYIOULE20 PEULEHUSA
conpastcernoli cucmemvi (5) BLINOAHAIOMCA YCAOBUA:

1) yeaosue nempusuasbrocm: Emﬂc )\2 #0;

2) yeaosua neompuyamesvrocmu: A; > 0, i = 0,m;

3) ycaosue MParceepCasLHOCMU:

m-+tk

0
w(t*) _ _)\0 Z )\ gl
4) yeaosus donosnmowel, nescecmroemu: Aig; (xz(t*)) =0, i=1,m;
5) yeaosue maxcumyma:

t+h t+h

[ H (), 0(6) ul))ds = mae [ H(a(s),0(s), v)ds, € T

3amMeTuM, 4TO B CHJLy BUJA LpaBoil yactu cucrembl (2) mocienHee
yCJIOBUE IPUHUMAET BHUJL:

t+h
</t W(s)B(m(s))ds) = max (/ ' (s)B(x(s))d ) v, t€T}.

Iycrs fo(x) = Az, B(x) = B, byskuun o(x), ¢g;(x), i = 1,m, BbI-
nykibel, a dyakuun g;(z), ¢ = m+ 1, m+ k, suneiinet. Torga cdop-
MYJIHPOBAHHBIE B TEOPEME yCJIOBHA ABJIAIOTCA HEOOXOAMMBIMUA U JOCTa-
TOYHBIME JJIs OIITUMAJIBLHOCTU JUCKpeTHOro yupasienus u(t), ¢ € T, B
zazade (1)—(4).

30



JINTEPATYPA

. Aavcesun B.B. YciaoBusi ONITUMAIBHOCTH JJIsI CUCTEM C 3aIa3/IbIBAHUEM B KJIAC-
ce IMCKPETHBIX ympasisiommx Bosgehcrsuit // XIX Mexxaynap. HaydH. KOHD.
no nuddepenn. ypasu-sam (Epyrunckue urenus): marep. MexkayHap. Hay9IHON
koud. Morunes, 14-17 mas 2019 r. Y. 1. Munck: Un-t maremaruxkun HAH Bena-
pycu, 2019. C. 102-104.
. Anvcesun B.B., Kopsyn C.FO. YcioBusi ONTHMAJIBLHOCTH OCOOLIX YIPaBJICHUN B
KJlacce JAMCKPETHBIX YNPaBJAIOMMX BodzaeicTBuil // «JluHaMu4ecKue CHCTEMBI:
YCTOMYNBOCTD, ympasijeHue, ontumusanusy K 100-eTuio co IHS POXKJ. aKal.
E.A. Bap6amuna: Marepuaner Mexaynap. nayun. koud. Munck, 24-29 cenr.
2018 r. Munck: Uzgar. uentp BI'Y, 2018. C. 58-59.
TI'abacos P., Aavcesun B.B., Pycaxosa /[.B. Onrumusaius HENPEPBIBHBIX M-
HAMHUYIECKUX CHCTEM C 3ala3[bIBaHHEM B KJACCe JUCKPETHBIX YIPABJISAIONIUX
BozjeiicTBuii // Mexaynap. Koud. «/lnHamMu4uecKre CHUCTEMBI: YCTOHYUBOCTD,
yIIpaBjieHue, OnTuMu3anusi» K 95-jeruro co nas poxa. akajg. E.A. Bapbammua:
Te3. qokya. Muuck, 1-5 okr. 2013 r. Munck: BI'Y, 2013. C. 103-105.
. TI'abacos P., Kupunanrosa @.M. KadecTBeHHasi T€OpHS ONTUMAJIBHBIX ITPOIECCOB.
M.: Hayka, 1971. 508 c.
I'abacos P., Kupuanosa P.M. Ocobsre onrumasnbubie ynpasiaenus. M.: Hayka,
1973. 256 c. (3. 2-e. M.: Kumxknslii gom «JIu6pokom», 2012. 256 c.)
TI'abacos P., Kupuanosa @.M., Anvcesuyw B.B., Kaaunun A.U., Kpaxomxo B.B.,
IHasaernox H.C. Metoapb! ontumusanuu. Munck: Yersipe yersepru, 2011. 472 c.
IHowmpseun JI.C., Boamsancxuti B.I., I'amxpeaudse P.B., Muwenxo E.®D. Ma-
TeMaTHIeCKasi TEOPHsl ONTUMAJIbHBIX IPOILECCOB. 4-¢ u3., crepeorunuoe. M.: Ha-
yka, 1983. 393 c.

Optimization of Continuous Systems
in the Class of Discrete Controls

V.V. Alsevich

BSU, Minsk, Belarus, alsevichvv@mail.ru

Abstract: The optimality conditions are given in the form of a discrete
maximum principle for the optimal control problem with terminal constraints
in the class of discrete control actions.
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Crabum3aiug 3a KOHeYHOe BpeMsl HEKOTOPBIX
CHCTEM C yHPYTAMHU 3BEHbSIMU

.M. AnanbeBckuii

UIIMex PAH, Mocksa, Poccusi, anan@ipmnet.ru

AwnnoTranus: PaccmarpuBaercs Kacc MEXaHUIECKUX CUCTEM, KOTOPBIE IIPEI-
CTaBJISIOT CODOI TBEPIOE TEJIO, HECYIlee YIPYIUe 3BEHbsI. Y IPYTHE 3BEHbSI MO-
JeJINPYIOTCSl CUCTEMOM JIMHEHHBIX OCHMJIJIITOPOB, IIOBEIIEHHBIX K HECYIEMY
TeJIy B Pa3/IMYHbIX KOHUrypamnusx. IloMuMo yrnpaBisioneil CHIbl TeJIO UC-
OBITBIBAET JEfICTBAE MAJIOrO HEKOHTPOIUPyeMoro Bo3Myinenust. [Ipenmosnara-
eTcs, 4TO He Bce (pa30BbIe IIEPEMEHHbIE, OIIUCHIBAIOIINE COCTOSIHUE OCIUJLIISTO-
POB, HOCTYHOHBI ayist u3Mepenuil. [Ipermorken mMogxom K MOCTPOEHUIO 3aKOHOB
yIpaBJjeHus: B popMe 0OpaTHOM CBA3M, IIPUBOISIIUX BCIO CUCTEMY B 3aJJaHHOE
TEPMHUHAJIBHOE IIOJIO?KEHHE IIOKOSA 33 KOHEYHOE BpeMs.

KuroueBble cjioBa: MexaHMYeCKasi CUCTEMA, CUCTEMa OCIUJISTOPOB, CUHTE3
yIIpaBJIeHUs, BO3MYIIEHUs, HENOJHas HHGOpManust, 1edUUT yIpaBIeHU,
cTabuIn3alys 3a KOHEYHOE BPEMsI.

BBenenue

Uccnenyercs 3amada o nepemernennu maaT@OPMBI € IMOABEIIEHHBIMA K
Helt OJTHUM WJIM HeCKOJIbKUMHU JIMHEHHBIMU OCHUJIIATOPAMU, TUCCUIIATAB-
HbIME win Oe3 jguccunaryy. OCIuISTOPbl MOTYT OBITH IIPUCOEINHEHBI
K HecylleMy TeJly KaXKJIbIif II0 OTJeJbHOCTU WU B BHJE IENIOYKU II0-
CJIEJIOBATEIFHO COEIUHEHHBIX OCImLIaTopos. [lirardopma nemxkercs mo
TOPU30HTAJIBHON MPAMON IO/ JICICTBUEM OIPAHUYEHHON yIIPABJIAIONIEH
CIJIBI U HEKOHTPOJIUPYEMOTo Bo3myItnenus. [Ipemanosaraercs, 9To Koop-
JMHATA U CKOPOCTh IJIAT(MOPMBI B KAXKIbIii MOMEHT BPEMEHU M3BECTHHI,
a (hasoBbIe COCTOSIHUSI HEKOTOPBIX OCIUJLISITOPOB HE JIOCTYIIHBI JJIsT W3-
MepeHUit.

PaccmarpuBaemasi cucrema CiIyKUT IIPOCTOM MOJIEJIBIO, OIMUCHIBAIO-
meil yrnpasJisieMble IepeMereHns IaTdOpPMbl, HECYIIel yIupyrue 3Jie-
MEHTBI WJIA COCYJ[ C KUJIKOCTBIO, IpudYeM (Das3oBble COCTOSIHUS YIIPY-
IUX 3JIEMEHTOB CUMTAIOTCs HEM3BECTHBIMU, a ILIAT(OPMA UCIBITHIBAET
HEKOHTPOJINPYEMOE U HEIOCTOSHHOE BO3/eiicTBre BHerHell cpenbl. [lern
VIPABJIEHUS COCTOUT B IIPUBEIEHNN IJIAT(OPMBI B 33]AHHOE TEPMUHAJb-
HOE II0JIOYKEHHE U YCIIOKOEHUH OCIMJLIATOPOB 3a KoHeuHoe (HeduKrcupo-
BAHHOE) BPEMsl.
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1. ITocTraHoBKa 3aJa4YM ¥ OCHOBHOI pe3yJIbTAT

IIpuBeneM oHy U3 pacCMATPUBAEMBIX IIOCTAHOBOK 3a1a4. JIuHaMuKa Ch-
CTEMBI B CJIyYae, KOTJa YIPYroe 3B€HO MOJIEIMPYETCA HENOYKOH M3 7
oCcHMIUIATOPOB (pHc. 1), ONUCHIBACTCS yPABHEHUSIMU

moZo = —ki1xo + k121 +u + v,
mid1 = kizo — (k1 + k2)z1 + koo,

mid; = kivi—1 — (ki + kig1)Ti + ki, 1=2,...,n—1,

MpZn = —knTp_1 + knTy.

31ech rg — KoopauHaTa IaaTdOpMbI Ha IIPAMOii, mg — ee Macca, T; —
KOOP/IMHATA MAaCChl M; %-TO OCITUJLIATOpA, k; — YKECTKOCTH IPY KUHBI
ocruLIATOpa, 1 = 1,..., M.

NN NN NN

Puc. 1. [Inardopma ¢ 1enouxoil OCHUIIATOPOB.

Ha ynpasssionyto cuily u ¥ BO3MYIIEHHE U HAKJIAJBIBAIOTCS OIDa-
HUYeHuA
lu| <U, Jv|<pU, 0<p<l. (2)

IIpeamnonaraercst, 970 KOOPAMHATA U CKOPOCTH ILIAT(OPMBI, & TaK-
2Ke KOOP/IMHATa [1IePBOIl MaCChl B KaXK/Iblil MOMEHT BPEMEHH U3BECTHBI, a
ocTtaJibHble (Ha30BbIe IIEPEMEHHBIE OCIMJLIATOPOB HE JOCTYIHBI IS U3-
MepeHUil, TO €CTh, HAOJIIOJAIOTCS TOJIBKO BEJIMIUHDI T(, L, T]-

C nmomorpio Kpurepust KajiMana U UCTIOJIb3ysl TPEXIUATOHAJTBHOCTD
MaTpuipl cucrembl (1), yCTaHOBJIEHO, 9TO CUCTEMA YAOBJIETBOPLAET YCJIO-
BUsIME HabJIr0jaeMocTu U yupasisiemoctu [2, 3]. C npuMeHeHneM cTaH-
JIAPTHBIX METOIIOB TeOPHH HaOJIIOJeHUl BEKTOP (Da30BBIX [T€PEMEHHBIX
MOXKET OBITh BOCCTAHOBJICH B KaXKJIbIil MOMEHT BPEMEHU. DTO MO3BOJISIET
JJIsL PEIeHUsl 3a/ia4i BOCIIOJIB30BATHCS [IOIX0I0M, pa3BUTHIM B [1, 4].
VKa3aHHBI [OIXOH, JaeT BO3MOXKHOCTH IIOCTPOUTH 3aKOH YIIPABJIEHUS
B opme 06paTHOl CBsI3U, YIOBJIETBOPSIONHUI orpanndenuio (2) u, npu
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HEKOTOPBIX IPEJIIOJIOKEHUSIX OTHOCUTEILHO p, OCTAHABJIMBAIOMIUI CH-
cremy (1) B 33JJaHHOM COCTOSIHUM IIOKOSI.

PaGora Boinosnnena npu noagepkke Poceuiickoro nay4unoro donga (mpoexr Ne 16-
11-10343).
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Finite-Time Stabilization of Some Systems
with Elastic Links

I.M. Ananievski

IPMech RAS, Moscow, Russia, anan@ipmnet.ru

Abstract: A class of mechanical systems that are a solid body carrying elas-
tic links are considered. Elastic links are modeled by a system of linear oscil-
lators suspended to the carrying body in various configurations. In addition
to the controlling force, the body experiences action of a small uncontrollable
disturbances. It is assumed that not all phase variables describing states of
the oscillators are available for measurements. An approach to constructing
control laws in a feedback form bringing the entire system to a given terminal
equilibrium state in a finite time is proposed.

YIK 517.977.5

BreipoxkieHHasa JIMHETHO-KBaJIpaTuvHad 3aja4da
JIJIA KBa3WMJIMHEIMHOI CHUCTEeMBI

N.XO. Anapeepa’, A.H. Ceceknn''?

1 Vp®YV, Exarepunbypr, Poccus, i.y.andreeva@urfu.ru
2 MM ¥YpO PAH, Exarepun6ypr, Poccus, sesekin@list.ru

Amnnoranusi: PaccmarpuBaercs 3aada MUHUMHI3AINE BEIPOXK ICHHOTO KBaI-
paTrIHOro MOYHKIMOHAJIA Ha TPACKTOPUAX KBA3UINHEHHON yIpaBJIsieMOil Ch-
creMbl. DTa 33ja4a B KJIacCe M3MEPUMbIX (DYHKIuil peiiennsi He umeet. Or-
THUMAaJbHOE YIIPaBJICHNE COAEPKUT UMITYyJIbCHBIE COCTABJIAIONINE B HAYAJIbHBIH
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¥ KOHEYHBII MOMEHTBI. Hpegnomeﬂa cxXeMa IIOCTPOEHUdA aCUMITOTUYIECCKHU OIl-
TUMAaJIBHOTO YIIPpABJICHUA.

KimroueBble cJ10Ba: BBIPOXKEHHAS JINHEHHO-KBaApATHIHAS 3a1ada, OINTH-
MaJIbHOE YIIpaBJIeHHe, UMIIYJIbCHOE YIIPaBJIEHUE, aCHUMIITOTHYECKOe IIPHUOJIU-
JKEHHe.

PaccmarpuBaercs 3amada MunuMu3anun GpyHKITHOHAIA,
tf
()] = 1/2 / T (OQ)e(t)dt (1)
to

BJIOJIb TPAEKTOPHil cucTeMbl 1uddepeHIIAILHBIX YDABHEHHI
i(t) = At)z(t) + pf(z,t) + B(t)u(t) (2)
C TPAHITHLIMHA YCIOBHUAMA
x(t) = xo, ¢, =0,

rue x(t) — n-mepHas QyHKIMS OrpaHuYeHHON Bapuanuu, u(t) —
r-MepHasi BeKTOP-(DYHKIUS OrPAHUYEHHON Bapualuu, (i — MaJibli (1o
MOJYJIIO) Hapamerp, o — 3aJaHHBII HAYAJbHBIE MOMEHT BDEMEHH,
t; — 3aIaHHBIA KOHEUHLIH MOMeHT BpeMmeHu (to < ty), x(t) — BEKTOp-
dyHukims pasmepHoctn n, f(x,t) — HeauHeiiHast BeKTOP-MYHKIUS
pasmeprocTu 1, A(t) — HenpepbiBHasg MaTpulia-dyHKIHs PA3MEPHOCTH
nxn, Q(t) — cuMMeTpUYIHAs, HEOTPUIATEJILHO-OIIPEIEJICHHAS MATPUIIA~
dbyukuus pazmeprocru n X n, B(t) — wenpepsisro quddepennupyemast
MaTpUNa-DYHKIUA PASMEPHOCTH 7 X T

Ocobennoctsb JanHOi 3agaaun (1)—(2) cocrout B TOM, UTO B Kjacce
U3MEPUMBIX yIIPABJICHUI paccMaTpuBaeMag 3a/a49a PElICHUs He UMEeT.
B cayuae p = 0 s1a 3ama4a pacemarpusadach |1, 2]. Tam nmokazano, 4ro
permerne 3aga4uu upu g = 0 gBisieTcsa 00600meHHOM bDyHKIMER U comep-
JKUT MMILYJIbCHBIE COCTABJIAIONINE, COCPEIOTOYCHHBIE B B HAYAJILHBIA 1
KOHEUYHBIA MOMEHTBI BPEMEHH. 3a/ia9a MUHUMU3AIN HEBBIPOXK IEHHOTO
KBaJIPATUIHOTO (DYHKIMOHAJA Ha TPACKTOPHUIX KBA3UJIMHEHHON cucre-
MBI pacCMaTpUBasIach B [3].

st paccmaTpuBaeMoil 3a/1a9u MOCTPOEHO ACUMIITOTHYECKU OITH-
MAJIbHOE YIPABJIEHUN. DTO YIIPABJICHUE UMEET BUJ,

'U'N(t) = AtouN(th J)(t()), /J/)(S(t - tO) +

™) 3)
Sl (6 w(0), 1) + Ao (g, (s — 0), w)d(t ).
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Baeck At un(to, z(to), ) (t — tg) — UMILyIBCHOE BO3JEHCTBHE, COCPEIO-
TOYEHHOE B HAYaJIbHBLI MOMEHT, KOTOpPOe 00eCIeduT cKadeK TPaeKTOPUH
B HavyabHbIl MomentT. Ciraraemoe u%)(t,x(t), [L) SIBJISI€TCS PEryJIApPHON
COCTABJIAIONIEH YIIPaBJIEHUsI U OCYIIECTBJIseT yIIpaBIeHHe CUCTeMOl Ha
unrepsae (to,ty). locneanee cnaraemoe Ay un (ty, x(ty—0), u)d(t—ty)
ABJISeTCS UMILYJILCHOI coCTaBJIAIONIell yIIpaBjeHns, KOTOpPoe JefcTByeT
B GUHAIBHBIE MOMEHT lf U O0OeCIevnBaeT pa3pblB TPAEKTOPUU B MO-
MEHT tf.

OG6ocHOBAH ANrOPUTM TOCTPOEHHsI MOCIeI0BaTeabHOCTH U (t). OT-
METHM, 9TO ynpasseHue (3) aBJsieTcs MporpaMMHBIM. Ecyu %Ke ¢ ToMo-
IO 3TOTO YIPaBJIEHUs CTPOUTD IIO3UIMOHHDIH aJIFOPUTM yIIPaBJICHHS,
TO MBI TIOJTYIMM MMITYJTHCHO-CKOJIB3AINI PEKIM, AHAJIOTHIHBIN [2].

Pa6ora Bbmonnena npu dunancosoit mognepxke PODU (mpoekr Ne 19-01-
00371).
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Singular Linear-Quadratic Problem for a Quasilinear System

I.Yu. Andreeva!, A.N. Sesekin!’?

1 UrFU, Yekaterinburg, Russia, i.y.andreeva@urfu.ru
2 IMM UB RAS, Yekaterinburg, Russia, sesekin@list.ru

Abstract: We consider the problem of minimizing a singular quadratic func-
tional on the trajectories of a quasilinear control system. This problem in the
class of measurable functions has no solution. Optimal control contains im-
pulse components at the initial and final moments. A scheme for constructing
asymptotically optimal control is proposed.
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CyiiecTBoBanne 3aMKHYTOIl TPaeKTOpuu B
YeTbIpexXMepHOoii MoAn(UIIMPOBAHHON MOIeJIn
OproccesisiTopa
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3 T'yaucTaHCKHUi FOCYIapCTBEHHbIH YHIBEPCUTET,
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AHHOTauHﬂ: PaCCI\/IanI/IBaeTCH MaTreMaTUu4deCKas MOJeJIb XUMUYECKUX pe-
aKIWil, OTHOCAIUXCS K THILy Opioccensitopa V. Ilpuroxkuna. B ornnyame or
JBYMEPHBIX U TPEXMEPHBIX MOJleJiell, B YeThIPeXMEPHOH MOJEIN OTCYyTCTBYeT
3aMKHyTasl TPAEKTOPHs B IEPBOM OKTAHTE BOINPEKHU IUKJIUIHOCTH DEAKIIVH.
B cBs3u ¢ 3TtuM, mpejgiaraercss MOAUMDUIMPOBAHHASL YeThIPEXMEPHasi MOJIE/b
oproccesisitopa u MeronoMm DN-ciexxkenunsi A. AzamoBa JOKa3bIBAETCS CyIIe-
CTBOBaHUE 3aMKHYTOI TPAeKTOPUU.

KuroueBble cjioBa: JuHAMUYECKAs CUCTEMA, 3AMKHYTasl TPACKTOPUST, XIUMU-
JecKas peakuusi, orobpaxkenue Ilyankape, metorn DN-cnexxenus.

BBenenne

OpHy U3 BayKHBIX 3aJa4 Ka4eCTBEHHOW TEOPHM JIUHAMUYECKHX CHUCTEM
cocraBiisier 3aJada O CyNIeCTBOBAHUM 3aMKHYTBIX Tpaekropuii [1].
HecymoTpst HA MHOTOYHMCIEHHDBIE METObI, TOCBSIIIIEHHBIE PEITEHUIO ITO
3a/1a49M, BBISICHEHNE TOTO, UMEeT JI KOHKPETHAsl HeJNHeHas CHCTeMa
3aMKHYTYI0 TPAEKTOPHUIO, OCTAETCS CJIOXKHOMN ITPOOJIEMOIA.

B nanHoit padore meTonom DN-ciexenus [2] crpourest oTobpazkeHne
Ilyankape m J0Ka3bIBaeTCs CYIIECTBOBAHNE 3aMKHYTOW TPAEKTOPUHU B
MOINPUINPOBAHHON MOJETH ITUKINIECKON XMMUTIECKON peakinu THUIIa,
GprocessaTopa [3].

HeobxomumocTs Mo ukanmum 00yCIoBIEHa TEM, YTO KJIACCHIECKAs
MoJieIb GprocceaTopa B R? He MOMKET MMETb 3aMKHYTYIO TPAEKTOPUIO
B IIOJIOKATEJILHOM OKTAHTE, XOTsI OPIOCCEISITOD SIBJISIETCST MaTeMaTH-
YeCKOH MOJIEBI0 IMUKINIECKNX XMMHUYECKUX Peakiuil. ITo cieiayer u3
ypasuennss A’ = —A B coorBercTByIomei cucreme [4]. st cpaprennst
OTMETHM, UTO B TPEXMEPHON MOJIE/N 3aMKHYTas TPACKTOPUS CYIIECTBY-
eT JIsl JIOCTATOYHOTO MUPOKOrO HOJIsl 3HAUeHHHi apaMeTpos [5].
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OcHOBHOI1 pe3yJbTar

MomudurmpoBaHHas MOIAETb OPIOCCETITOPA MPEICTABISETCS CUCTEMOI

A'=—-A+ BX;
B' = —BX + B; )
X'=A-BX + X% - X;

Y'= BX — X?%Y

rae f — mapamerp cucrembl, A, B, X, Y — KOHIIEHTPAIH COOTBETCTBYIO-
mux peareHTOB. Takum 00pa3oM, 3/1eCh yUIUTHIBAETCS BIUSTHAE KOMIIO-
HeHTOB B n X Ha nuHamuky A.

Teopema 1. Ilpu 8 = 1.17 cucmema (1) 6 obaacmu

I={(A4,B,X,Y)[1.07< A< 126,085 < B < 1.15,
0.98< X <1.38,065<Y <1.1}

UMEEM 3AMKHYMYIO0 MPAEKIMOPUIO.

Wnes mokazarenbcTBa COCTOUT B creayromeM. IlycTs ¥ — rumepintoc-
KOCTb, IIPOXOJAIIAS 9YePe3 TOUKY

2o = (1.11692, 0.99112, 1.09485, 0.80461) ,

oproroHajbHa K BeKTOpy f(zp). B rumepruiockocru ¥ Boibupaercs
JIEKapTOBO CHCTeMa KOODAUHAT (U, v, w) ¢ HAYAJIOM Z(, OLPEIeJIseMblii
CTaHJAPTHBII PerepoM TPaeKTOPUH, IPOXOJAIe depes zg [6, . 1, § 5].

B  kauectBe objacTu ompejesenus orobpaxkenus IlyaHkKape
P ¥ — ¥ 6epercs mOIMHOXKECTBO

D = {(u, v, w) € T| — 3250 < u < 3256,
—206 < v < 208, —240 < w < 245}

IHIEpPIVIOCKOCTH X, Tae 6 = 4 - 1076,

Metomom DN-criezkennst 10Ka3bIBaeTCs CyecTBOBaHue P 1 €ro CBOii-
crBo P (D) C D (cm. puc. 1).

Taxzke merogom DN-ciiexkeHnst MOXKHO yCTaHOBUTD, 4TO cucreMa, (1)
“MeeT 3aMKHYTYIO TPaeKTODPHIO [JIs [MAAINA30HA 3HAYEHUN MMapaMeTrpa

B € (0.431,1.173).

Pa6ora BbInosiHeHa 1pu (DUHAHCOBOM TOIJAEPIKKE MOJIOJIEXKHOI'O I'PaHTa (HpoeKT
E®DA-Arex-2018-182).

38



Puc. 1. O6macts onpenenernnst D u o6pas P (D) orobpaxenus: Ilyankape (B mac-
mrabe u:v:w=1:5:5).
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Existence of a Closed Trajectory in Four-Dimensional
Modified Brusselator Model
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Abstract: A mathematical model of chemical reactions related to the type
of I. Prigogine’s brusselator is considered. The difference is that, in contrast
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the two-dimensional and three-dimensional models in the four-dimensional
model, in the first octant there is no closed trajectory, despite the cyclical
nature of the reaction. In this regard, a modified four-dimensional model of
the brusselator is proposed and an existence of a closed trajectory is proved
by A. Azamov’s DN-tracking method.

YIK 517.977

ITonarusbie mnmponeaypbl AJid 3adav OIITUMaJIbHOI'O
yYiupasBJjieHuda C 0eCKOHEYHBIM ropu3oHTOM

A.JI. Barao', A.M. Tapacbes>

1 YVp®YV, Exarepun6Gypr, Poccus, bagno.alexader@gmail.com
2 MM ¥YpO PAH; Yp®V, Exarepunbypr, Poccusi, tam@imm.uran.ru

Annoranmsi: Vccienyercss 3ajjada OINTUMAaJIBHOTO YIPaBJIEHUsT Ha OECKO-
HEYHOM HMHTEPBaJIe BPEMEHHU C (PYHKIMOHAIOM KateCTBa, KOTOPBIH CONEPIKUAT
[IOJIBIHTErPAJIbHY IO (DYHKIUIO U JUCKOHTHPYIOMMHA MHOXKHUTeNb. OcobeHHO-
CTBIO IIOCTAHOBKH 33Ja4UU $BJISIETCS IIPEIIIOJIOXKEHNE O HEOTPAHUIECHHOCTH
noJbIHTErpajibHoi  (pyHKnuu. ONUCBIBAETCST METOJ YUCIEHHOrO IpubJin-
2KeHus1 OOOOIIEHHOTO MUHUMAKCHOIO peIIeHHs ypaBHeHusi laMuibroHa —
Skobu — nomsitHasi npoueigypa. OCHOBHBIM Pe3yJIbTATOM CTATbH SIBJISETCS
060CHOBaHUE CXOJUMOCTH IIOISTHONW IPOIELypPbl. 3aJadd MCCIIELyeMOro
THIIA BCTPEYIAIOTCS IPU MOEIUPOBAHUU IIPOLECCOB SKOHOMHYECKOIO POCTa
“ B 3aJadax CcTabuiusanuy JAUHAMUYECKHUX cHCTeM. [losydeHHBIE De3yiib-
TaTbl MOLYT OBITH KCIOIB30BAHBI IIPH IIOCTPOCHHM KOHETHO-PA3HOCTHBIX
CcXeM BBIYMCIIeHNs] (DYyHKIMU IEHbI 3aJa4 ONTHMAJIbHOIO yIPaBJIEHUS WIIH
nuddepeHnnaIbHbIX UIP.

KimroueBble cjioBa: ONTHMAIBHOE yIIpaBiIeHHE, (DYHKIUS IICHBI, ypaBHEHHE
Tl'amunprona — flkobu, monsATHBIE NPOLENYPHI, AINPOKCUMAIIHOHHBIE CXEMBI.

1. JdunHamuka cucTeMbl U (PYHKIIUsI II€HbI

B crarne n3y4daercd HeJIMHEHa s 3a/lad9a OIITUMAJIbHOI'O YIIPDaBJICHU A

#(t) = f(z(t),u(t)), 2(to) = o, (1)

+o0
J(x(),u(s) = /t e_’\Tg(x(T),u(T))dT, A>0, tg>0, (2)

0
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rae x € R", u € P C RP (P — xoMIakTHOe MHOKecTBO). IIpemosnara-
€TCsl, ITO BBIIOJIHSIOTCSI CJIE/LYIOIINE YCIIOBHUSL:

1. chHKL[I/II/I f uh HEIIPEPBbIBHLI II0 COBOKYIIHOCTHU II€PEMEHHBIX.

2. Ycaosue Jlummuna 1mo aprymenTy & ¢ KOHCTaHTOl L: Vrq, x2, Vp

If(x1,p) = f(z2,p)|l < Lllz1 — 22|,
lg(w1,p) — g(z2,p)| < L1 — 22|

3. YcjoBue MOJJIMHEHHOTO POCTA : ISt JIIOOBIX X, P

I1f (@, p)ll < se(L+[lzll), |g(z,p)] <21+ [z]]), 3 >0.
Beenem nepemennyio y = e~ g(z(7),u(7)) n onpenesmm byHKIEIO
uenbl. [Iycrs U — MHOXKeCTBO BCeX U3MEPUMBIX 110 JIebery mporpaMMHbIX
ynpasiienuii u(-) Ha GeCKOHEYHOM MHTepBaJje BpeMeHH [tg, +00).

Omnpenenenne 1. Oyukiueir neHbl B 3a0a49€ ¢ OECKOHEIHBIM MOPH-
B0HTOM Oas Ha%asvhold mowky (to, z9), 2de to € (0,T), zo = (x0,Y0),
xo € R", yg € R, naswsaemes dynryus

T

— 3 : —AT
wltozo) = jnf lim <y + [ g(xm,umw),
to

20e x(-) ydosaemsopsaem dunamure (1)—(2) na unmepsane [tg, +00).

st byHKIUET 11eHbl B TOYKaX ee audHepeHnupyeMOCTH CIIPABE/IJIH-
BO ypaBHenue ['amuibrona — Akobu Buga

—p(z) + H(z,Vop(z)) =0, zeR™ (3)
3aecs V() — BEKTOp YaCTHBIX IIPOU3BOJIHBIX. [AMUIBTOHUAH 381891

yYIIpaBJaeHUA 3a/1a€TCAd COOTHOIICHUEM

|
H(z,s)= 1 nin ((s, f(z,u)) —l—g(x,u)), reR" seR™
B crarbe [1, c. 31] 6bw10 n0KA3aHO, YTO MOHATUS (DYHKIUK [EHbI 3212~
an (1)—(2), MuanmakcHoro pemtenusi, Beegennoe A.J1. Cy66orunbiv [4],
1 BSI3KOCTHOIO pelneHusi B cMmbiciie Kpsngamna — JInonca [5] ypasme-
Husl (3) 9KBUBAJIEHTHBI.
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2. IlonsTHas mpoueaypa

IToCcTpOUTh IONATHYIO IPONELYPY, AIIPOKCHMUPYIONLYI0 MUHAMAKCHOE
peiienue ypaBHeHus (3), 3aTPyAHAET HEOIDAHMYCHHOCTH 3HAYEHUIL
dbyukun p(z). CaesaeMm 3aMeHy II€PEMEHHBIX

oz [E4P eca [zf| > ¢,
v =A@ =
#(1+re(x)) z]|2/(2¢) + £/2, ecmn ||z < e.
VYpasHenue (3) m0cse 3aMEHbI MOYKHO 3allUCATH B BH/IE

—X(z) + H(z, (), Vip(x)) =0, H(z,(x), Vi(z)) = (4)

= min (<w<x>, f ) +se(e) (1t (@), %(if (+ ;Z‘Qx» e f i?m)) )

ITo dopmyne Teitmopa nmeem

Mz 4+ hf(z,u) — " (@) = W(VY(@), f(z,u).

Ioncrasisisa aro Boipaxkenue B ypasuenue(4) (cm. [1]), nomyuum ypas-
genne amuiibrona — Sxkobu Buaa

min(—y" (z) + pla, )" (@ + hf (2, u) + g(z,u),

plz,u) =1— A+ %h<V7“e(‘”)’ %>

_ hg(z,u)
1) = @)

Bsenem omeparop T'
Ty(w) = min (p(z, )y (@ + hf (@, u)) +q(z, v)) (5)

U OIIUIIEM TIOISITHYIO IIPOIEyPy. PaccMoTpum 0Tpe3oK BpeMeHH [to, ty,],
rjie tp — HAYAJbHBIA MOMEHT, ¢, — HEKOTODPBIH JOCTATOYHO OGOJIBIION
MoMeHT BpeMenu. Beezsiem pazbuenue sroro orpeska {A(t;)} u nocrpoum
MIPOIIEIyPY BBIYHUCIEHUsT (DYHKITAN YA :

Ya(@n-1) = TPa(xn),  Yalza) = P(2(tn))- (6)
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Onpenenenue 2. Memod svivucaerus GyHrkuut Y, 3adar0uuiics
coommowenuem (6), Hazvieaemes MOUATHON IIPOIELYPOIi.

B [6, Teopema 2.1] yrBepKaaeTcs, YTO BBILIOJIHSIETCS OLEHKA
[a — | < CRM2, C > 0. (7)

JoxkasbiBaercs, 9To omneparop (5) yAOBJIETBOPSET YCJIOBUAM U3 CTa-
Teu [6], u, cienoBaTENBHO, I HONSATHONH nporeaypsl (6) BepHa
orenka (7).
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Backward Procedures for Optimal Control Problems
with Infinite Horizon
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Abstract: The article deals with the optimal control problem on the infinite
horizon, the quality functional of which contains the integrand index and the
discounting factor. Peculiarity of the problem is the assumption of the possi-
ble unboundedness of the integrand index. The article describes the backward
procedure. This procedure is the method of numerical approximation of the
minimax solution of the Hamilton—Jacobi equation. The main result of the
article is justification of convergence for the backward procedure. Problems
of the analyzed type are related to modeling processes of economic growth
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and to problems of stabilizing dynamic systems. The obtained results can
be used in construction of finite-difference schemes for calculating the value
function of optimal control problems or differential games.
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006 ycJioBUSIX MPONOPIIMOHAJIBHOM JIOKAJIbHOM
YIIpaBJII€eMOCTH ITOKa3aTeJeil JIsmyHoBa JUHENHBIX
CHCTEM C JUCKPETHBIM BpEMEHEM
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Annoranus: PaccMmarpuBaercsa 3a7ada O HA3HAYEHUU CIEKTPa ITOKa3aTe-
steit JIsimyHOBa JIMHEHHON yIpPaBJIsIeMON CHCTEMBI C JUCKPETHBIM BpPEMEHEM
IIOCPEJICTBOM JIMHEHHOM 10 (DAa30BBIM IIE€PEMEHHBIM OOPATHON CBSA3M B Ma-
JIOIl OKPECTHOCTH CIIEKTPAa IOKa3aTeJseil CBOOOIHOM cucTeMbl. JOMOIHUTETHHO
TpebyeTcsi, YTOObI HOpMa MATPUIBI OOPATHON CBSI3M YJIOBJIETBOPSIIA JIAIIIIIV-
1I€BOIl OILIEHKE IO OTHOILIEHUIO K TPeOyeMOMY CMEIIEHUIO IMoKasaTrejaeil. DTo
CBOMCTBO HAa3bIBAETCA IIPONOPIUOHATIBHON JIOKAJIBHOU yIIPABIA€MOCTBIO MOJI-
HOro crieKTpa mnokazateseil JIsmynosa. IlocTpoen mnpumep, IMOKa3bIBAIOIIUIL,
YTO HallJIeHHBble paHee JOCTATOYHBIE YCJIOBUS HIPOIOPIMOHAJJIBHON JIOKAJIb-
HOM yIIPaBJIIEMOCTH IIOJIHOTO CIIEKTPa IoKasaTeseii JIsanyHosa (paBHOMepHas
TOJIHAs YIIPaB/ISEMOCTbh UCXOJHON CHCTEMBI U YCTOMYNBOCTD CIIEKTPa ITOKa3a-
Teneit JIsmyHoBa CBOGOIAHONW CHCTEMBbI) HE SIBJISIIOTCS HEOOXOJAMMBIMU.

KirroueBple ciioBa: IucKpeTHas JIMHEWHAas CUCTeMa, IToKa3aTemnu JIamyHosa,
YIIPaBJISIEMOCTDb, CTAOMIN3UPYEMOCT.

PaCCIﬂOTpI/IM JIHHeﬁHyIO VIIpaBJIsIeMYyIO0 CUCTEMY C JUCKPETHBIM BpeE-
MeHeM

z(k+1) = Ak)z(k) + B(k)u(k), keN, zeR", uweR™. (1)

Bynewm npenmnosarars, uro marpuna B: N — R™ ™ orpanudena, a mMar-

puiia A: N — R™ ™ prosse orpanudena [4], T.e. A(k) obparuma npu

kaxzoM k € N, u sup([|A(k)| + A~ (k)||) < oo. Iomnerii cnekTp moKa-
keN

sareneil Jlsmynosa [3, c. 57| cBOGOMHOM cucTeMbI

x(k+1) = A(k)x(k), keN, zeR" (2)
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o6ozraunM depe3 A1 (A4) < ... < A\, (A4).
Yupasnenne u(-) B cucreme (1) BoibepeM B Bu/ie JTHHEHHON 00paTHOI
csazu u(k) = U(k)z(k), moaydnm 3aMKHYTYIO CHCTEMY BHIA

2k +1) = (A(k) + BR)U(K))a(k), keN, zeR™.  (3)

Byzaem HasbiBaTh U(-) mampuurvm ynpasaenuem st cucreMsl (3). By-
JIeM TOBOPUTH, YTO MaTpuuHoe yipasienue U(+) donyemumo mist cucre-
Mol (3), ecm marpuna A(-) + B(-)U(-) Bnosre orpanndena Ha N.
ITycrs 3adukcHpoBaHO HEKOTOpPOE JIOImycTUMOE Jts (3) MaTpHdIHOE
yupasienue U(-). Torma mnsa 3aMkHyTO# cucTeMbl (3) ¢ BBIOPAHHBIM
yupassierneMm U(-) ompesesieH NOJIHBIA crekTp nokasareseil JIsmyHosa

M(A+BU)<...< A\ (A+ BU).

Onpepnenienune 1 [5].  Bydem 2060pumob, wmo cucmema (3) obaa-
daem ceoTlicmeom NPONOPUUOHAALHOT NOKAALHOT YNPAGAAEMOCTIU NON-
no20 cnexmpa nokasamenet JIanynosa, ecau natioymes maxue £ > 0 u
0 > 0, wmo das A106020 Habopa wucea 1 < ... < Uy, YOOBAEMEOPAIO-
WUE Hepasencmey  maxX |i — Ni(A)] < 0, cywecmeyem donycmumoe

Oz cucmemovs (3) mampuunoe ynpasaenue U(-) maxoe, wmo

sup [|[U(K)| < E Jnax i — Ai(A)]
keN n

)

>\i(A+BU):Mi, i=1,...,n.

Onpepenenne 2 [6].  Cucmema (1) nasweaemcsa pasHOMEp-
HO GROAHE YNPaBAsemol, ecau cywecmeylom makue o« > 0 u
K € N, wmo mampuua Kaamana Wk, k + K) = E?Lf_lX(k;,j +
)B()BT(j)XT(k,j + 1) cucmemw (1) ydosaemeopaem mnepasercmey
W(k,k+ K) > aF npu scex k € N; 3decv X (k,s) — mampuuya Kowu
€606000n01 cucmemo (2), E € R™™™ — edunuunas mampuya.

Onpepenenne 3 [1].  okazameau Jlanynosa cucmemvs (2) wa-
3UBAIOMCA YCMOTUBLMUY, ecau 0an Kadcdozo € > 0 natidemcs makoe
0 > 0, wmo dan 6caxoll enoane ozparuvennots gynkyuu R: N — R™*"
ydosaemsoparowets ycaosuro supycy |[R(k) — E|| < 0, evnoaneno nepa-
Gencmeo max [Ai(A) = Ni(AR)| < €; 3decv M1 (AR) < ... < M (AR) —

=1,...,

noanwuil cnexmp nokasamenel JIanynosa MysbmMuUnNAUKAMUEHO 603MY-
wenrol cucmemws y(k + 1) = A(k)R(k)y(k).
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B paGore [5] 6b110 ycraHOBIIEHO, YTO ecu cucreMa (1) paBHOMEp-
HO BIIOJIHE yOpaBiiseMa, a nokasaresu Jlsmynosa cucrembl (2) ycroii-
YUBBI, TO MOJIHBI ClieKTp nokazareseil JIsnyHosa cucremst (3) mpomop-
[IHOHAJIFHO JIOKAJILHO YIIPABJsSieM. 3JIeCh IIOCTPOEH IPHUMEp, ITOKa3biBa-
IOIIHii, IYTO HU IIEPBOE, HU BTOPOE YCJIOBUE HE SIBJISIIOTCS HEOOXOIMMBIMU
JJ1s1 IIPOIIOPLIMOHAJIBHON JIOKAJIBHOM yIIPaBJIEMOCTH CIIEKTPA.

ITpumep 1. OupenenuM IOCIEI0BATEILHOCTE (k:j)j cn PeKyppeHT-
HO dopmynamu ki = 1 u ky; = jkoj_1, koj41 = 7+ kg; ma j € N,
PACCMOTPHUM CKAJIIPHBIE (DYHKIMU HATYPAJLHOTO apr'yMeHTa

1 npwm k=1,
b(k) = 1 1npm ke [kgjfl,kgj — 1],
0 upm ke [k)gj, k2j+1 — 1],

(,O(k?) _ eksinlnk

U JIMHEWHYIO yIIPaBJIAeMYyIO CUCTEMY

x(k+1) = A(k)z(k) + B(k)u(k), keN, xzcR?® wcR?*® (4

rie
Ak) = e;/z dery) ). B(k):(b(é“) ?)
p(k)e

B [2] moxkazano, 4ro mousiHBIA cuekTp mokasatreseil JIdmyHoBa cBO-
6omuoii cucrembr x(k + 1) = A(k)x(k) meycroiiuus u cocrouT U3 duces
A(A) = =1/2, A\z(4) = 0.

it xkazxkyoro K € N cymectByer Homep j = K Takoil, 4To Jurs
marpunsl KanMana cucrembl (4) uMeeT MECTO PABEHCTBO

0 0
W(kaj, koj + K) = ( 0 ),
J

rae y; > 0. Dro o3mauaer, 410 cucreMa (4) He sBJISETCA PABHOMEPHO
BIIOJIHE YITPABJISIEMOIA.

Ho oxkazbiBaercs, uro mosmblil criekTp mokasareseil JIsmyHoBa 3a-
MKHYTOII CHCTE€MBI

2(k+1) = (A(k) + BR)U(K))x(k), keN, zeR
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[POIIOPIUOHAIBHO JIOKAJIBHO yIpaBJsieM. [l MpPOM3BOJILHBIX HYUCE]T
w1 € (=3/4,—1/4) u pp € (—1/4,1/4) nonoxum oy = et — e~ V/2
as = ao(k) = e* — p(k+1)/(p(k)e). Torna marpudHoe yupas-
aenne U(k) = diag(al,ag) obecriednBaeT BLITOJIHECHIE PaBEHCTB
M(A+BU)=p;, i = 1,2, u 0pu 3T0M YJOBJIETBOpsieT TpebyeMoii
JIMIIIHUIEBOHN OIeHKe iug lUE)|| < ﬁzn_l?); [i — Ni(A4)).

e -

Pabora BbinoniHeHa npu duHaHCOBOM momepxkke Poccuiickoro dhonga dyHa-

MEHTAJIbHBIX uccienoBannil (mpoext Ne 18-51-41005).
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On Conditions for Proportional Local Controllability of
Lyapunov Exponents of Discrete-Time Linear Systems

Irina N. Banshchikova', Svetlana N. Popova®

1 UdSU, Izhevsk, Russia, banshhikova.irina@mail.ru
2 UdSU, Izhevsk, Russia, udsu.popova.sn@gmail.com

Abstract: We consider the problem of assigning a Lyapunov spectrum of
a linear discrete-time control system by means of linear feedback in a small
neighborhood of the Lyapunov spectrum of a free system. In addition, we
require that the norm of the feedback matrix satisfy the Lipschitz estimate
with respect to the required displacement of the Lyapunov exponents. This
property is called proportional local controllability of the Lyapunov spectrum.
Earlier, we proved that the uniform complete controllability of the original
system and the stability of the Lyapunov spectrum of the free system are
sufficient conditions for proportional local controllability of the Lyapunov
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spectrum. Here we constructed an example showing that these conditions are
not necessary.

VK 517.926.4

Onucanme aunHeiiHoro s3dpdekra Ileppona
IIPU MAapaMETPUUECKUX BO3MYIIIEHUSAX,
yOBIBAIOMINX K HYJII0O HA OECKOHEYHOCTU

E.A. Bapa6anos!, B.B. Bbikos?

I IM HAH Benapycu, Munck, Bemapycs, bar@im.bas-net.by
2 MI'Y umenn M.B. Jlomonocosa, Mocksa, Poccus, vvbykov@gmail.com

AnHoTauus: st KaxKI0# JIMHEHHON CUCTEMBbI OOBIKHOBEHHBIX auddepen-
IHMAJbHBIX YPABHEHWI C OrPAHUYEHHBIMH WM HENPEPLIBHBIMH HA BPEMEHHOM
noJsiyocu KO3(pdUIMEHTAMN PAaCCMaTPUBAETCS KJIACC TEX I[MapaMeTPUYECKUX
BO3MYIIEHUI €€ MaTpUIbl KOI(PDUIMEHTOB, KOTOPbIE SKCIOHEHIUAJILHO yObI-
BAIOT K HYJIIO Ha OECKOHEYHOCTH PABHOMEDHO OTHOCUTEJILHO HapaMeTpa, IIpH-
Ha/J[JIEXKAIIEro HEKOTOPOMY METPUYECKOMY IIPOCTPAHCTBY, U HE yMEHBIIIAIOT
eé nokazarenu JIamynosa. IlosyueHo mosiHOe onucaHue CIIEKTPOB MTOKa3aTe-
Jsieit JIsimyHOBA CHCTEM C TAKMMU BO3MYIIEHUSIMU KaK BEKTOP-(YHKIIMIA mapa-
Merpa. [Tosryueno Takzke MMOJIHOE ONMCAaHUE CIEKTPOB MoKasaresneil Jlamynosa
Kak (pyHKIUI napaMerpa MPaBUJIBHBIX 10 JISIIyHOBY CHCTEM C IapaMmeTpu-
YeCKUMU BO3MYIICHUSIMH, KOTOPbIE HE YMEHBIIAIOT MoKa3areau JlsanyHosa u
yOBIBAIOT K HYJIFO Ha GECKOHEYHOCTH PABHOMEPHO OTHOCUTE/ILHO MTapaMeTrpa.

KurouyeBble ciioBa: snHeilHas auddepeHpaabHas CACTEMA, TOKa3aTesn
JlsmynoBa, cmekTp mokasareseit JIsmymosa, mpaBuibHasi mo JIsmyHOBY cn-
creMa, yObIBaloIye K HYJIIO BO3MYIIEHUs, SKCIOHEHIMAJIbHO yOBbIBAIOIINE K
HYJIIO BO3MYIIEHUs, (DYHKIIMU BTOPOro Kjacca Bapa

Bsenenune

JLJ1si 33IaHHOTO HATYPAJIbHOTO 1. Yepe3 M, 0603HAUNM KJIACC JIMHEHHBIX
g HepeHnuaTbHBIX CHCTEM

z=Alt)z, xzeR", teRi=]0,+00), (1)

¢ OTpaHMYEHHBIME W HENIPEPBIBHBLIMU Ha BPeMeHHOH mosryocn R Koad-
dunuenramu. Iokasarenn Jlsanynosa [6, ¢. 27| cucremsl (1) o6o3HAUNM

qepes Ai(A) < ... < Ai(A), a uepes A(A) = (A(4),...,\(4)" —
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criexTp cucremsbl (1). Janee mbl oToxecrsiaseM cucremy (1) ¢ 3amato-
nieit eé MarpuanosHadHoi dyukipeii A(-) u numem A € M,,.

B pa6ore [8] O. Ileppon nocrpous npumep cucrembr A € Mo ¢ orpu-
HATeJLHLIMA HOKa3aTe My JIAyHoBa, 1JIsi KOTOPOil CyIIeCTBYeT TaKast
HelnpepbIBHAs Ha 1oJtyocH (2 X 2)-marpuiia ((t), 9KCIOHEHINAIBHO yObI-
Balolast K Hymo Ha Geckoneunoctu (t.e. ™ 1n||Q(¢)|| — const < 0 npu
t — +00), uro crapuuii nokasaresb Jlsmynosa As (A4 () Bo3MYIIEHHOI
cucremsl (A+Q) € My nosoxutreseH (B 9acTHOCTH, A2 (A+Q) > A2(A4)),
a miammuii A\ (A4 Q) coBuasaer ¢ mokaszaresieM HeBO3MYIIEHHON CrCTe-
Mol A1 (A4). O. ITepponom noctpoer Takke [9] npumep cucremsr A € My ¢
OTPUIATETLHBIMU TOKA3ATEIIMA JIAMyHOBA U TAKOTO €€ OIpeIeIEHHOTO
B npoussesenun Ry X G (G — OKpecTHOCTH HyJIs) HEIPEPBIBHOIO 110 CO-
BOKYIIHOCTH II€PEMEHHBIX Bo3MylieHus f(t, ) BBICIIEro HOPS/IKa MAJIO-
cru (re. ||f(t,x)| < const|z||™, m € R, m > 1), gro nokazaress Jlamy-
HOB& JII0O0r0 UMEIOIIEro B HaYa bHbI MOMEHT ¢ = () HEHYJIEBYIO IIEPBYIO
KOMIIOHEHTY pellleHnsl BO3MYIIEHHOH cucremsl & = A(t)z + f(t, z) 60b-
1€ HEKOTOPOTO HOJIOKUTEIHLHOTO YHUCIa, a IoKa3aTe b JIamyHoBa pere-
HUI ¢ HYJIEBOI B HA4YaJIbHBII MOMEHT II€PBOU KOMIIOHEHTON — TOT Ke,
9TO U Y HEBO3MYIIEHHON JIMHEHHON CHUCTEMBI.

Ot npumepsb! IleppoHa MOCIY>KUJIA OTHPABHON TOYKONH MHOIOYHC-
JICHHBIX UCCJICIOBAHMIT BJIUSHUS PA3JIUIHBIX KJIACCOB JIMHEHHBIX 1 HEJI-
HelHbIX BO3MYIIEHUIT Ha mokasaTesn Jlamynosa cucrem u3 M, a pe-
3YJIbTATHI, MTOJyIEHHBIE B 3TOM HAIPABJIEHUH, COCTABJIAIOT CyIIECTBEH-
HYIO 9aCTh COBPEMEHHOI Teopum mokasareseii JIsmyrosa. Ddderr u3-
MEHEHUs] 3HAYeHWH nokasareneil Jlsnynosa cucrembl n3 M, npu Tex
WM MHBIX «MAaJIbIX» €€ BO3MYINEHHUsX Ha3BaH B MoHorpaduu [5, . 4]
abdexrom Ileppona. Ilo3anee, Haunnast ¢ paborsl [4], 370 HazBaHNE —
addekr Ileppona — OBLIO YCBOEHO TOJIBKO TOM curyarmu (eé, popmasib-
HO roBopst, u paccmorpes O. Ileppon), npu KOTOPOil BO3MyIIEHUST HE
YMEHBIIAIOT [OKa3aTesu JIsaIyHoBa UCXOMHO cucreMbl (3TONH TEPMUHO-
JIOTUM MBI U CJieJlyeM B najbHelimem). B oramane or [4, 5], B KoTOpBIX
addexr Ileppona B coorBercTBum ¢ paboroii [9] paccMarpusajcs npu
BO3MYIIEHHUAX BBICIIErO MOPSAIKa MAJOCTH, Mbl B COOTBETCTBUH C pabo-
Toii [8] paccmarpuBaeM JiHeliHble yObIBaONIKE (B 9aCTHOCTH, SKCIIOHEH-
[MAJIbHO) K HYJIIO BO3MYIIEHUS MaTpHIll KO3GuUiuenTos cucrem us M,
U B 9TOM cJydae HasbiBaeM 3¢ dexT Ileppona JmHERHBIM.

Juist nasbHeiiero Ba)xHO OTMETHTD, UTO IIOCTPOeHHasl B pabore [8]
MaTpULa-Bo3MyIenue uMesa Bug pu@(t), rae p — BelleCTBEHHBIH Ia-
paMeTp, U JOKA3aHO, 9TO s JH000ro 1 # 0 Ipu TaKOM BO3MYIIEHUN

49



crapiiuii mokasarejb JIsyHOBa BO3MYIIEHHON CHCTEMBI IIOJIOXKUTEJIEH,
a MJIaIui He u3MeHserTcs. VIMess B By 9TO 0OCTOATENLCTBO, JIAJIEE,
3adUKCUPOBAB HEKOTOPOE METpHIecKoe mpocTpancTBo M, Oymem pac-
CMaTpUBaTh ceMeiicTBa JUHEHHBIX Aud depeHnraaIbHbIX CUCTEM

&= (A1) +Q(t,p)x, xeR", teRy, (2)

rae Q(+,+): Ry x M — R™ ™ — HenpepblBHAasl 110 COBOKYIIHOCTH II€pe-
MEHHBIX MaTpudHO3HauHas (GyHKIud. [Ipn KaxkaoM (HUKCHPOBAHHOM
B cemeiicrBe (2) 3Hadenuu napamerpa g € M mosydaem JIMHERHYIO
nuddbepeHuaIbHY0 CUCTEMY € ONpaHUYeHHBIME (CBOeil, BooOuIe To-
BOpsl, JUIsl KayKJIOrO (i IOCTOSIHHOM) M HENPEPHIBHBIMU Ha IIOJIYOCH
ko3 dunmenramu, mokasareaun JIsmyHoBa KOTOpOil 0003HAYNM Uepe3
M A+Q) < ... < (s A+ Q). Takum obpasom, okazaresu cemeii-

crBa (2) — dyukuun napamerpa p € M; B 9aCTHOCTH, OIIpE/IeJIeHa BEK-

rop-yukiwms A(-; A+Q) def ()\1(- T A+Q), A (e ;A+Q))T: M—R"™.

1. JIuneiinbiit sdbdext IleppoHa aas cucrem Kiacca M,
OPU SKCIOHEHINAJIBHO YOBIBAIOIIUX K HYJIIO BO3SMYIIEHN-
aX

Yepes E,, 0003HAYAM KJIACC HEIPEPBIBHBIX [0 COBOKYITHOCTHU IIE€PEMEH-
HBIX MaTPUYHO3HAYHBIX dyHKIMA Q(-,+): Ry x M — R™ ™, skcuonen-
UAJBHO YOBIBAIOIIMX K HYJIIO IIPH ¢ — +00 PABHOMEPHO OTHOCHUTEIHHO
p € M (re. sup,ep limy 400 t71n||Q(¢, p)|| < 0). Jmst kaxk0it cucte-
Mbl A € M,, yepe3 E,(A) o6o3HauNM KJacc TexX BO3MylleHuit ) € E,,,
KOTOpBIE HE YMEHBIIAIOT €€ Mmokasarenu JIsaIyHoBa, T.e. [ KaxKIOil
cucremsl A € M, u moboit () € E,(A) BbIIONHSETCS HEPABEHCTBO
infuenm Ae(s A+ Q) > Ai(A) upm Beex k = 1,n. OueBunmo, 4TO NI
J060ii cucrembl A € M, kiacc E,,(A) He 1wycT, IOCKOJIbKY €My IIPUHA/I-
JIEXKUT TOXKJICCTBEHHO HyJIeBasl MaTpUILA.

CraBurcs 3aJ1a9a [IOJTHOTO ONUCAHUS JIJIg KaxKIbix 1 € N u merpude-
CKOro mpocrpancTsa M Kiacca map (A(A), Al A+ Q)), COCTaBJICHHBIX
u3 crnekrpa A(A) cucrembr A € M, u Bekrop-dyukuuu A(-; A + @),
korma A mpoberaer MHOXKeCTBO M, a MaTpHIHO3HAYHAA GYHKIUT ()
upu KaxjaoMm A — knace E,(A), T.e. kinacca

E, (M) % {(A(A),A(; 4,Q)) | A € My, Q € E,(A)}.
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OueBuIHO, 4TO pelleHue TOR 3a4a4u OylJeT COIEepKATh KaK JaCTHBII
ciay4ait mpumep Ileppona. Tak kak mpu n = 1 cupaBeaIMBO PaBEHCTBO
A (A4) = M (A + Q) nnz moboit Q € Ey, To IIE (M) = {(A(A),A(A))}
JuIst Jioboro Merpudeckoro mpocrpancrsa M. Ilostomy nasee cauraeM,
gro n > 1. ITosHoe onucanue kaacca IIE, (M) miust mobeix n € Ny n > 1,
u npocrpascTBa M naér

Teopema 1. ITycmb n — HAMYPasvbHOE HUCA0, Gosvwee eOUHUYDL, U
M — mempuueckoe npocmpancmso. Iapa (l, F())7 2del = (ly,...,ln)" €
€ R" u F(-) = (fi("),.. s fu(:))": M — R"™, mozda u moavko mo-
20a npunadaesrcum xaaccy 1LE, (M), koeda evinosnsiomes caedyrousue
yeaosua: 1) 1n < ... <y, 2) fi(p) < ... < fo(p) das mobozo p € M,
3) fe(p) = Iy Ona ecex p € M w 'k = 1,n, 4) daa mobozo k = 1,n
dynryua fr.(-): M — R oepanuuena (sup{ fr(n)|p € M} < +00) u npu-
nadaesrcum xaaccy (*,Gs).

Hanomunm, uro dyukuua f: M — R maseBaercs |7, ¢. 224| dynk-
uueit knacca (*,Gs), ecan guig joboro r € R npoobpas f’l([r,—i—oo))
HnoJlyuHTepBaJa 1, +00) siBisercs Gs-MHOXKECTBOM METPUIECKOTO IIPO-
crpancrsa M. B wactHocTH, Ki1ace (*, Gs) — noukiace pyHKIMA BTOporo
kiacca Bapa [7, ¢. 248]

2. JIuneiinsbii 3¢dpdekT Ileppona ajsa cucrem KJjaaccoB M, u
R, Upu yObIBAIOMINX K HYJIO BO3MYIIEHUSIX

Yepes R, 0603HaINM MOAKIACC K1acca M, , COCTOAIIIA U3 MTPaBUILHBIX
no Jlsmyuosy [6, c. 51| cucrem.

OpHolt U3 3329 COBpeMeHHO# Teopunu nokasareseil JIsmyHosa, Bo3-
HUKIUX Oj1arogapst npuMepam lleppoHa, siBjisiercst 3a/1a9a O [MOUCKE J10-
CTATOYHO MUPOKUX MOJKIIACCOB Kiacca M,,, mokazarenn JlsamyHoBa cu-
CTeM KOTOPBIX HE U3MEHSIIUCH ObI IPU YOBIBAIONINX K HY/IIO HA OECKOHET-
HocTH (He 0053aTeIbHO SKCIIOHEHIIMAJIBHO) BOSMYIIEHUAX MATPUIL KOI(]-
durmenTos. [loroe Bpems JiepKajiach TMIIOTE3a, YTO TAKUM CBOHCTBOM
obJrajaer Kaace R, MpaBUJIbHBIX 110 JISIIyHOBY CUCTEM — ITMIIOTE3a, OCHO-
BaHHasl B CyIIECTBEHHOM Ha (DYHIAMEHTAJBHOM pe3yJibrare JIsmyHoBa o
TOM, YTO €CJIU Y HEJIMHENHHOl cucTeMbl (IPU €CTeCTBEHHBIX OTPAHMYCHUIX
HA IPABYIO YaCTh) CUCTEMA €€ IIEPBOro PUOJINKEHUS IPABUIbHAS U 00-
JlaJiaeT CBOMCTBOM yCJIOBHOM 9KCIIOHEHIIMAJIBLHON YCTONINBOCTH, TO STUM
K€ CBOHMCTBOM (C TeMU 2Ke PA3MEPHOCTBLIO YCTOWIMBOTO MHOTOOOPA3Us 1
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[OKA3aTeIeM aCUMIITOTHKY) 00/1aaeT U HYJIEBOEe PElleHue HeJIMHEeHHO
cucreMmsl [6, c. 53-55]. Tem ne menee, B pabore [2] P.9. Bunorpan nupuséi
npumep cucrembl A € Ry, nmokazarenn JIamyHoBa KOTOPO M3MEHSIIOTCS
[P HEKOTOPOM yOBIBAIONIEM K HYJ/IIO HA OECKOHEUHOCTH BO3MYIIECHUH €6
MaTpUIBl KO3pDUIMEHTOB.

Kak cieayer u3 reopembl Borganosa — I'pobmana [1, 3], nokazaresn
JlsmyHOBa MPAaBUJIBLHBIX CHCTEM ITPU SKCIIOHEHITNAILHO yOBIBAIOIIUX BO3-
MyIIEHASIX MATPHUIBI KOI(DMUIMEHTOB HE M3MEHSIOTCS, T.€. €CJIM Helpe-
PBIBHAsI Ha [IOJIyOCH MaTpudHo3HadHas hyukima Q(-): Ry — R™*™ ske-
[IOHEHIAJIBLHO YOBIBAET K HYJIIO Ha GECKOHEYHOCTH, TO Il JIIOOOH cu-
crembl A € R,, umeer mecto paBeHCTBO Ak (A) = Mg (A + Q) 1u1st Beex
k =1, n. Takum obpazoM, smHeiinbil s3dbdexT Ileppona /14 Kiacca Ipa-
BWIBHBIX 110 JISAMyHOBY CHCTEM MpU YOBIBAIOIINX K HYJIIO BO3MYIIEHUIX
nX MaTpuI] KO3POUIMEHTOB BO3MOXKEH, TOJHKO €CJIU BO3MYIIEHUsT YObI-
BAIOT MeJJIEHHee 9KCIIOHEHINAIbHBIX (T.€. ecin tl@w t~In||Q(t)| = 0).

Yrobnr paccmoTpers auneitnbiit addert Ileppona mnsa cucrem u3
KiaccoB M, u R,, upu yObIBAaIONNX K HYJIO MAPAMETPUIECKIX BO3MY-
MMEHUAX WX MATPHUI], KOIPPUINEHTOB, 0O03HAYUNM depe3 Z, KJIacC MaT-
puuyHOo3HaYHBIX GyHKIMI Q(-,-): Ry x M — R™ ™ HenpepbIBHBIX 110
COBOKYITHOCTHU IT€PEMEHHBIX U YOBIBAIOIINX K HYJIIO mpu ¢ — 400 pas-
HOMepHO orHOocuTenbHO p € M. Hua cucrembr A € M, uepe3 Z,(A)
0003HAYNM KJIACC TeX BO3MYyIIeHuil () € Z,,, KOTOpble He yMEHBIIAIOT
eé nokazaresu JIsiyHoBa, T.e. JJId Kaxka0il cucreMbl A € M, n J1o0oii
Q € Z,(A) semonnsercs nepaBencTso inf,car Ak(A + Q) > Ay (A) npu
Bcex k = 1,n.

AHAJIOTUYHO TIPEJIBLIYIIEMY CTABUTCS 331844 [IOJIHOTO OTIMCAHUS JIJIst
kaxapix n € N u merpudeckoro npocrpancrsa M kiacca 117, (knacca
1IVZ,) nap (A(A),A(-; A+ Q)), cocrasrennbix u3 cnekrpa A(A) cu-
crembl A € M, (cucrembr A € R,,) u Bekrop-dyurmu A(-; A + Q),
koryia A npoberaer MHOXKeCTBO M, (MHOXKeCTBO R,,), & MATPUYHO3HAU-
nasg pyuknusa Q npu kaxiaom A — ximace Z,(A), T.e. Kaaccos

2, (M) % {(A(A),A(-; A+ Q)| A€ My, Q € Z,(A)}
VZ, (M) % {(A(A),A(-; A+ Q)) | A € Ry, Q € Zn(A)}.

OueBuzHo, uro omucanue Kiacca 11V Z,, (M) Gyuer conepKaTh KaK 4acT-
HBIA caydait mpumep Bunorpama. Ilo Toit ke mpudamme, 9TO W BBIIIE,
cuuTaeM, 94to n > 1.
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Teopema 2. [lycmbv n — namypaavhoe “ucio, boavuiee eQUHULDL,
u M — mempuueckoe npocmpancmso. Kaacco, NE, (M), T1Z, (M) u
IIVZ, (M) cosnadarom mesncdy cobod.
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Description of a Linear Perron Effect
Under Parametric Perturbations Vanishing at Infinity

E.A. Barabanov', V.V. Bykov’

1 Institute of Mathematics of NAS of Belarus, Minsk, Belarus, bar@im.bas-net.by

2 Lomonosov Moscow State University, Moscow, Russia, vvbykov@gmail.com

Abstract: For each linear system of ODEs with coefficients bounded and
continuous on the time half-line we consider the class of parametric pertur-
bations of the coefficient matrix that do not decrease its Lyapunov exponents
and vanish exponentially at infinity uniformly in the parameter ranging in a
metric space. We obtain a complete description of the Lyapunov spectra of
systems with such perturbations as vector functions of the parameter. It is
also obtained a complete description of the Lyapunov spectra of systems as
vector functions of the parameter for Lyapunov regular systems with para-
metric perturbations that do not decrease the Lyapunov exponents and vanish
at infinity uniformly in the parameter.
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OO0 osHOIT 3a1a49€e ONTUMAJIBHOTO YIIPABJIECHUS
KOJIEOAHUSIMU CTPYHBI C Hepa3AeJIEeHHbIMU
MHOT'OTOYE€YHbIMH YCJIOBUSIMU B IIPOMEXKYTOYHbBIE
MOMEHTbI BpeMeHU

B.P. Bapcersin

WNucruryr mexanuku HAH Apmennn,
EpeBanckuit rocymapcrsennslit yuusepcurer, Epesan, Apmenns,
e-mail: barseghyan@sci.am

Amnnoranusi: Paccmorpena 3amada ONTHMAaIbHOIO YIIPABICHUS KOJICOAHUsI-
MU CTPYHBI C 3aJJaHHBIMM Ha4aJIbHbIMH, KOHEYHBIMU YCJIOBUAMU U Hepasje-
JICHHBIMU 3HAYEHHUsAMM (PYHKLIUU IPOruda U CKOPOCTEH B IPOMEXKYTOUHBIX
MOMEHTaX BPEMEHHU C KPUTEPUEM KadeCTBA, 33JaHHBIM HA BEChb IIPOMEXKYTOK
BpeMeHH. 3aJiada pelleHa C UCIIOIb30BAHUEM METOOB Pa3JesIeHNs] IIepEMEH-
HBIX U TEOPHH ONTHUMAJIBHOIO YIIPABJIEHUs KOHEYHOMEDHBIMU CHUCTEMAMHU C
Hepas3/eJeHHBIMU MHOIOTOYEUHBIMU IIPOMEXKYTOUYHBIMH yCJIOBUAMU. B Kate-
CTBe NPHUJIOXKEHUs MPEJJIOYKEHHOIO MOX04a ITOCTPOEHO ONTHMAaJIbHOE YIIpaB-
JIAIoNIee BO3IEHCTBYE I KOJIEOAHUsI CTPYHBI C 33 JaHHBIMHI HePa3de/IeHHBIMU
YCJIOBHSIMU Ha 3HAYEHUsI DYHKIUH IPOruda U CKOPOCTEH CTPYHBI B ABYX IPO-
MEKYTOYHBIX MOMEHTAX BPEMEHH, & TAaKXKe B CJIydae, KOIJa B OJUH MOMEHT
BPEMEHH 3aJaHO TOJIBKO 3HadeHue Iporuda, a B JIPyroil MOMEHT — 3HaYeHHe
CKOPOCTH.

KiroueBbie ciioBa: kosiebaHwust CTPYHBI, OIITHUMAaJIbHOE YyIIpaBJIEHUE KOJIe-
6.':LHI/ISFIMI/I7 IIPOMEZKYTOYHbIE 3HAYCHN A, HEePpAa3AeJI€eHHbIE MHOIOTOYE€YHbIC yCJIO-
BHUA.

BBenenne

Mmuororodednnie KpaeBble 3a/1a9M YIPABICHUS U ONTUMAJIBLHOIO YIIPAB-
JICHUS, B KOTOPBIX, HAPSIY C KJIACCHYECKUMHU KPAEBLIMU (HAYAIHHBIM
U KOHEYHBIM) YCJIOBHUSIMHU, 3aJaHbI TAaKXKe Hepas/ieJleHHble (HEeJOKaJIb-
Hbl€) MHOTOTOYEUHBIE IPOMEXKYTOUHbIE YCAOBHUS UCCIE0BAHBL B paboTax
[1-4, 8]. HepasueneHHOCT MHOIOTOYEUHBIX YCJIOBHil, B 4ACTHOCTHU, MO-
2KeT OBITh 00YCJIOB/IEHA HEBO3MOXKHOCTHIO HA IPAKTHUKE MIHOBEHHO WJIN
B OTJICJIBHO B3ATBIX TOYKAX MPOBOJUTH 3aMEPBI TAPAMETPOB COCTOSTHUS
obbekTa. 3a/1a91 YIIPABJIEHUS U OIITUMAJILHOTO YIIPABJICHUS KOJIEOATE b
HBIMU IIPOIECCAMU, KAK BHEITHUMU, TAK U TPAHUIHBIMU YIIPABJISIONIAMHI
BOBIEHCTBUSAME IIPU PA3INIHBIX TUIAX KPAEBBIX yYCJIOBHIA, PACCMOTPEHbI
B paborax [3-8, 10].
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B macrosameii pabore paccMmarpuBaeTcs 3ajada  ONTHMAJIBLHOTO
VIpAaBJIEHUS KOJIEOAHUSIMU CTPYHBI C 33IaHHBIMU HAYAJIbHBIMUA, KOHEY-
HBIMU YCJIOBUSIME U HEPA3IEJIEHHBIMU 3HAYCHUSIMHI IIPOruda U CKOPOCTel
TOYEK CTPYHbI B HIPOMEXKYTOYHBIX MOMEHTAaX BPEMEHU C KpPHUTEPUEM
Ka4ecTBa, 3a/JJaHHBIM Ha BECh ITPOMEXKYTOK BPEMEHU.

OO0 OCHOBHBIX pe3yJbTaTax

Paccvorpum ogHOpOAHYIO YIIPYTYIO HATSHYTYIO CTPYHY JIUHON [, Kpast
KOTOPO# 3akperieHbl. 1lycTh B BEPTUKAILHON TJIOCKOCTH OTKJIOHEHUS
CTPYHBI OT COCTOSIHUSI PABHOBeCHsI, olucbiBaercst pyukiweit Q (z,t), 0 <
x <1[,0<t<T u ynoBjierBopsieT ypaBHEHUIO

’Q _ ,0°Q
E

C OJJHOPOJHBIMU I'DaAHUYIHbIMU YCJIOBUSIMU

+u(z,t), O<z<l, 0<t<T (1)

Q0,t) =0, Q(,t)=0, 0<t<T (2)
n y,ZLOB.HeTBOpHeT HAa4YaJIbHBIM N KOHE€YHbIM yCJIOBI/IHI\’I

9Q

Q((E,O) = 500(‘%)’ ot _0 = 1/10(55)7 0<z<l, (3)
Qo) =erle). G —vrl). 0<asi @

B ypasuenuu (1) a®> = Ty/p, e Ty — HATsZKEHUe CTPYHBI, p — ILIOT-
HOCTB OJIHOPOJIHO# CTPYHBIL, u(x, t) — yupasJsiomiee Boseiicrue. DyHK-
st Q(x,t) aBaxkapl HenpepbiBHO JuddepeHnupyemMa BIUIOTh JIO Tpa-
uunpl obsacru. Ilpeamnosaraercs, uro dbyukuua u(x,t) € Lao(§2), rue

= {(z,t) : x € [0,1], t € [0,T]}. IlycTb B IpPOME)KYTOIHBIE MOMEHTBI
Bpemenu 0 =ty < t1 < ... < ty, < tyyy1 = T Ha 3HaYeHUs QyHKIUN
nporu6a CTPYHbI 3aaHbl HEPA3IEJCHHbIE YCIOBUs B BUJIE:

> HQtr) = ax), Y ex 3@ (2,1)

k=1 k=1

= B(x), ()

t=ty

rae fi u e, — 3anansble Besmunsbl (k= 1,...,m), a(x) n B(x) — HEKO-
TOpPBIE U3BECTHBLIC (DYHKIIUY.
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Ipeanonaraercst, uro ¢o(z), ¥o(z), pr(z), Yr(z), alz) n f(z) 3a-
JaHHbIe TaaaKne GyHKINH, YI0BICTBOPSIONINE YCAOBASM COTTIACOBAHNS.

Cpedu sozmoorcnvix ynpasaenud u(x,t), 0 <z <1, 0 <t < T mpe-
byemea natimu onmumanvnoe ynpasasowee cozdeticmeue u’(z,t), ne-
pesodswee xonebarus cmpynve (1) ¢ epanuunomu yerosuamu (2) us
3adannoz0 Hauaavhozo cocmosnus (3) 6 3a0aHHOE KOHEUHOE COCTNOSA-
nue (4), obecnewusas ydosaemeoperue HepazleneHHBT MHOZ0TOYELHBIT
npomescymounux yeaosuts (5) u munuMusupyrOWwee GYHKUUOHAA

Ju] = [/T/l(u(x,t))2dxdt] 1/2.
0 0

Wcnonb3yst MeTojr pasjiesieHdsi IePeMeHHbBIX, 3aJiada CBOIUTCH K
3ajiaye ONTUMAJIBHOIO YIIPABJEHUsI CUCTEM, OIMCHIBAEMBIX CYETHBIM
9UCIOM OOBIKHOBEHHBIX An((PEepEeHITHAIBHBIX YPAaBHEHUN C 3aIaHHBIMI
HAYAJBHBIMA, HEPa3/eJeHHBIMA MHOTOTOYEYHBIMUA — [TPOMEKYTOUHBI-
MU U KOHEYHBIMU YCJOBHUSIMA C KPHUTEpUEM KadecTBa, 3aJaHHBIM Ha
BeCh IIPOMEXKYTOK BpeMeHH. Jljis KaxXjo#f TIapMOHUKH IIOCTPOEHO
ONITUMAJIbHOE YIIPABJISIONIEE BO3JEHCTBHE, IOJIYUECHHOE C IIOMOIIBIO
METOJIOB TEOPHUH OINTHUMAJILHOIO YIIPABJIEHUsI KOHEYHOMEDHBIME CH-
CTEeMaMd C MHOIOTOYEYHBIMH I[POMEXKYTOYHBIMU yCaoBUAME [2, 9.
Jlastee, mOCTpOEHO oNTHMAaIbHOE yipassenne u’(x,t), KoTopoe aBageTcsa
KYCOYHO-HEIIPEPBIBHOM (DyHKIMe. B KadyecTBe IPUIIOXKEHUS II0JIYIYeH-
HBIX PEe3YJIbTaTOB ITOCTPOEHO ONTUMAJIBHOE YIIPABJIEHUE C 3aJaHHBIMU
HEPA3/IeJIEHHBIMI 3HAYEHUSIMU B JIBYX IIPOMEXKYTOYHBIX MOMEHTAX
BPEMEHU, a TaKyKe B Cydae, KOrJa B MOMEHT tj 3aJ[@HO TOJHKO 3Ha-
gyenue nporuba Q(z,t1) = a(x), a B MOMEHT o — 3HAYEHUE CKOPOCTHU

0Q(z,t)/0t],_,, = B(z).
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About One Problem of Optimal Control
of String Oscillations with Non-separated Multipoint
Conditions at Intermediate Moments of Time

V.R. Barseghyan

Institute of Mechanics of NAS of Armenia,
Yerevan State University, Yerevan, Armenia,
email: barseghyan@sci.am

Abstract: The problem of optimal control of string oscillations with given
initial, final conditions and non-separated values of the deflection function and
velocities at intermediate moments of time with a quality criterion specified
for the entire time interval is considered. The problem is solved using the
methods of separation of variables and the theory of optimal control of finite-
dimensional systems with non-separated multipoint intermediate conditions.
As an application of the proposed approach, an optimal control action is
constructed for the string oscillation with given non-separated conditions on
the values of the deflection function and string velocities at two intermediate
moments of time.
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Huxxuaa rrpaHuiia TOYHOCTU
HeCMeIJ_IéHHI)IX OIl€HOK KOHIIa TpaeKTopuu
AJId IBU2KEHUA C IMepPpEeKJII0YCHUAMU

H.A. Beaun

MMM ¥VpO PAH, Exarepunbypr, Poccusi, bedin@imm.uran.ru

Annorauus: /[is 3aa9u BOCCTAHOBJIEHUSI IIOJIOYKEHHSI HA KOHIIE TPAEKTO-
pUH IO JUCKPETHBIM 3alllyMJIEHHBIM W3MEPEHUsIM TPOAHAIU3UPOBAHA HUXK-
Heisl TPAHULA TOYHOCTU HECMEIIEHHBIX OLEHOK. VICIosib30BaHO HEPABEHCTBO
Xammepcsu — Yenmena — Po6bunca.

KiroueBbie ciioBa: Hecmeménnas onenka, HepaBencTBo Pao — Kpawmepa,
HepaBeHCTBO Xammepceau — YenMena — Po66umca.

1. 3amada oreHWBaAHUS KOHIIA TPAEKTOPUU

Paccmorpum ciietytontyio 3aaady [1]. Ecrs Tpaexropus x: [to, t"] — R?,

BHJ] KOTOPOIl 3aBUCUT OT ITapaMerpoB 61, ..., 0p,:
m(t) :f(t§91)7 t e [to,tl],
z(t) = f(t;6h,02), t e (t1,ta],

(1)
x(t) = f(t;01,02,....0m), te€ (tm_1,t"]

Oyuxrun f(t;01,602,...,0;) 1ig PasHBIX j U3BECTHBI U 3aJaHbI (HOPMY-
gamvu. [IponsBogsaTCS M3MEpEeHUsT TPAEKTOPUU B JUCKPETHBIE MOMEHTBI
Bpemenu {t'}7 ;:

2= 2(th) +w'. (2)

Bueck w' ~ N(0, W) — HezaBucHMBbIe /T Da3HBIX i CJIydaiiHble OMHOKH
naburrofienns ¢ marpureit koBapuaruu W. Tpebyercs mo COBOKyIHOCTH
usMepeHuii Z = {(ti,zi)}?zl noctpouth omenky Z(t"): {Z} — R? mo-
JIOYKEHUsI Ha TTOCJIETHUI MOMEHT BPEMEHH, ONTUMU3UPYsI CPEIHEKBAIpa-
TUYHOE OTKJIOHEHUE OT UCTUHHOI'O ITOJIOXKEHUS:

E{|a(t") - 2(t")*} = e B{@(") —2(") ()T} . )

o8



31ech 1 jasee CUMBOJIOM (. . .) 06O3HAUEHO IOBTOPSIIOIIEECs BHIDAYKEHHE.
OTmMeTHM, 9YTO IIpH IOCTPOEHHH OIEeHKH I (t") HabogaTesIo
m
HEM3BECTHLI HU caMu Tapamerpsl {0;}7';, HH BpemeHa IepeKJIo-
m—1
wenna {t;}7"," «pexumos jpuenns» B dopmyre (1), mm maxe mx
KOJIMYECTBO 1M, U IPUXOAUTCs CIMTATh BO3MOXKHBIMHE [1] Bce TpaekTopun
Buza (1) ¢ pasaumuHbIMU BapuanTamMu m = 1,...,00.
Habop nmapaMerpos O, onpee/isiionuii TpaeKTOPHUIO, Pa3Ie/IaeTcs Ha
HENIPEPBIBHYIO ¥ U JIMCKPETHYIO 1M, COCTABJIAIONINE:

w(t)=2(t:0), I=[01 t1 - Omy twmo1 O] @:{m,ﬁ}.

2. HwuxkHsst rpaHUIlA TOYHOCTH JIJI HECMEHIEHHBIX OIEHOK

Yacro, KpoMe MUHUMHU3AIMA [OKa3aTes s (3), JOMOJHITENBHO OT OIEHKH
TpebyeTcs CBOMCTBO HecMeléHHOCTH |2, 3:

E{2(t")} = =(t"). (4)

BaskHbIM J1J1s1 KOHCTPYHUPOBAHUs OIEHOK &(t™) siBJIsleTcsi BOLIPOC, Ha-
CKOJIBKO MAJIBIM B IIPHHIUIIE MOXKeT ObITh HoKasaresb (3). Ecrecrsen-
HO, 9Ta BeJIMYMHA 3aBUCUT OT TPAEKTOPHU Z(-), KAKUE-TO TPAEKTOPUH
SABJIAIOTCS 0OJIee CJIO2KHBIMU C TOYKH 3PEHUS] BOCCTAHOBJIEHUS KOHEYHO-
IO TOJIOYKeHusI, Kakue-To MeHee. CyIIecTByIOT HEDABEHCTBA JIJTsl OT[EHKU
HIZKHEll rpaHuipl nokasaress (3) nupu bUKCUPOBAHHON UCTHHHO Tpa-
exTopun (), He MCIOJB3YOIIIe KAKOH-IM00 HHMOPMAIMA O TOM, Kak
ycTpoeHa oreHka & (t"). CaMbIM HOIYJISIPHBIM TAKUM HEPABEHCTBOM JIJIs
HeCMENEHHBIX OIEHOK siBJisieTcsi HepaBeHcTBO Pao — Kpamepa [2, 3]

(" (" T
B{(@(t") ~ a(7:0)) ()T} 5 2O o ) 2SO

1)) = B (5-1oap(Z1x() ()}

Baecy I(x(-)) — umndopmannonnas marpuna Puriiepa, 3aBucsmas oT
TpaekTopun Z(-) Uepes COBMECTHYIO IUIOTHOCTb uaMmepenuit p(Z|x(-));
A = B obosnauaet, uro MaTpuna A — B HeoTpHIATEbHO OIpeeseHa.
Hepagsencrso Pao — Kpamepa (5) ucnosb3yecss Bo MHOruX paborax,
CBSI3QHHBIX C OIEHKON II0JIOXKEHUs JBUKYIIuXcst 00bekToB [3]. U, neco-
MHEHHO, 3TO HEpaBeHCTBO 3aJa€T HUKHIOIO Tpanully. IIpobiema B ToM,
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910 JUIs1 IocTaHoBKY (1), (2) HepaBeHCTBO HE SBJSETCS TOYHBIM, TO €CTh
IPaHUIA He JO0CTUraeTcs HecMelnéHubiMu (4) onenkamu (™).

B mepasencrse (5) HUKaK He YyIUTHIBACTCS JUCKPETHBI IApaMeTp —
YHCJIO TIEPEKJIFOUEHNI «PeXKNMa JBUKEHNs» Ha Tpaekropun. I[lono6Horo
HeJIOCTaTKa, JIMIIEHO HepaBeHCTBO XaMmmepcan — Uenmena — Pobbumnca
[2, 4], siBasiroIieecsi YACTHBIM CJydaeM HepaseHCTB Tuna Abens [4] u
Bapankuna [5]. OHo 3annceiBaeTcst B BUJIE

Vo' +£0,

Q) — x(th; T
B{(@(") - a(t7:0)) (..} » L dON ()
B{(s(7/0")/p(Z]0) - 1)*}

(6)

31ech JieBast YaCTh JIOJ2KHA OBITH «0O0JIbINe IIPABOi OMHOBPEMEHHO JIJIsi
BCeX BapmMaHTOB BbIOOpa ©’. Jlys m3aMepenuii 7, paclpeae]eHHbIX HOP-
MAJIbHO COIJIacHO (2), HepaBeHCTBO (6) MOXKHO KOHKDETU3UPOBATh:

ve' 26,  E{@") - 2(t"0) ()} =

(z(t";©') — z(t";0)) (...)" . (7)
exp( )y (2501 ~a(t3;0) 'W 1 (2(t: ©) (/3 ©)) ) -1

=

Hust Buga (7) aBTOpY YAAI0Ch JIOKA3aTh, 4TO

E {(:e(t") —2(t";0)) (.. .)T} - W. (8)

D10 HEPaBeHCTBO (PAKTUYECKH O3HATAET, UTO TOYHOCTH HECMEIIEH-
HBIX ONEHOK B HAIIEM CJy9ae HE MOXKET OBbITh JIydIIe, YeM TOYHOCTDH
usmepenuii. HepasencTso (8), oueBmano, Tounoe. B camom giene, B kade-
crBe onenku & (") MOXKHO B3ATH ocieHee m3Mepenue 4145 (17) = 2"
YIS KOTOPOTO BBIIOJIHSAETCS COOTHOIIEHNE

E{(i:(l‘“t) (") — 2(t";0)) (..)" } - W.

IIpaBasi 4acTb HepaBeHCTBa (8) IOJIyYaeTCs IIPU PACCMOTPEHUU TPa-
€KTOPUIA, OTIUIAIOIINXCS OT UCXOTHONW HOBBIM MTEPEKJIIOIECHIEM B MOMEHT
tm T t". HeompememéHuocTh, cBA3aHHas C HE3HAHWEM, OBLIO JIX TOJIb-
KO 9TO MEPEKJII0YEHre Ha HOBBIN PEXKUM WJIA HET, IIPUBOJUT K PE3KOMY
YXYJUIEHUIO IPAHUIBI TOYHOCTH 110 CPABHEHUIO ¢ TpaHuieii (5).
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Ha puc. 2 nmokasan rpaduk KBaJIpaTHOIO KOPHSI TPAHUIIEI TOYHOCTH
Pao — Kpamepa ot Bpemenu mis tpaekropum Ha puc. 1. Ilpusemena
TOYHOCTD OLEHKY & (™) 110 HAIPABJIEHUIO, OPTOIOHAJIBLHOMY TPAEKTOPUH.
Pacuérel npoBesieHbl IOCe0BaTENBbHO 10 dopmyie (5) cHauanga js
u3MepeHus 1, moroMm s uaMmepenuit 1, 2, morom i 1, 2, 3, u Tak
JaJiee 710 uaMmepenuit ot 1 1o n = 50. MaTpura KoBapuanuu u3MepeHuit
W B3ara pasuoit 10021. Cormacuo (8), Ha rpaduke puc. 2 J0KHa OBITH
npsiMas auHud Ha ypoBHE 100, B TO BpeMs Kak Ha JJIATEIBHOM yYIacTKe
6e3 mepeksTiovennii rpaduk rpannibl Pao — Kpamepa ropasmo mmxke.

4000 Lnorth, M 100 o, m
75
2000
50 r
L 25 |-
0 | | | |
0 2000 4000 6000 0 25 50 75 100
Puc. 1. TecroBas TpaekTopus Puc. 2. I'panuna Trounocru Pao — Kpamepa mist

TEeCTOBOI TPaeKTOPUHI

Pa6ora Beimostaena B pamkax mpoexrta «HoBble pa3paboTku B IEPCIEKTUBHBIX Ha-
[IPaBJIEHUSIX SHEPreTUKM, MEXAHUKH U POOOTOTEXHUKH» IO IPOBEICHUIO (DYHIAMEH-
TaJIbHBIX Hay4HBIX UCCJIE/IOBAaHUN 10 IIPUOPUTETHBIM HAIIPABJIEHUAM, OIpe/Ie/IAeMbIM
npe3uguymMoM Poccuiickolt akageMun HayK.
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Lower Bound of Accuracy of Unbiased Estimates of
the End of Trajectory for Motion with Switching

Dmitrii A. Bedin

IMM UB RAS, Ekaterinburg, Russia, bedin@imm.uran.ru

Abstract: The lower bound of the error of an unbiased estimate for the
problem of resurrection of the end state of a trajectory is elaborated by means
of Hammersley—Chapman—Robbins inequality.

YIK 528.088.6, 621.396.969.1

IIpuMmeHeHNEe TeHETUYECKOr0o IMOAX0da JIJIs
HaXO0XKJEeHNs ONTHUMAJIbHBIX IIapaMeTpoOB
BOCCTAHOBJIEHUSI TPA€KTOPMHX BO3/JYIITHOTO CyJHaA

IO.A. Benun', A.T'. IBanos?

L Vp®YV, Exarepunbypr, Poccus, bedin@imm.uran.ru
2 UMM ¥YpO PAH, Exarepun6ypr, Poccus, iagsoft@imm.uran.ru

Amnnoranusi: Panee 8 UMM YpO PAH 6b11 paspaboTas MHOMOTHIIOTE3HBIH
JICOPUTM BOCTAHOBJIEHUsI TpaeKTopuu Boszyunoro cyana (BC), mokasbiBa-
0L XOPOIIIYIO TOYHOCTb B YCJIOBUSIX BBIOPOCOB 3aMepoB. Jliisi HaxoXK1eHust
ONTHUMAJIBHBIX 3HAYEHUN MHOTOYUC/ICHHBIX [IaDAMETPOB AJITOPUTMAa UCIIOJIH30-
BaH I'€HETHYECKUil aJropuTM. B KpuTepun KadecTBa BKJIIOYEHbI TpeGOBaHUs
craagaproB I'OCT. OnruMusnpoBanHble mapaMeTpPbl TO3BOJIUJIN YIIYIIINTh
TOYHOCTH BOCCTAHOBJIEHUS TPAEKTOPUU.

KuroueBble cJiOBa: reHETUYECKUN aJITOPUTM, OA00D MapaMeTpoB, BOCCTa-
HOBJIEHUE TPAE€KTOPUH.

1. MHOroOruroTe3HbIil aJrOpuUTM

MHOrOruIOTe3HbIH AJIrOPUTM BOCCTAHOBJIEHHsI TpaekTopui [1, 2] 1mo3so-
JISIET TIOJIyIUTh OIeHKY moJioxkeHusi BC B peasibHOM BpeMenu. Fro pabora
OCHOBBIBAETCsI HA IOJJIEPKAHUN HEKOTOPOIr'O IIyYKa BO3MOXKHBIX TPaeK-
topuit BC. 9Tu TpaekTopun COBMECTHBI C OOIUME OIPAHMIECHUSIMEI Ha,
gunamuky BC, ¢ ucropueit HaboneHU 1 BO3MOXKHBIME OIMTHOKAME U3~
Mepennii. IToroBast OrieHKa MOJI0KEHUST TIOJTy IaeTCsl Iy TEM B3BEIIEHHOTO
YCPEeIHEHUsI KOHEUHBIX [TOJIOXKEHMIA JIJTsl KayKJ0 TPAEKTOPUU U3 ITyUIKA.
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Bec TpaekTopun BeIOMpaercst uCxo/isi U3 KadecTBa, IPUOJIMIKEHUST U3Me-
peHuii.

AstropuT™ mOKa3aJ XOpOIlre pe3ysibTaTbl 00pabOTKU MOJEIBHBIX U
peaJibHBbIX JIAHHBIX, BKJIIOYas JaHHbIE ¢ BhIOpocamu. PeajibHble JaHHbBIE
6L ipegocrasienbl hupmoit «HUTA» (Caunkr-Ilerep6ypr).

OcobGEHHOCTHIO ATOPUTMA SABJISIETCS HAJIUYIUE OOJIBIIOTO KOJTHIECTBA
HACTPOEYHBIX MAPAMETPOB, OT KOTOPBIX 3aBUCUT €ro paboTa: BEIOOD Be-
COB, HHUIAAIS OTBETBJIEHUI OT BO3MOXKHBIX TPAEKTOPHIA, IIPOPEKUBa~
HUe IMy4ka Tpaektopuii. [ljst Bcex 3Tux mapamMerpoB HEOOXOIUMO yCTa-
HOBUTH 3HAYEHUs, JIAOIINE XOPOIIYIO MPOU3BOAUTEILHOCTD aJIOPUTMA
B IIEJIOM.

2. TeHermyeckuii ajgropuTM noadopa mapamMeTpoB

s mogbopa ONTHMAJIBHBIX MApaAMETPOB AJrOPUTMA BOCCTAHOBJICHUS
TPAEKTOPUH ObLI CO3JAaH T€HETUYCCKUIT AJTOPUTM C 3JIEMEHTAMH MHO-
POKPUTEPUAIBHOCTH, KOTOPBIH [OAPOGHO onucad B [3].

O6y4enune reHeTHYIECKOTO aJTrOPUTMa IPOUCXOIUJIO 110 IAKETy MO-
JIEJILHBIX TPEKOB ([IOCJIe0BATEIbHOCTE H3MEPEHHH BO BpeMeHHn ), ¢hop-
MHUPOBaHHBLIX Ha OCHOBE OJIHON HMJealbHON TpaekTopuu. Ilpu sTom mie-
aJIbHAs TPACKTOPUS COJACPXKUT yUACTKH C PA3JIMIHBIMU THIAMHE JIBUKE-
HUsI, XapakTepHble s asmKymerocs BC kak Ha Tpaccax, Tak W HA
noJxojie K aspoapoMy. MozeabHbIe TPeKH U3 NaKeTa OTJUIAOTCs JIPYT
OT JIpyTa BeJIMYUHOM CIydailHOi OIMUOKH, MIaroM MOCTYILICHH 3aMepPOB,
HAJMYIMEM WM OTCyTCTBUEM BBIODOCOB.

B ka4ecTBe KpUTEPUEB KA9ECTBA, paBGOTHI AJITOPUTMA, BOCCTAHOBJICHUS
TPAEKTOPUH OBLIO HMCIIOJb30BAHO HECKOJIBKO MOKA3aTesel, 3aBUCIIAX
OT HEBA30K B MOMEHTHI 3aMepoB. JIBa HanbGosee BasKHBIX TOKA3ATEIA —
CpeJlHee U MAKCUMAJIbHOE OTKJIOHEHHUSL:

Pmean = — Z nj Z w] ; (1)

i=1

Pmax = Max max M (2)
j=1m i=1,n; wj,i

3zech 7j(t;,;) — HeB3KA, TO €CTh PACCTOSIHIE MeKIY BOCCTAHOBJIEHHOM
TpaekTopueil (Jisi MOZEIHLHOrO TPEKA j) U UIeaJbHON TpaeKTopHeil B MO-
MEHT 3aMepa t; ;; nj — KOJIMIECTBO 3aMePOB B MOJIIbHOM TPaeKTOPUH J;
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M — KOJIMIECTBO MOJIEJIbHBIX TPAEKTOPHIT B TIAKETe; Wj ; — BEC, COOTBET-
CTBYIOIIHH i-My 3aMepy Ha TPAeKTOPUH j.

Onrumusupyemas aaropurmoM dbyskius (byHKIws bUTHECA) ABIIsI-
eTcst cymMMoit nokasareseit Tuna (1), (2), B3ATHIX € IIOCTOSTHHBIME KO3(]-
durmerTaMM.

3. YuéT craHJapTOB KAaveCcTBa B BOCCTAHOBJIEHUHM TPAEKTO-
pun

IIpuMeHeHre TeHeTUIECKOTO AJrOPUTMA, TO3BOJIAIIO YTy IIIATh TOYHOCTh
BoccTanoByieHns: TpaekTopun BC 110 CpaBHEHUIO ¢ TOYHOCTHIO AJITOPHUT-
Ma ¢ apamerpamu 1o ymosrdasuto (eM. [3]). pu sTom B Kpurepusx (1),
(2) nCHOJ/IB30BAIUCE €IUHUTHBIC BECA W, ;, ITO COOTBETCTBYET IIPOCTHIM
reOMeTPUYECKIM CPEJHEMY M MAKCHMAJLHOMY OITHMU3HPYEMBIM pac-
CTOAHUAM.

O 1HAKO W3 MHKEHEPHON MPAKTUKA U3BECTHO, YTO PA3JINIHBIE YIACT-
ku Tpaektopuu BC He MOryT GBITH BOCCTAHOBJIEHBI OJMHAKOBO: BO BpE-
Msl TIOBOPOTA WJIM YCKOPEHHOTO JBUKEHH KAIeCTBO BOCCTAHOBJICHUS Xy-
JKe, 4eM BO BPeMsI IIPSIMOJIMHEHHOT0 paBHOMEPHOTO JIBHXKEHUSI, a PE3KOE
U3MeHeHNe THIIA JBUXKEeHUs (C IpsIMOH Ha IIOBOPOT, HAIIPUMED) BCErja
BBI3LIBACT XapaKTEPHBIN «BCIUIECK» OMMMOKH. Takoe 3HAHUE HAILIO OT-
pPakeHHe B CTAHIAPTAaX KAadeCTBa, KOTOPOe TPEOYIOT OpraHbl KOHTPOJIS
3a BO3JYIIHBIM JBUKEHHEM OT AJrOPUTMOB BOCCTaHOBJeHUs [4, 5].

BelIo pemeHo u3MeHHTH Beca wj; B dopmynax (1), (2) rak, uro-
Obl OHU OTpazKaJ/u TpebyeMoe MO CTAHAAPTY Ka4eCTBO BOCCTAHOBJICHHUS.
B wacTtHOCTH, 60OJI€€ CTPOrO OIECHUBAJN IPAMOJIUHEHHBIC PABHOMEPHDIE
YYACTKH U MEHEe CTPOTO IEPEXOAbl MEXKJLy PEXKUMAMU JBYKCHHA. AJl-
TOPHUTM ObLI U3MEHEH, ObLIa HAIIMCAHA MOAIIPOrPAMMA, ABTOMATHICCKOTO
BBIYHC/ICHUS BecoB w; ; B coorsercTsuu ¢ [OCT [4], mosBossiomas He 3a-
JlaBaTh Beca BPYYHYIO IIPH U3MEHEHUU OIIOPHON MCTHHHOI TPaeKTOPHUHU.
BHecenHble H3MEHEHHA TIO3BOJIUIN YTy 9T KAYE€CTBO BOCCTAHOBJICHHS
TPAeKTOPUH U IIPUBECTH IIOBEICHUE aJITOPUTMA K 00JIee «CTAHJIAPTHOMY »
C TOYKM 3peHusl JUCIeTIepoB, Habmomaomux 3a BC.

m
Ha puc. 1 nokazan rpaduk HoKa3aTesst pPmean(t) = % > ri(t) I

rectoBoil TpaekTopun BC (oTsimdaercsa oT TOil, Ha KOTOPOMH MPOXOIUIIO
obyuenue). Toscras KpacHast JIMHUS, PACIIOJIOXKEHHAsI Ha YPOBHE 1, pu-
BeJIeHAa JIJIsl CDABHEHUSI: €CJIM HEKOTOPBIN aJI'OPUTM JIAET KAYECTBO HUXKE
€é, 9TO O3HAYAET, UTO Ha JAHHOM yYacTKe JIBUKEHHUSI BOCCTAHOBJIEHUE
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uiér sryarte ['OCTa, eciiu Boilie — 10, HA060POT, Xy2Ke. 3€JIEHOI JIMHUEH
MOKA3aHa MPOU3BOAUTEILHOCTD MHOTOIMIIOTE3HOTO aJIFOPUTMA B CJIyYae,
korja B popmyiax (1), (2) Beibupasiucs exuHuYHbIE Beca (COOTBETCTBYET
pab6ore [3]). Cunsisi muHus n306pakaer rpaduk KadecTBa paboThl TEKY-
mero ajgropurma ¢ Becamu, coorsercryromumu [OCTy [4]. KpacHoii
TOHKO# JIMHUEl MMOKa3aHa MPOU3BOIUTEIHHOCTD MOIY/ISPHOTO AJIFOPUT-
ma IMM (Interacting Multiple Model), crasmiero me-dakro cranmzaprom
B BoccTaHOBJeHnu Tpaekropuil mist BC. YépHubIM 1BETOM 711 CpaBHE-
HUsT N300ParKeHa JIMHUS, COOTBETCTBYIOIAS «CHIPBIM» U3MEPEHUSIM, KO-
IrJla caMoO M3MEpeHMe HCIIONb3yeTcs Kak oleHKa nosoxkenns BC.

Ortogonal mean

— |eVell
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mean-mean
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L
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Puc. 1. Cpenusiss OTHOCHTENBHAST TOYHOCTD Pmean (£) /I MOIEPEYHOro KaHasa. Te-
CTOBasi TPAEKTOPUS

Pa6ora Beimosaena B pamkax mpoexra «HoBble pa3paboTku B IEPCIEKTUBHBIX Ha-
NIPaBJIEHUSIX SHEPreTUKM, MEXaHUKH U POOOTOTEXHHKH» II0 IPOBEIEHUIO (DyHIAMEH-
TaJIbHBIX HAYYHBIX UCCJIEIOBAHUN IO IPUOPUTETHBIM HAIIPABJIEHUSAM, OIPEIEITeMbIM
npe3uguyMoM Poccuiickoli akageMun HayK.
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Using a Genetic Approach to Find the Optimal
Parameters of the Aircraft Tracking

Dmitrii A. Bedin', Alexey G. Ivanov?®

1 UrFU, Ekaterinburg, Russia, bedin@imm.uran.ru
2 IMM UB RAS, Ekaterinburg, Russia, iagsoft@imm.uran.ru

Abstract: A multi-hypothetical algorithm for aircraft tracking was previ-
ously developed at the Krasovskii Institute of Mathematics and Mechanics,
Ural Branch of the Russian Academy of Sciences. The algorithm gives good
accuracy in the presence of outliers. To find the optimal values of the numer-
ous parameters of the algorithm, a genetic algorithm was used. The quality
standards of the government regulatory agencies were included in the perfor-
mance criterion. Optimized parameters allowed to improve accuracy of the
trajectory tracking.
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Pacnpocrpanenune TeopeM 0 BO3MYHOIEHUSAX
HaAKPBIBAIOIINX OTOOpaKeHMit

C. Benapa6', E.C. 2Kykosckuii’, B. Mepuena®
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Annoranus: O6CyKIaeTcsi PaCIpPOCTPAHEHNE U3BECTHBIX TEOPEM O BO3MY-
IIEHUSIX OTOOparkeHuil, JeHCTBYIOMNX B METPUYECKUX U B YACTHUYHO YIIODSI-
JO4YeHHBIX mpocTpaHcTBax. st 3amanHoro orobpaxkenus F @ X X X — Y
u ’neMenTa y € Y paccmarpuBaerca ypashenue F(z,z) = y. Cravana uc-
cileyercs cirydaii, korma X — METPHUYECKOe IIPOCTPAHCTBO, & Ha Y 3aJaHo
paccTosiHue, YIAOBJIETBOPSIONIEE TOJIBKO akKcuome ToxkjecTBa. OrTobparkeHue
F' 1o mepBoMy apryMeHTy IIPEIOJIaraeTcs HaKPbIBAIOIIUM, IO BTOPOMY ap-
CYMEHTY — JIMIIIHULIEBBIM (HCHOJIb3yeMble OIPEIEIeHNUs] STUX [OHATHI CyIie-
CTBEHHO OCJIA0JIEHBI CPABHUTEJLHO C UX KJIACCHIECKUMU OIpEeIeHusiMu). B
TepMuHaXxX KOaCb(bI/H_H/IeHTOB HaKPbIBAHUA U JIMIIIITUIIEBOCTHU I1I0JIYyY€HbI YCJIOBUA
Pa3pelInMOCTH PacCMaTPUBaeMOro ypabHeHus. Jlajiee pa3penimMocTb 3TOro
YPaBHEHHS HCCIEIOBAHA B CIydae, KOrga X — YacTUYIHO YIOPsIOYEHHOE IPO-
CTPAHCTBO, Ha Y 3a7aHo pedJIEKCUBHOE OHMHAPHOE OTHOIIEHNE, OTOOparKeHne
F' 1o nepBoMy apryMeHTy SBJII€TCS YIOPsIOYEHHO HAKPBIBAIOIIUM, IO BTO-
pOMy apryMeHTy — aHTHUTOHHBIM (ONpeJesIeHHs STHX IOHATHH TaK»Ke CyIie-
CTBEHHO OCJIA0JIEHBI CPABHUTEJIBHO C M3BECTHBIMH).

KuroueBble cJioBa: HAKPBIBAIOIIEE OTOOPArKEHNME, METPUYECKOE MTPOCTPAH-
CTBO, YACTUYHO yIOPsJOYEHHOE IIPOCTPAHCTBO.

BBenenune

B reopeme Mumoruna [4] yTeepKaaercs, 9T0 cyMMa JeHCTBYONMX U3
METPUIECKOTO TIPOCTPAHCTBA X B JIMHEHHOE METPUIECKOE ITPOCTPAHCTBO
Y a-HakpbIBamomiero u [-JMOmmiesa oTobpaxKenuii npu « > [ Oyuer
a — f-nakpbiBalomuM oTobpazkenueM. B pabore [1] mosydeHo pacipo-
CTpaHEHUe TeOPEMBI O BO3MYIIIEHUSIX HA OTOOPaKeHUsI METPUIECKUX ITPO-
CTPAHCTB, & UMEHHO WCCJIEIOBAHBI HAKPBIBAIOIIE CBOWCTBA OTOOpaXKe-
wust G(z) := F(x,x), tae orobpaxkenune F : X x X — Y 1o nepsomy
ApryMEHTY SIBJISIETCs] (-HAKPBIBAIOIIMM, & [0 BTOPOMY — [-JIAIIIIHIE-
BbIM. B pafore [5] ananorudnbie pe3ysbTarhl MOy YeHbl sl 0TOOpazKe-
mug F': X x X — Y B ciyuae, koryia X, Y — 9acTUYHO yIIOPSIOYCHHBIE
[IPOCTPAHCTBa. B 9TOM MCCjIe0BaHUU HCIIOJIH30BAJIOCh UIEH U METOJIbI
[8] mccitenoBanust YOS IOYEHHO HAKPBIBAIOIIUX 0TOOPAsKEHNUIA.
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B nanHOM COOOIEHNM TIpeIaratoTCs PACIPOCTPAHEHUs ITUTUPOBAH-
HBIX Pe3yJbTaToB 1] Ha ciydail, KOrja paccTosHue B MPOCTPAHCTBE Y
YZOBJIETBOPSET TOJBKO aKCHOME TOXKIECTBA, U Pe3yJbTaroB [5] Ha ciy-
Jaii, Korja B Y OIpele/IeHO He OTHOIIEHUE IMOPsiKa, a PedJIeKCUBHOE
6unapHOe oTHOIIeHue. [Ipu 5TOM MBI HCIIOJIB3yeM HECKOJIBKO 6ojiee 00-
mue 9eM B [1, 5] onpe/ieseHnst NOHATHH HAKPBIBAHUS U YIIOPSJOYEHHOTO
HaKPLIBAHUSI.

1. Teopema 0 BO3MYIIIEHUSX HAKPBIBAIOIIETO OTOOpa>kKeHUs
B IIPOCTPAHCTBAaX C PACCTOSTHUEM

IIycts X = (X, p) — moJIHOE METPUYECKOE MPOCTPAHCTBO, Y # (), d :
Y xY — Ry — paccrosame B Y, TO ecTb JJIs Y1,Y2 € Y DPaBEHCTBA
d(y1,y2) = 0 u y1 = y2 paBHOCWIBHBI (paccrosiiue d He 0Bs3aHO OBITH
CHUMMETPUYHBIM U YJOBJIETBOPSATH HEPABEHCTBY TpeyrosbHuka). O6o3ua-
auM By (yo, R):= {y € Y|d(yo,y) < R}. BY oupenenum crodumocmao,
nonarad y; — y, eciu d(y,y;) — 0. OrmeruM, yro upu srom d(y;,y)
MOKET He CXOAUTLCA K 0, a Ipees y MOXKeT ObITh HE eJIUHCTBEHHBIM.

Orobpazxenue f: X — Y HasblBaeM 3aMKHYMbIM €CJIA IS JTHOOBIX
{z;} € X,z € X,y €Y Bcayuae z; — = f(r;) — Yy BbIIOIHEHO
f(x) =y (ma orobpazxenus (g1, ¢2)-METPUIECKUX IPOCTPAHCTB IOHATHE
3aMKHYTOCTHU PacCIpOCTPaHeHo B [2]).

Ilycrs 3amanst « > 8 > 0. Iosoxum

Ozn—/ém

at(a—p)’

[ocnenoarenbuocts { R, } Bospacraer u cxopures K R:= (o — 8)7L.
Hust oro6paxkenust f : X — Y onpenesnm muoxkectBo Cov, [f] Becex nap
(u,y) € X XY rakux, uro cymecrsyer £ € X, OTBEYAOIMHA COOTHO-
menuaM f(z) =y, p(z,u) < ofld(y,f(u)), u MHEOKecTBO Lips[f] Beex
nap (u,y) € X x Y rakux, uro jusg Jjoboro x € X, eciu f(z) = vy,
10 d(y, f(u)) < Bp(x,u). Haseibaem Covy|[f] mroscecmeom a-naxpuiea-
nus, Lipg[f] — mmosicecmeom B-aunwuyesocmu omobpasicenus f.

Ilycrs 3agannt 4 € Y u orobpazkenue F : X x X — Y. Chopmysu-
PYEM yCJIOBHUSI PA3PENIMMOCTH yPaBHEHUST

R, = n € N.

F(z,z) =7. (1)
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Teopema 1. IIycmv xg € X; a > 3 > 0; R, = Rnd(y,F(mo,xo)),
n € N. Ecau das ao6o20 x € X maxozo, wmo En < px(zg,x) < }A%,H_l,
a”d(ﬂ,F(x,x)) < ﬂ"d(ﬂ,F(xo,xo)), omobpasicenue F(,xz) : X = Y
sammnymo, cnpasedauso (x,y) € Cova|F (-, )] u (2,y) € Lipg[F(z,-)],
mo cywecmeyem pewenue T € BX(J)(),E) ypasrenua (1), sdecw R:=
Rd(@\, F(Z‘Q, xo))

U3 reopembl 1 MoxkeT GbITH BbIBeJeHa TeopeMa [7| 0 TOYKax coBma-
JeHust orobpazkenuit, geiicryromux u3 (X, p) B (Y, d).

2. TeopeMma 0 BO3MYIIEHUSX HAKPBIBAIOIIETO OTOOPAYKEHUSA
B IIPOCTPAHCTBAX C OMHAPHBIM OTHOIIIEHUEM

IIycrs Tenepp X = (X, <) — 9acTU9HO yIOPSJOUEHHOE IPOCTPAHCTBO, a
Ha MHOXKecCTEe Y # () ompeieieHo GUHApHOE OTHOIIEHHE W, ABJISIONIeeCsT
peduiekcuBHbIM (T.€. yid Jioboro y € Y Boinosneno (y,y) € w). s
ssremenTa u € X onpegennm MHOKecTBO Ox (u) = {r € X : x < u}.

s orobpaxkenus f : X — Y onpenenum muoxkecrso Cov|f] Bcex
nap (u,y) € X x Y rakux, uro aubo (y, f(u)) ¢ w, mbo (y, f(u)) € w
U B 9TOM CJIydae CyIecTByeT ¥ € X, yJIOBJETBOPSIONIUAN COOTHOIIECHY-
sm f(z) = y, * < u. D10 MHOXKeCTBO omnpeniesieHo B [6] (n HazBaHO
MHOIHCECTNBOM YNOPAJOHEHH020 HaKpuearus omobpascerusn f). Hamee
ompegesum MHO)KectBo Der|[f] Beex nap (u,y) € X X Y rakux, 4ro s
aoboro x € X, ecm f(x) =y uu < x, 10 (y, f(u)) € w. HaspiBaem
Der[f] mroorcecmsom anmumorrocmu omobpasicerus f.

Ilycre 3amannl § € Y u orobpaxkenue F' : X x X =Y.

Teopema 2. [lycmv cywecmeyem saemenm o € X maxol, wmo
@,F(mo,xo)) € w, dasa wmobozo x € Ox(xp) CNPaBedsuss, 6KAIOUEHUL
(z,y) € Cov[F(-,z)], (x,y) € Der[F(x,-)] w aoban yenv S C Ox(xo),
Kaotcouill anemenm komopolt u € S Y0osaemeopaem ycao8UAM

(@\,F(u,u)) cw u Jxel x<u, Flr,u)=7,
uMeem HUHCHIONW epanuyy w € X maxyro, 4mo @, F(w, w)) € w. Toeda
cywecmeyem pewenue T € Ox (xg) ypasnernus (1).

OTMeTnM, 9TO YCJIOBHS CyIIECTBOBAHMS TOYKN COBIAJEHUS OTOOpAa-
JKeHuit, neiicryromux u3 (X, >) B (Y,w) nosyvenst B [3].

Pabora BbinmonHeHa npu dbuHaHCOBOM momepxkke Poccuiickoro donga dyHa-
MeHTaJbHbIX ucciaenoBanuil (mpoextsr Ne 17-01-00553, Ne 17-41-680975).
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Some Generalizations of Covering Mappings
Perturbation Theorems

Sarra Benarab', Evgeny S. Zhukovskiy?, Wassim Merchela®

Derzhavin Tambov State University, Tambov,Russia,
! benarab.sarraa@gmail.com 2 zukovskys@mail.ru
3 merchela.wassim@gmail.com

Abstract: Generalizations of known theorems on perturbations of mappings
acting in metric and partially ordered spaces is discussed. For a given mapping
F: X xX —Y and an element y € Y, we consider the equation F(z,z) = y.
At first we study the case when X is a metric space and Y is endowed with
a distance function satisfying the identity axiom only. It is assumed that the
mapping F' is covering in the first argument and Lipschitzian in the second
argument (the definitions of the concepts in use are substantially weakened
in comparison with their classical analogs). Solvability conditions for the
considered equation are obtained in the terms of the covering and Lipschitz
coefficients. Further, the solvability of this equation is investigated for the
case when X is a partially ordered set, Y is endowed with a reflexive binary
relation, and the mapping F' is orderly covering in the first argument and
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antiton in the second argument (the definitions of these concepts are also
significantly weakened in comparison with the known ones).

VK 519.635.4

IlepBasi KpaeBaga 3aja4a JJisi MHOTOMEPHOTO
nceB/I0NapadboInYecKoro YpaBHEHUS TPEThEro
nopsiika B 00JIaCTH C IIPOU3BOJILHOI I'paHUIIeii

M.X. Beurrokos

UNITMA KBHIIL PAH, Hanpuuk, Poccust, beshtokov-murat@yandex.ru

AnHoTanus: PaccMoTpeHbl JIOKAJIbHO-OIHOMEDHBIE PA3HOCTHBIE CXEMBI JIJIs
MHOT'OMEPHOT'O IICEB/IONAPabOINYeCKOr0 yPaBHEHUSI TPETHErO MOPsiJIKa C Iepe-
MEHHBIMH KO3 duIimeHTaMu B 06JIaCTH C IPOU3BOJILHON rpanureil. /Jokasanst
YCTOMYMBOCTD M CXOAUMOCTH JIOKAJIbHO-OJTHOMEPHBIX CXEM JJIsI PacCMaTpHUBa-
eMo 3aJlavn.

KuroueBble cJiOBa: ypaBHEHHE BJIArOMEPEHOCA, IICEBIONapaboInIecKoe
ypaBHEHHE, IlepBasi KpaeBas 3a/1a4a, YCTOHYNBOCTb M CXOAUMOCTD JIOKAJIHbHO-
OHOMEPHOI CXEMBI.

B mumnape Qp = G x [0 < ¢t < T] paccMOTPUM CJILYIONLYIO 33,24y

% :LU+a%Lu+f(x,t), (z,t) € Qr, (1)
U‘F=u(:c,t), 0<t<T, G=G+T, (2)
u(r,0) = uo(z), z€G, (3)
riue
LUZXP:LW, Lkuzai <@k(fc,t)§—u> —qe(z,t)u, k=1,2,....p,
k=1 Lk T

0<co <Op(z,t) <ec1, g >0, co,c1,Co — IHOJOKUTEILHBIE IOCTOSH-
HEBIE.

I' — rpanuna obmacru G, ¢ = (21,22, ...,Tp) — TOUYKA P-MEPHOIO
€BKJIMJIOBOI'O IIPOCTPAHCTBA [T,.
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Ornocurenbno obmactn G HCHOMB3YIOTCH  JBA  HPEIIOJIOMKEHHs
(em. [1, cTp. 486]):

a) nepecedenue obsactu G ¢ npamoit Cy, IapalliieabHol 0CH KOOP-
jpuaaT Oy, , COCTOUT U3 OJHOrO HHTepBaia Ag;

6) BO3MOKHO TIOCTPOEHHE B 3aMKHYyTOil obstactu G = G U T cazmoi
CceTKu Wy, ¢ maramu hg, k = 1,2, ..., p. MHOXKeCTBO Wy, BHYTPEHHUX y3JI0B
CETKH COCTOWUT U3 TOYeK T = (X1,T2,...,Tp) € G mepecedeHus IUIep-
wiockocreit xx = iphg, i = 0,1, £2,...; k = 1,2,...,p, a MHOXKeCTBO
~p, TPAHUYHBIX Y3JIOB — U3 TOYEK nepecedenus npsaMbix Cr, k= 1,2, ....p,
NIPOXOJAIIIX Ye€pPe3 BHYTPEHHUE Y3JIbl & € Wy, ¢ Tpanuneii I

O603HAYNM Yepe3 Yj,; MHOYKECTBO I'DAHUYHBIX 110 HAIPABJICHUIO T
Y3JI0B, Y5~ MHOXKECTBO BCEX IDAHMYHBIX y3/10B z € L', wj  — MHOXKe-
CTBO IIPUI'PAHUYHBIX 110 HAIPABJIECHUIO L) Y3JI0B, W} — MHOXKECTBO BCEX
IPUIPAHUYHBIX Y3/I0B, W~ MHOKECTBO HEPEryJIsiPHBIX IO HalpaBJle-
HHUIO T} Y3JIOB, Wp™ — MHOXKECTBO BCEX HEPEryJIAPHBIX Y3JIOB, Wh k ——
MHOXKECTBO PEryJISIPHBIX 110 HAIIPABJIEHUIO T Y3JIOB, W — MHOXKECTBO
BCEX PEryJisipHBIX y3JIOB.

IIpeobpasyem ypasuenue (1), Torma ymuoxkas obe gactu (1) Ha
1/a- e!/® u wHTerpupysi mosydenHoe BeIpaykeHme 1o T or 0 10 t,
[IOJTY YUM B

Biu = Lu+ f(z,t), «a>0,

rae
t

o 1
BOtu:a/e (t=8/ayede,

0

Q

t
Fay =1 / =9/ f(z €)de — e~/ Lug(z).
0

YuureiBasg nociegaee, BMecto (1)—(3) Gyzem paccMaTpuBaTh cieiry-
IOILYIO 38149y C MAJIBIM IIAPAMETPOM

eu; + Bou® = Lu® + f(x,t), L= ZLka (,t) € Qr, (4)



riae € = const > 0.
Ha kaxkmom nosyunrepsaie Ay = (tj+(k_1)/p,tj+k/p] s k=1,2,..,p
OyZeM IIOCJIeI0BATEHFHO PENIATh 3a/1a9M

.,Ckl?(k) =0, z€G, telAg, k=12 ..p, (7)

Dy = p(x,t)  mpu x € Iy,
IIoJiarasi HpI/I 9TOM
P1)(2,0) = ug(x), Iy, t5) =Dy (. t;),
Dy (@t (k1) /p) = Vo—1) (T, L (k1) /) (8)
k:273,"',p7 j:O71,"7j0_1,

riae Iy, — MHOXKeCTBO rpaHMYHBLIX TOYEK 110 HAIPABJICHUIO Tk .
Paccmorpum ypasuenue (7) nupu dukcupoBantoM k ¢ onepaTopoM Ly:

€ 1
]_)ﬁt'i_;lggtﬁ(k) _Lkﬁ(k) +f(k)7 te Aka k= 172a"'ap7 (9)

9,

1o} k)

Kazxkzoe u3 ypasaenuii (9) 3aMeHHM PA3HOCTHOI CXeMOii

riae Lkﬁ(k) =

g 5 1 i 1 1

_yi_““/p 4= E (e*Ethr(k—s)/p _ e*ztj+<k—s+1>/p) y‘f/” =
?

p p s=1

— Ay (Ukijrk/p (1 Uk)yﬂ(kq)/p) i, o)

T E€wy, k=1,2,..p,
j+k _ ,,Jtk s :
y] /p|’Yh,Ic *,u’j /p, ]*Oalv'“v‘yo_la
y(a:,())zuo(a:), k:1725"'5p7

0}, — IPOU3BOJIbHBIC IIAPAMETPBI, Yp, i — MHOXKECTBO I'DaHUYHBIX 110 Ha-
IIPpaBJIEHUIO T Yy3JI0B, paSHOCTHBHU/I orepaTop Ak ~ Lk nMeeT CJIe1yro-
Uit BAJI;
1) B peryiaspHbIxX y3/ax:

, o .
Apyd e — (aky%j /p) — dyy R,

Tk
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2) B HeperysspHbIX y3/ax:

1 (1) _ (1)
h—k(ak,ikﬂyhiky—ak,ik%)—dky(k), x(ilk)e')/h,k
A =
TN L L Oy g,
hk ,1k+ h;; Uk hk ()) 3

rige hj — paccrosHme OT HEperyJspHOrO y3ja T J0 TPaHHYHOIO y3JIa
x(H1%) pmn 2(71). Eenm o6a coceaux ¢ x € Wi 1, Y3712 (k) g p(=1x)

SIBJISIIOTCST TPAHIIHBIMI, T.e. x(F1k) € Yh,k, TO

. 1 (+1x) _ — y(—1k) .
Ay P = e (ak,iwlyhi*y — Qi %) — dyy? TP,
k k k

rae hj. — paccrogmme mesxay u () hE L < hy.

B perynapHbIX yziaax Aj mMeeT BTOpOil MOPSAJOK ANIPOKCUMAIIUH,
Agu—Lyu = O(h?), a B Heperysapubix y3max Ayu— Lyu = O(1) (em. [1,
crp. 223)).

Teopema 1. ITycmo 3adaua (4)—(6) umeem eduncmeennoe nenpe-
pouienoe pewenue u(x,t) 6 Qp NPU 6CET FHAMEHUAT € U CYWELCMEYIOM
0w O*u BPu  O%f L <k
o2’ 0z20x2’ 0x20t" Oz’ = —
v<p k#v 0<a<l, moeda pewenue paznocmnol 3adawu (8) pas-
Homepho cxodumea k pewenuto dudpepernyuarvnot sadawu (1)—(3) co
cropocmwio O (R?Je +7/e? +€), h? = o(e), T = 0(£%), 2de € — manwiii
napamemp.

Henpepuienvie 6 Qp NPou3eodtvie

O4eBUIAHO, YTO CKOPOCTDH CXOAMMOCTHU OYIET ONpEeIeasThCs HAMILY Y-
M 06pa3soM, ecin BeIGpaTh £ = 72/ npu m06sx o > 0.

Wccnenosanue Bemmosueno npu ¢unancosoit mogaepxkke PODU u JTHT B pamkax
Hay4HOro npoekrta Ne 19-51-45008.
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The First Boundary Value Problem for a Multidimensional
Pseudo-Parabolic Equation of the Third Order
in a Domain with an Arbitrary Boundary

M. Beshtokov

TAMA KBSC RAS, Nalchik, Russia, beshtokov-murat@yandex.ru

Abstract: Locally one-dimensional difference schemes for a multidimen-
sional pseudo-parabolic equation of the third order with variable coefficients
in an area with an arbitrary boundary. Stability and convergence of locally
one-dimensional schemes for the problem are proved.

VK 519.63

PasHocTHBIE MeTOAbl pelieHnsd JIOKAJIbHBbIX 1
HeJIOKQJIbBHbIX KpaeBbIX 3aJaY AJId Harpy>kKeHHOI'o
YpaBHeHUud TellJIOIIPOBOJAHOCTU ,Z[pOGHOI‘O ImopdaakKa

M.X. Bemrrokos', M.3. Xyzganos?

1 UTIMA KBHII PAH, Hanpauk, Poccus, beshtokov-murat@yandex.ru
2 COI'Y, Bnagukaskas, Poccuss, hmz@mail.ru

Annoranus: Vcciaenyorcs JIOKaJIbHbIE U HEJIOKAJIbHBIE KPAEBbIE 3aa4U JJIsI
HArpPy?>KEeHHOTo uddepeHInaIbHOr0 ypaBHEHUs TEIJIONPOBOAHOCTH C Iepe-
MeHHBIMHU Ko3(ddurmenramu ¢ apobuoi mpousBognoit Kamyro. s permre-
HHSI PACCMATPUBAEMBIX 3aJa4 METOIAOM SHEPreTHUYEeCKUX HEPABEHCTB IOJLy-
YeHbl AllPUOPHbBIE OIEHKU B AuddepeHIuaIbHON 1 PA3SHOCTHON TPAKTOBKAX,
W3 Yero CJIEAyIOT eIMHCTBEHHOCTb M YCTONYMBOCTDL DPELICHUS [0 HAYAJILHBIM
JAHHBIM U IPABOM YaCTH, a TAKXKe CXOAMMOCTb PEIEeHMs] Pa3HOCTHOMN 3a/a-
UM K PEIIEHUIO COOTBETCTBYIONIEH nuddepeHuaabHOi 3a1a9u CO CKOPOCTHIO
O(h? +72).

KirroueBble cjioBa: ypaBHEHUE TEIJIONPOBOJHOCTH, APOOHAs MPOM3BOIHAS

I{aI'IyTO7 KpaeBbIe 3aJa44, yCTOf/'I‘{I/IBOCTb U CXOOUMOCTDH PAa3HOCTHBIX CXEM.

B npsmoyromsauke Qr = {(z,t) : 0 <z <1, 0 <t < T} paccmor-
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PUM 33129y

o« 0 ou ou
O = == (Kl 1) 5= ) + (@) 5 (0. ) — g, u + f(a.2),

O<z<l, 0<t<T, (1)
u(0,t) =u(l,t) =0, 0<t<T, (2)
u(z,0) = up(x), 0<a <, (3)
rie
0<co<k(zt)<eci, |ko(z,t),r(z,t), qlz,t)] < ca, 4)
1 b,
ogu = ) /0 Z Ex;_;z dr, — npobHasl Mpou3BOaHAs B CMbICIe Ka-

myTo nopsaka o, 0 < a <1, ¢;,i=0,1,2 — n0J0KUTEIbHBIE IOCTOSH-
HBIe YnCJIa, To — IIPOM3BOJIbHAS TOUKa nHTepBaJa [0, ].

Teopema 1. ITyemo evnoanenss ycaosus (4), mozda das pewenus
dudpepernyuaronot sadawu (1)~(3) cnpasedausa anpuopnas ouerka

Jetall3 + D (106l + lwaa13) < M (D2 A3 + lp(@)|3), (5)

2de M — const > 0, sasucawan moavko om exodnux dannuxr (1)—(3),

I d
Dy fu = () / i Y ;—1_a — dpobrviti unmezpan Pumana-JIuysuniis
« 0 — T

nopadka o, 0 < <1.

CkaJisipHOE IIPOU3BEIEHNE U HOPMa BBOJISTCS CJIELYIOMUM 00pa3soM

1
(@) = [ abde. (a.0) = ol
0

rue a,b — 3agannsie Ha [0,!] dynkuun.

U3 (5) caeayor eUHCTBEHHOCTD W YCTOWYMBOCTD PEIIEHH 10 IIpa-
BOIl UACTU M HAYAJIBLHBIM JIAHHBIM.

Ha pasHOMepHOii ceTke W, 3a0a4e (1)—(3) mocraBuM B COOTBETCTBHE
pasHoCTHYIO cxeMy mopsiaka anmpokcumanun O(h? + 72):

Af,, v = (aj yg({'))m +77 (yg({,'i)oxi} + yg‘,’fo+1x£> — &y + 41, (6)
u” = v =0 (7)

y(z,0) = uo(), (8)
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T o)
« —
rae AOtH(,y - 1—\(2_a) s=0 ] s yt
npousBoanoit Kamyro nmopsiaka o, 0 < a < 1 ¢ mOpsAKOM anmpoKCcuMa-

mmm O(h? + 737%) [2].

afﬁfﬁ — gl-a l(” (l+a>17a — (l -1 +0>17(1, 1>1,

— JMCKPETHBIA aHaJor JIPOOHOi

a,0 1 —a —« 1 -« o
W =g [+ o) = (=140 =5 [U+0) -1 40) 0],

2—a
[>1, upmj=0, c(()a’g) = a(()a’g);
a4 s =0,
mpu j >0, @) = (‘”’+b“"’) b 1<s<ji—1,
a§ag)—b§aa, s =17,
ag:k(xifo.a tj+a), ol =1 (@i, t717), UZl_%v 7>,

{5 (540) 50, Y=oy (1-o), di=d(a:, 7).

ro =r(0,t) = réﬁg) <0, ry=r(t)= r%“’) >0,
Ty < 20 < Tig11, x;} — Mhmo, x;r) — %_
Teopema 2. ITycmov ewnoanenv ycaosus (4), moeda cywecmeyem
MaKoe Manoe Ty, 4Mo ecAu T < To, MO 04 PEWeEHUA PAZHOCTIHOT 300a4U
(6)—(8) cnpasedausa anpuopnas ouenKa

Jj+1 J
I8 < 2 (gl + max o7 [3)- (9)

2de M — const > 0, ne 3asucawas om h u T.

U3 (9) ciemyror eIMHCTBEHHOCTh M yCTONYMBOCTDH DEIIEHHs] 33/1a-
qn (6)—(8) 10 HAYAJIBHBIM JAHHBIM U IIPABON YACTH, & TAKXKe CXOMU-
MOCTBH PeIleHus] Pa3HOCTHON 3aJavd K perreHuio auddepeHnuabHoit
sagaqm (1)—(3) co ckopoersio O(h? + 72).

PaccMOTpUM HeNIOKAIbHYIO KPaeByIo 3a1ady Juisi ypasHerust (1)

k0, t)u, (0,t) = B11(t)u(0,t) + B12(t)05u(0,t) — pa(¢), (10)
=kl t)uz(l,t) = Bar(t)u(l, ) + Pa2(t)05u(l, t) — p2(t),

e
0<co<k, Pi2,022 <c1, 511,521,714, k| < ca. (11)
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Teopema 3. ITycmwv ewnoanenv yeaosua (4), (11), moeda das pe-
wenus 3adawu (1), (10), (3), cnpasedausa anpuophas ouenka

lalis 0. + Do (lealld + el + 108l) <

< M(D&Q(Hﬂ% +uf +p3) + ||“0||3V;(o,z>)v

20e M —const > 0, 3asucsawas moavko om 8xodnux dannuix 3adawu (1),
(10), (3).

U3 (12) corenyoT eJMHCTBEHHOCTD U YCTONYUBOCTD PEIEHus! [0 IIpa-
BO#l 9ACTH M HAYAJHHBIM JIAHHBIM.

Ha pasnomepHoit cetke Wy, 3agade (1), (10), (3) mocraBuM B cOOT-
BETCTBUE PA3HOCTHYIO cXeMy Topsjka anmpokenmvarma O(h? + 72)

Agtj+ Yi = (ajyi%[r)) 3 + ’I“ (yigz)oxzo + ya(c z)oJrlxzo) djyz + 903’ (13)

a1y +0.5hr0 (v win s ) = Buays” — i+ Pradsy, ea Yo, (14)

_aNyg(c A+0.5hry (y; z)o%era(c ) 1wt ) =By~ fio+ P22, Y,

(12)

y(z,0) = up(z), x €wp, (16)
rie
Builtire) = Bui(tjre) +0.5hd),  Pra(tjre) = Bra(tjro) + 0.5k,
fir(tjre) = p1(tise) + 0.5h0h,  Bai(tjve) = Bar(tjro) + 0.5hdY,
Baa(tjve) = Boa(tjpa) + 0.5k,  fia(tjpe) = pia(tjre) + 0.5hg.

Teopema 4. ITycmv ewnoanenve ycaosus (4), (11), moeda cywe-
CMBYEM MAK0E MAAOE Ty, YMO ECAU T < T, MO OAA DPEUECHUSA PAZHOCT-
Hot 3adavwu (13)—(16) cnpasediusa anpuophas ouenka

112 2 2
I Wgion < M1y 0+ s, (e 18+ 0 +45) ). 47
2de M — const > 0, He 3agucawas om h u 7.
3 (17) ciieytorT eMHCTBEHHOCTh U YCTONYUBOCTD PEIICHUS 3812491
(13)- (16) o HAYATBHBIM JIAHHBIM U IPABOIl YaCTH, & TAKXKE CXOJIMOCTb
pelrenns pa3HOCTHON 3aJa49n K perneHunio auddepeHma bHoil 3a1aTn

(1), (10), (3) co cxopoctbio O(h? + 72).

UccnenoBanue BoinosiHeHo npu puHauncoBoi nojaepkke PODPU u JITHT B pamkax

HayuHoro npoekrta N¢ 19-51-45008.
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Difference Methods for Solving Local and
Nonlocal Boundary Value Problems
for a Loaded Fractional Order Heat Equation

M. Beshtokov!, M. Hudalov?

1T JAMA KBSC RAS, Nalchik, Russia, beshtokov-murat@yandex.ru
2 NOSU, Vladikavkaz, Russia, hmz@mail.ru

Abstract: Local and nonlocal boundary value problems for the loaded dif-
ferential heat equation with variable coefficients with the fractional Caputo
derivative are investigated. To solve the problems under consideration by the
method of energy inequalities, a priori estimates in differential and difference
interpretations are obtained, which implies the uniqueness and stability of the
solution from the initial data and the right side, as well as the convergence
of the solution of the difference problem to the solution of the corresponding
differential problem at a speed of O(h2 + 72).

VK 519.63

DKOHOMUYHbIE aJAUTUBHbIE PA3HOCTHBIE CXEMBbI
pelneHns HeJIOKAJIbHOII KpaeBoll 3aJa9uM AJIs
MHOTOMEPHOI'0 ypaBHEHUS TEIJIOITPOBOIHOCTHI

3.B. Bemrokosa

UITMA KBHIIL PAH, Hanpuuk, Poccus, zarabaeva@yandex.ru

Awnvoranusi: [lammass paboTa NOCBAINEHA IMIOCTPOEHHUIO  JIOKAJILHO-
OJITHOMEPHO} (9KOHOMUYHOI) DPa3HOCTHOHW CXEMBbI JJisl YHMCJIEHHOTO DEIIeHUs]
HEJIOKAJIbHON KpaeBoi 3a/a4u [1JIsi MHOIOMEPHOI'O yPaBHEHUSI TEIJIOPOBO/I-
HOCTU C IIEPEMEHHbIMU KOS(beI/IHI/IeHTaI\II/I. MeTO,Z(OI\I 9HEPreTuIeCKnuX Hepa-
BEHCTB IIOJIyY€Ha AalPUOPHAasl OILEHKa JJIsi PEIIeHUs JIOKAJIbHO-OJHOMEPHOIA
CXeMBbI U JIOKa3aHa ee CXoauMocTh B Lo co ckopocteio O(h? + 7).

KurouyeBble ciioBa: ypaBHEHHE TEIJIONPOBOJHOCTA, MHOIOMEPHOE ypaBHe-
HUE, HeJIOKAJIbHOE YCJIOBHE, aJJUTUBHBIE CXEMBbI, YCTOUINBOCTDh U CXOJUMOCTb
JIOKaJIbHO-OJJHOMEPHBIX Pa3HOCTHBIX CXEM.
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1. IlocTranoBka 3amgadyun

B mummape Qp = G x [0 <t < T, ocHOBaHEEM KOTOPOTO SIBJISACTCS P -
MEepPHBIH IPsAMOYyTosIbHBI Hapasutesenunes G = {x = (x1,...,2p): 0 <

To <lay, a =1,2,...,p} c rpanuneit I', G = G UT paccmarpusaercs
cJIeJIytolast HeJIOKAJIbHAsT KpaeBasl 3a/1a49a

% = Lu+ f(z,t), (x,t) € Qr, (1)

ko (0,2 t)uy, (0,2",t) = B_o(0, 2", )u(le, ', 1)+

¢
+/ p1(t, Tu(la, 2, 7)dT — p—o (0,2, 1),
0

—ka(la, 2", )uz, (lo, 7', t) = Bralla, @', )u(0, 2", 1)+

¢ (3)
+/ p2(t, T u(0, 2", 7)dT — piya(la, 2, 1),
0
u(x, O) = UO(x)a VS 67 (4)
rie
Lu=S"Lou, Lou= -2 (& Ou
u = z_: U, Qll = 9o a(m,t)% — oz, t)u,
a=1 (5)
0<00§ka(xvt) éclv |Qa(x7t)|7 |6:|:a(xat)|a
lp1(t,7)], p2(t,T)[ <2, 0<T<H,
Qr = G x [0 <t < T], c¢o,c1,C2 — HONOKATEIbHBIE OCTOSIHHBIE,
a=1p ' = (z1,22,...,Ta"1,Tat1 ---,Tp)-

2. J—_[OKa.T[])HO-O,E[HOMepHaﬂ cxeMa

IIpocTpaHCTBEHHYIO CETKY BBIOEPEM PABHOMEDHOM 10 KaxKJ0OMy HAIIpaB-
aernto Oz, ¢ maroM hy =l /Ny, a=1,2,...,p:

p
wh:Hwha’ whu:{x((lia):iaha:ia:()?l)"'7Na) a:1)27"')p}7
a=1

ha =

hay o =1,2,...,No—1,
ha/2, ia =0, Na.
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Ha orpeske [0,7] Takxke BBeIEM PABHOMEPHYIO CETKY W, = {t; =
j7, 3 =0,1,...,jo} ¢ marom 7 = T'/jo. Kasknstit u3 oTpe3kos [t;,t;41]
pa30bbeM Ha P JacTeil, BBed TOUKU o /p = t;+7-a/p, a = 1,2,...,p—
1, u o6ozHaymM 9epes Ag = (t4(a—1)/ps jta/p] HOTYHHTEPBAI, TJIE (v =
1,2,...,p.

Vpasuenue (1) nepenumiem B Buje

ou
Ru=——Lu—f=0
u=o; —Lu—f=0,
WIn )
10
Z%(XUZO, %au:——u—LaU—fm
= p Ot
rue fo(z,t), (¢ =1,2,...,p) — upousBosibubie QyHKIUHU, 0OIAIAIOIHIE

TOIi 2Ke IVIaJIKOCThIO, 9YTO U f (2, 1), YIOBJIETBOPSIONIHE YCIOBUIO HOPMU-

poBKU Y -, fo = f.

Ha xaxxom nosyunreppajie Ay, a = 1,2,...,p , Oyaem mocjeaosa-
TEJILHO PeIaTh 3aa9u
109
Roo=- a(t(” Loy~ fa=0, TEG, t€A, a=1,2...,p,
p

(6)
ka(O, {E,, t)(ﬁ(a))zu (0, 1[,'/, t) = ﬂ,a(o, {E,, t)ﬁ(o() (la, (E,, t)-’-
t
+/ p1(t, 7)oy (las @', T)dT — p1—a (0,27, 1),
0
—ka(la, ', t) (ﬂ(a))xa (la, ', t) = Bta (lom ', t)ﬁ(a) (0, ', t)+

+ /0lt p2(t, 7)) (0, 2", 7)dT — pyo(la, 2’ t),
nosiaras upu 3toM [1, crp. 522]
Y1y(2,0) = ug(x),
V)@ it (a-1)/p) = Va-1)(@ it a-1)p)s @ =2.3,..p, (9)

Yy (@, t5) = Dy (0, 15).
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AnnpokcumupyeMm Kaxkjoe ypasaenue (6) HOMepa (v JIBYXCJIOWHOM
CXEeMOIl Ha HOJIyHHTepBaJie (tj+(a_1) /pr tita /p} HEeABHOU CXEMOIi, Torga
IIOJIyYUM IIEIIOYKY P OJHOMEPHBIX PA3HOCTHBIX ypaBHEHU:

yt =Ry 4 @I/ o =12 ... p, xew, (10)
y(l‘, 0) = U'O(x)v (11)
rie
Aay((’)Z(aayg(ci))% — doy(®,
. ( ) a(la)y(a) —0.5hqa d(O) _/B ayNza — XJ: P1,s JyN T
« —
Aay = Aa y(a): 0.5hq )
aNe)y (@) 0. 5had Ny o +B+ay0 %> P2,5.5Y5T
Afyle)=— Eh s=0 ,
Pas To € Wh s
yj+04/10 _ yj+(0(—1)/10 _
Y = 3 ¢a = /,I/_Q, Lo — 0,

-
Ty, To=la.

Teopema 1. IIycmov swvinoanenss ycaosus (5), moeda aokasvHO-
odnomepran crema (10)—(11) yemotuusa no HaA¥GALHIM OGHHOIM U
npasot wacmu max, 4mo das pewernus 3adavu (10)—(11) cnpasedausa
ouenKa

7 P
B ‘I+
Iy 2 o + DT D NP1 ) <

j'=0 a=1

7 P
t)[ S e o b e - (12)
=0 a=1

+ Z:O z_: z;é: +N+a( ))H/hoz s

2de M(t) > 0 — ne 3asucum om hy u T.
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__ Teopema 2. Ilycmv (1)-(4) umeem eduncmeenroe HenpepuisHoe 6
Qr pewenue u(x,t) u cywecmeyom nenpepvichvie QT NPouscodHsLe

0%u o*u 03u 0% f
— — 1< <
0" x2os3’ OxZot oxz o psp,

moezda A0KasvHo-o0nomephas crema (10)—(11) cxodumesn co cxopocmuvio
O(|h|? + 1), max wmo

ly*t =y < MR+ 7), [P = b3 R+ B2,

1/2
2
Lz(wh)> .

J P
1=, = <|zf+1||%2<wh> £ Y
j’'=0 a=1
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Economical Additive Difference Schemes
for Solving a Nonlocal Boundary Value Problem
for a Multidimensional Heat Equation

Z. Beshtokova

IAMA KBSC RAS, Nalchik, Russia, zarabaeva@yandex.ru

Abstract: This work is devoted to the construction of a locally one-
dimensional (economical) difference scheme for the numerical solution of
a nonlocal boundary value problem for a multidimensional heat equation
with variable coefficients. An a priori estimate for solving a locally one-
dimensional scheme is obtained by the method of energy inequalities and its
convergence in Lo at the rate of O(h? + 7).
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YVIK 517.977.8

O6 osHOBpEMEHHOII MHOTOKPATHOI IOMMKE I'PYIIIbI
yoerarormmx

A.M. Baarogarckux

VaMyprckuil rocygapcTBeHHbIN yHuUBepcuret, VxkeBck, Poccust,
aiblag@mail.ru

AnHoTauus: B mokiane paccMarpuBaercst 3aada [IPeCIeIOBaHUs] TPYIIIbI
2KECTKO CKOOPAMHHNPOBaHHBIX y6eFaIOLU\I/IX B HeCTallMOHapHOM KOHq)JIHKTHO
YIPaBJISIEMOM IIPOIECCE C PABHBIMHU BO3MOXKHOCTSIMU:
P x;= A(t):tZ +u;, u; € U(t), :Ei(to) = XZ(;, 7
Ej: g;=AM)y; +v, veU®), y;to)=Y), j=12,...,m
ToBopsiT, uTO B 3aja4e IpeceOBaHUs IIPOUCXOJAUT MHOIOKPATHAS OUMKA,

ecJIii 33J]aHHOE KOJIMYECTBO IIPecjiefoBaTeseil JIOBAT yOerarolux, IPU STOM
MOMEHTBI IIOMMKHU MOT'YT HE COBIIAIaTh:

Ta(Ta) = Yjo (Ta), a € A, AC{1,2,...,n}, [A|=0b, jo €{1,2,...,m}.

B samade 0 HeCTPOrofl OZHOBPEMEHHOH MHOIOKPATHOH IOMMKE TpebyeTcs,
4TOOBI MOMEHTHI OMMKH COBIAIANN: To(T) = Yj, (7), o € A.
OnHOBpeMEHHasi MHOTOKDATHAsI IOMMKA IIPOMCXOINT, €CJIA COBIAJAIOT HAW-
MEHBIIHME MOMEHTBI IIOUMKH:

Ta(T) = Yo (1), xal(s) # yj.(s), s€to,7), a€A.
Tlosy1ens! HEOGXOAUMBIE B JOCTATOYHBIE YCIOBHsI MHOTOKDATHOM, HECTPOrOi
OZIHOBPEMEHHOII MHOTOKDPATHON U OJHOBPEMEHHO MHOTOKDATHOI MOUMOK.

KirroueBbie cjioBa: MHOTOKPATHAsI IIOUMKA, OJHOBPEMEHHAs MHOIOKPATHAs
noumMka, guddepeHnnaabHble UIPhl, KOH(MINKTHO yIPABJISEMbIE IPOIECCHL.

B npocrpancrse R* (k > 2) paccmarpusaerca gauddepernuaabaas
urpa I' n + m mu: n npecaemoBareneit Py, Ps, ..., P, 1 m yberaiommux
E1,Es, ..., E, ¢ 3aKkoHaAMU JBUKEHUS U HAYAJLHBIMU yCJIOBUASIME

P ;= A(t):[,’l +u;, u; € U(t), {Ei(to) =X0 ie I(n)

7

Ej: g =AMy +v, velU(t), uy;lto)=Y), jel(m),

e z;,y; € RF, A(t) — menpepniBHas na [tg,00) KBajpaTHas MaTpH-
na nopanka k, U(t) — MHOrosHadHoe OTOOpAzKEHHE, HEIPEPLIBHOE B
merpuke Xaycuopda Ha [tp, 00), ABIIONEecs IPU KaxkIoM t € [ty, 00)
CTPOro BBHIMYKJIBIM KoMIakToM B RF ¢ ruajkoil rpamumeil, MHOKECTBO
I(q) = {1,2,...,q} nnsa Bcex ¢ > 1, S(a,b) — map B R¥ ¢ nenrpom B
Touke a paguyca b, O — HyJIb-MaTPHIA.
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VYupasiieHus: u3 Kjacca uamMepuMbix 1o JleGery dbyukuuii Ha [tg, 00)
co 3HaveHusgMu 13 MHOKecTBa U (t) GymeM Ha3bIBATH JOILyCTUMBIMH.

IIycts 0 — HexkoTOpOe pazbuerme — tg =0y < 0 < --- <O, < ... —
UHTEpBAJIA [tg, 00), HE UMeoIee KOHEUHBIX TOUEK CryleHus! (160 Touex
B pa3bueHny KOHETHOe IHCIIo, 6o lim 6, = o).

q—o0

Omnpenenenne 1. Kycouno-npozpammnot cmpamezuetlc ybezaro-
wuz Ej, j € I(m), coomsememeyroweti pasbuenuio o, 6ydem nazvueamo
cemeticmeo omobpacceruti, CMABAUUT 6 COOmEememaeue Momenmy Oy
u nosuyuam ;(04), y;j(0q) donycmumoe ynpasaerue v(t), onpedesertoe
onst € [0g,04+1), mo ecmo das ecex ¢ =0,1,2,. ..

'U(t) = U<t7 9617 xi(eq)v yj(HQ))v te [9(179(14-1)'

3decv u danee, ecau g1 ne onpedeen (0, — nocaednas mowka pasbu-
enua o), mo cuumaem By4q1 = 00.

HeticTBust yOerarommx MOXKHO TPaKTOBATH CJIEAYIOMIIM 00pa30M:
HMeEeTCsl LIEHTP, KOTOPLIit yist Beex yberaromux Ej, j € I(m) seibupaer
OJIHO U TO Ke yupasJenue v(t).

Onpegnesnenne 2. Kycouno-npozpammioti xonmpempamezueti npe-
caedosameneti Py, i € I(n), coomeemcmeyrowet: pasbuenuo o, 6ydem
HA3LIBAMb CeMETCME0 0mobpadicenuti, CINABAUWUT 68 COOMBEEMCMBUE MO-
menmy 0q, nosuyuam z;(04), y;(04) u donycmumomy ynpasaeruio v(s),
s € [0q,0q11) ybeearowux E;, j € I(m) donycmumoie ynpasaenua w;(t),
onpedeaennvie daa t € [0q,0441), mo ecmo daa scex ¢ =0,1,2, ...

uz(t) = ui(t7 HCP xi(eq)v yj(eq)v U(S)a s € [96150(14'1))7 te [0q79Q+1)'

st kaxkaoro ¢ = 1,2, ..., n onpeaenM MHOXKECTBO
Q(q) = {{il,ig,...,iq} <y < - < iq, il,ig,...,iq € I(n)}

Onpenesnienne 3. B uepe T' 6osmooicna  b-xpamnas noumka
(n=2b21), ecau cywecmsyem xonewnwl momenm Ty = TO(X?,Y]»O)
makxoti, wmo Oas A00WT Pa3OUEHUs T U KYCOWHO-NPOZDAMMHOT CMpa-
mezuu yoeearowur Ej;, j € I(m) cywecmsyom makue KYcowHo-
npoepammnvie Konmpempamezuu npecaedosameneti Py, i € I(n), wmo
natidymes mmoocecneo A € Qb), nomepa jo € I(m) u momenmo
Ta € [to, To], @ € A, das Komopwix

ZTa(Ta) = Yj. (Ta) npu ecex o € A.
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OTmeTnM, 4TO KaxKiblil U3 mpecsenosareseii P;, ¢ € I(n) moxer
OCYIIECTBUTH MMOUMKY He 0oJiee OHOTO pa3a, MPHU ITOM Joboit n3 ybe-
rajomux Ej;, j € I(m) Moxker aub0 yKIOHHTLCS OT BCTPETH, JIHOO €ro
MOI'YT IOHMATh, B TOM YHCJIE U HECKOJIBKO pa3.

Onpenenenune 4. B uzpe I' 6oamooicna necmpozas 00nospemennan
b-Kpamnaa nouMKa, ecal cywecmeyem xoneunsiti momenm Ty maxot,
YmMo 0asA A06VT Pa3bueHUA O U KYCOYHO-NPOPAMMHOT cmpamezuu yoe-
eaowuz Ej, j € I(m) cywecmsyrom marue KYcouno-npoepammibie Kot-
mpcempamezuy npecaedosamenet Py, i € I(n), wmo natdymes muoorce-
emeo A € Q(b), nomepa jo, € I(m) u momenm T € [to, To], o € A, dan
KOMOPHIL

zo(T) =y, (1) npu ecex o € A.

Onpenenenune 5. B uepe I' 6o3moorcha odnospemennas b-kpammas
NOUMKQA, ecAlU cywecmsyem rxonewnvils momenwm Ty maxol, wmo das
A10061 Pa3buenus o U KYCOWHO-NPOPAMMHOT cmpame2ut, yoe2aouus
E;, j € I(m) cywecmsyiom maxue KycowHo-npo2pammHvle KOHMPCmpa-
meauu npecaedosamenet P;, i € I(n), wmo nmatidymecs mmodicecmeo
A € Q(b), nomepa jo € I(m) u momenm T € [to,To], @ € A, das
KOMOPHIT

2a(T) =y (T),  xal(s) # y;.(s) npuscex s € [ty,7), o€ A.

Ormerum, uro npu b = 1 ompejesieHnsi MOMMOK COBIIAIAKOT. ey
b > 2, TO BO3MOXKHOCTH b-KpaTHOU HOWMKH SIBJISIETCsI HEOOXOIUMBIM
YCJIOBUEM OCYIIECTBJIEHNST HECTPOTOit OTHOBPEMEHHOI b-KpaTHOHN momM-
KU, KOTOPasi, B CBOIO OYepeb, HEOOXOAUMA IJIs PEaHU3aIii OJHOBPE-
MEHHOM b-KpaTHO TONMKH.

Teopema 1. ITycmov A(t) = O (3adaua npocmozo npecaedosarus),
m = 1 (odnoeo ybeearoweeo), U(t) = S(0,1) (¢ maxcumarvromy no
MOOYAI0 CKOPOCTNAMY U2POK08 pashbimy 1). Tozda das ocywecmenenus
00Ho8pemenotl b-kpammot nouMKY 1Heodxodumo U doCcmamowHo, 4mobo.
Y € Intco{X), p € K} dan ecex mnoocecme K € Q(n — b+ 1).

B JOKJIa/I€ IJIaHUPYEeTCA IIPUBECTU U JIpDYyT'Ue YCJIOBUA PA3PEHINMOCTH
HUCCJIeyeMbIX 3a/a4.
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About Simultaneous Multiple Capture of a Group of Evaders

Aleksandr I. Blagodatskikh

Udmurt State University, Izhevsk, Russia, aiblag@mail.ru

Abstract: The present report deals with the problem of pursuit of a group
of rigidly coordinated evaders in a nonstationary conflict-controlled process

with equal opportunities
P ;= A(t):tZ +u;, u; € U(t), :Ei(to) = X%-(:,
Ej: gy =A@®)y; +v, veU®), y;lto)=Y},

We say that a multiple capture in the problem of pursuit holds if the specified
number of pursuers catch evaders, possibly at different times

ZTa(Ta) = Yj, (Ta), € A, AC{1,2,...,n}, [A| =0, ja €{1,2,...,m}.

The problem of nonstrict simultaneous multiple capture requires that capture
moments coincide

za(T) = yj, (1), a€A.
The problem of a simultaneous multiple capture requires that lowest capture
moments coincide

2a(T) = Yja (7)),  2al(s) #yju(s), s€lto,T), a€A.

The necessary and sufficient conditions for multiple capture, nonstrict simul-
taneous multiple capture and simultaneous multiple capture are obtained.
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OO0 oaHOIT 3amave AUHAMMYECKOTO OOpalleHus
IJi HeJIMHEMHOIl pacripeaejeHHO CcruCTeMbl

M.C. Bauzopykosa', B.I. Makcumos?

L IMM VYpO PAH, Exarepun6ypr, Poccus;, msb@imm.uran.ru
2 IMM ¥YpO PAH, Exarepun6ypr, Poccusi, maksimovb@imm.uran.ru

Awnnoranus: Paccmarpusaercs pacnpenenensoe quddepeHnuaabHoe ypas-
nenne Bua Kieitna — [opiona ¢ Hem3BecTHBIM BXoAoM. [Ipenmnosiaraercsi, aro
C HEKOTOPBIMHU OIIMOKAMHU IIPOU3BOIATCS U3MEDPEHUsI PEIIEHUs ITOrO ypaB-
HeHUsI. Y Ka3bIBAETCS aJITOPUTM BOCCTAHOBJIEHUSI, KOTOPBIA XapaKTepU3yeTcst
TEM CBOMCTBOM, YTO €r0 BXOJHbBIE BO3IAEHCTBUsI (POPMUPYIOTCS IO IIPUHIIUAILY
06paTHOM CBA3U U CILY?KAT AIIIPOKCUMAIMSIMYI HEU3BECTHOI'O BXO/IA 3aJaHHOIO
ypaBHEHUsI.

KiroueBsie ciioBa: ANHaAMHUYIEeCKOe o6pameﬂue, pacrpeeseHHOe ypaBHEeHUe.

B crarpe paccmarpuBaercs 3ajiada PeKOHCTPYKIIUU IIPABOMl 4acTh
pacipeiesieHHOTO T PEPEHITUAIBLHOTO YPABHEHUSI BTOPOIO IOPSIIIKA,
YaCTHBIM CJIy9aeM KOTOPOI'O sIBJISIFOTCSI XOPOIIO HU3BECTHOE ypaBHEHUE
Kieiina — Topmona. MeTos permieHusi OCHOBaH Ha IOAXOJE W3 TEOPUH
[O3UIMOHHOIO yupaBiieHus (yUpaBiieHust ¢ 0OpATHON CBHA3BIO) U MIPeJ-
craBjgeT cofoil BAPUAHT NPUHIUIIA YIIPABJIEHUS ¢ MOJIEBIO (C MOBOIBI-
peM), KOTOPBIi ObLI BBEJEH B HAYAJIE CEMUJIECSTHIX TOJI0B IPOILIONO BEKA
H.H. Kpacosckum. Ienbio sroro mpusimia ObL1o yerpanenue 3hdexra
HEYCTOWYNBOCTH OOPATHBIX CBsi3eil B CUCTEMAaX C IIePEMEHHBIMU BXOIHBI-
MU BO3MyIeHusIMI. VIMeHHO, OBbLIO 3aMeTeHO0, 9TO eCan 00paTHas CBA3b
YCIIEIITHO PeIIaeT 3a/1a9y YIIPABJIEHNs C UCIIOIHb30BAHIEM TOIHON HHMOP-
MaIliU O COCTOSITHUSIX CUCTEMbI, TO JIayKe CKOJIb YTOIHO CjIabble BO3MYIIE-
HUsT 9TON MH(POPMAIUU MOTYT Pa3pyIlUTh JAHHOE CBOWCTBO B KOPHE:
TPAEKTOPUU MOTYT IPHUHSATH COBEPIIEHHO WHOE, HEeXKeJIaTeJbHOe Kade-
ctBo. CxeMa yIpaBjIeHUsI ¢ MOJIEIBIO yCTPAHSIET 3Ty HeyCTONIUBOCTD 34
CUY€eT BBEJIEHUs B KOHTYD yIPABJIEHUS BCIIOMOIATE/IbHOMH, NCKYCCTBEHHOM
JMHAMUYIECKOI cucreMbl — Mozesn. OnucbiBaeMast HUXKe MEeTOJIUKa pa3-
BHUBAET IIOIX0/T K PEIIEHIIO 3319 JIUHAMIIECKO PEKOHCTPYKIIUK BXO/IA
(cM., Hampuwmep, [1, 3]).

Paccvorpum pacnipenenennoe muddepennuaibHoe ypaBHEHNE BUIA
Kieiina — lopmona

§(t) = Ay(t) +my(t) +vy(t) = g(y(t)) + Bu(t) + f(t), teT (1)
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¢ mauanbueiM yenosueM y(0) = yo € V = HYH(Q), 9(0) = y10 € H =
Ly(Q). Buecy T = [0,9], 0 < ¥ < 400, A — oneparop Jlamiaca, 2 —
orpannyeHHas obsacts B R™ ¢ smmmuneBoit rpanureii, m = const > 0,
v = const > 0, g(-) : H - H — dyHKIWs, yIOBIETBOPSIONMAs YCJIO-
guto Jlummmna ¢ nocrosinuoit L, g(0) = 0, f(1) € Loo(T;H) — 3a-
naHHas (GYHKIWs, B — JIMHE!HbBII HElPePBIBHBIN OlepaTop, JIeiCTBy-
fomuii u3 ruasbeprosa npocrpancTsa U ¢ HOPMOI | - |y U cKaJIgpHBIM
upoussesenueM (-, +)y (IPOCTPAHCTBO BO3MYILEHUI) B IPOCTpaHcTBO H
(B € L(U;H)). Beakyio dynknuo y(-) € C(T;V) takymo, uro y(-) €
W(T,V) = {x(-) € C(T;H) : ©(-) € La(T;V*)}, ynoBIeTBOPSIOIIYTO
coorromenuto (1), GyneM HasbIBaTh pelleHneM ypasHeHust (1) Ha 1po-
mexytke T u oboznadars cumsoioM y(+) = y(+; Y10, Yo, v(+)).

JIemma 1. ITycmo evinoanenvs ycrosus meopemos 8.4.5 [2, crp. 152].
Toz0a karoso 6v. Hu 6o v(-) € La(T;U), cywecmeyem edurcmeernoe
pewerue y(-) = y(+; to, y10, Yo, v(+)) ypasuenus (1) na npomesrcymue T'.

B Hacrosameil crarbe MbI OCTAHOBHMCH Ha 3aJ1a9€ BOCCTAHOBJICHHS
npaBoit yactu ypasHeHus (1), CyTh KOTOPOI COCTOUT B CJIEJYIOIIEM.

Dyuxnus v(-) (Bxox), crosmias B IpaBoii uactu ypasaenus (1), upes-
HoJIaraeTcs Heu3BecTHOH. OTHOCHTEIBHO 3TOM (DyHKIMU H3BECTHO JIHIID,
4YTO OHA sBJIsieTCs djieMenToM 1pocrpancTsa Lo(T; U). Hapsiny ¢ ypas-
uenueM (1) 3a7aHO0 emie OJHO ypaBHEHHUE TOTO K€ BUJA, & UMEHHO yDaB-
HeHne

Z(t) — Az(t) + mz(t) + v&(t) = g(z(t)) + Bu(t) + f(t), teT (2)

¢ HagasbHbIM yestosueM x(0) = zf € V, #(0) = 2f, € H. B kaxaplit Mo-
MEHT ¢ U3MepsIOTCs IIPOU3BOIHbIe pemenuii ypasuenuii (1) u (2). men-
HO, ONIPEJIENIAIOTCA 3HAYCHUS IIPOU3BOIHBIX PEIICHHI B 3TOT MOMEHT, T.€.
y(t) m 2(t). DTu U3MepeHuss MOryT ObITH HETOUHBIME, T.€. BMECTO (DyHK-
mwit §(-) u #(-) onpenensiorcs bynkmum " () € Loo(T; H) m P (-) €
Loo(T; H) co cBoiicTBaMu

[9(t) =" O)|a < vin(t), &) —"(t)|g < vou(t) npn . t € T,
9 9
/ vin(t)dt < COh, / V3 (t)dt < CWh,
0 0
e CO,CM — nonokurenpHBe TOCTOSHEBIE. ByeM mpemosarars,

YTO HAYAJIbHBIE COCTOsiHUs ypaBHeHuil (1) u (2) cBa3aHBI COOTHOIIEHU-
avu |zhy — yiolw < h, |2} — yolv < h. Bnecs h € (0,1) — Besmduna
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[OTPeIHOCTH u3Mepenusi, cuMBol | - | (| - |v) o3HauaeT HOpMY B 1IpO-
crpamncrse H (V).

TpebyeTca ykazaTh cemeiictso dbynkumit u®"(-), sapucamee or ma-
pamerpos « € (0,1) u h € (0,1), Takoe 4TO, BO-NIEPBBIX,

u™" () = u™" (€M (1), ¥ (1)),

& (t) — " (8)| g < van(t), [9(t) = E"(1)|a < vin(t),

U, BO-BTODBIX, UMEIOT MECTO CXOJUMOCTH
u() =) s o() B Le(T5U), 3)
)

W

()= y() B W(V;H), ecmn h— 0, (

npu nojIxosAmeM coracosanuu o = a(h) u h. 3aecs 2 (1) = x(-; 2l @
— Oé

h
Zg,
u”(+)) osHauaer permenue ypasrenus (2) ¢ mpaBoit vacTbio u(t) ).

Mt

Teopema 1. ITycmuv dynwyus u(-) onpedeasemes no dopmyae
ul(t) = ™" (t) = o BH(E" () — (1)),

v(-) = ux(-) v a = a(h) = h3. Mycmo maxoce v > LY. Tozda umerom
mecmo crodumocmu (3) u (4).

IIpu HEKOTOPBIX JOTOJIHUTEIBHBIX YCIAOBUAIX MOYKET OBITH BBIITHCAHA
OITeHKa CKOPOCTH CXOIUMOCTH.
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On a Dynamic Deconvolution Problem
for a Nonlinear Distributed System

M. Blizorukova!, V. Maksimov?
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2 IMM UB RAS, Ekaterinburg, Russia, maksimov@imm.uran.ru

Abstract: A distributed differential equation of the Klein—Gordon type
with an unknown input is considered. It is assumed that the measurements of
the solution of this equation are observed with small errors. A reconstructing
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algorithm characterized by the property that its inputs are formed according
to the feedback principle and considered as approximations of the unknown
input in a given equation is indicated.

YIK 539.3, 532.542

NccnenoBanme JuHAMUYECKOW YCTOMYUBOCTH
YIIPYTUX 3JIEMEHTOB BUOPAIMOHHBIX YCTPOWCTB

II.A. Beapmucos', A.B. Aukuos?

Val'TV, VYabsinosck, Poccust,
1 velmisov@ulstu.ru, 2 ankil@ulstu.ru

Annoraums: Vccienyercss yCTORYMBOCTD peIlEHNN KpaeBOW 3a1adu It
CBSI3aHHON HEJIMHEHHON CHCTEMBI HHTErpo-audpepeHINalbHbIX yYPABHEHHH
C YaCTHBIMH IIPOU3BONHBIMY, OIUCBHIBAIOIIEH IUHAMHUKY JIedOpMUPYEeMOro
9JIEMEHTa BUOPAIMOHHOIO YCTPOHCTBA, KOTOPBLIA OOTEKAETCS JO3BYKOBBIM
IIOTOKOM HJeabHO# KuakocTu. IIpunaTrbie B paboTe ompezeseHusl yCTOM-
auBOCTH 1ePOPMUPYEMOrO Tejla COOTBETCTBYIOT KOHIIENIUK YCTOMNUIMBOCTH
JMHAMHUYECKUX cucTeM 10 JlamyHoBy. BosgeiicTBue rasa miam >kuzakocru (B
MOJIEJIN HJICAJIBHON CPEZIbl) ONPEAENISeTCsl U3 ACHMITOTHIECKUX yPABHEHUH
adporugpoMexaHuku. s pemeHnst adporuapoaMHAMUIECKON JacTh 3a At
HCIIOJIL3YIOTCA METOABbI Teopuu (PyHKLIUN KOMIUIEKCHOrO IepeMeHHoro. Jljs
OINHCaHus JAUHAMUKHU yIPYTOro 3JeMeHTa HCIOJIb3yeTCsl HeJnHeiiHas Teopus
TBEPAOro nedOpPMUPYEMOro TeJja, yJYHTHIBAIOIIAasl €ro IONEPEYHYIo U IIPO-
JonpHyIo aedopmarmio. VccrenoBanne yCTOMYHBOCTH IPOBOAUTCS HA OCHOBE
IIOCTPOEHNUSI IOJIOXKUTEJILHO OIIPelieJIeHHOro (pyHKIMOHaa Tuma JIsamyHnosa.

KurouyeBple ciioBa: asporujpoynpyrocTb, MaTeMaTHYeCKOe MOJEeINpPOBa-
HHe, JUHAMUYECKas YCTOWYHBOCTb, yIpyras ILUIACTHHA, JO3BYKOBOW IIOTOK
KUJKOCTH, CHCTeEMa HHTErpo-auddepeHIMaIbHbIX yPDaBHEHUN B YaCTHBIX
MIPOU3BOHBIX, (DYHKITMOHAJL.

1. BBeneHue um nmocraHoBKa 3aJadu

B paboTe paccMaTpuBaeTcs TJIOCKOe TedeHHe HIealbHON HeCAKIMAeMOi
JKUJKOCTH B BHUOPAIMOHHOM YCTPOMCTBE, MOIEIUPYEMOM IIPAMOJIAHETH-
upiM KananoMm J = {(z,y) € R? : 0 <z < w0, 0 < y < yo} (puc. 1).
CKOpPOCTh HEBO3MYIIEHHOTO OJTHOPOJIHOTO MOTOKA paBHa V' 1 HalpabiIe-
Ha BAOJBL ocu Ox. YUpyruii 3/leMEHT 3aHUMAET YaCTh CTEHKH Y = ¥,
x € [b, (.
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Beenem obosnauenust: u (z,t) u w (x,t) — DyHKIMA, ONUCHIBAIOIITE
IPOAOJbHYIO U MIONIEPEYHYIO cocTaB/sionue gedpopMaliu yIpyroro aJje-
MeHTa COOTBETCTBEHHO; (X, Y, ) — MOTEHIMA CKOPOCTH BO3MYIIEHHOTO
IIOTOKA.

‘hy
y=ygtw(xi)

o
V
—
—

| — — —y
i

|
|
|
|
0 b

Puc. 1. KanaJs, creHKa KOTOPOr'O COJAEPXKUT AePOPMHUPYEMBII SJIEMEHT.

Torma MaTeMaTHIecKas OCTAHOBKA 3aa9d TIPUMET BH/L:
Ouz Oy =0, (z,y)€J, t>0, (1)

oy (z,90,t) = w (z,t) + V' (z,t), =x€ (be), t>0, (2)

oy (2,90,t) =0, x€(0,b)U[c,z0), t>0, (3)

@y, (2,0,t) =0, z€(0,x0), t>0, (4)

0z (0,y,8) =0, ¢z (x0,y,t) =0, y€(0,y0), t>0, (5)
w(b, t)=w'(b,t)=u(b,t)=w(c,t)=w'(c,t)=ulc,t)=0, t>0, (6)

/
_EF [w' (u’ r1/2. w’2)} + Dw" + M + Nw" + Bow-+
+61w + 6211-)/”, =—p (@t(xv Yo, t) + wa(xv Yo, t)) ) (7)
!
—EF(u’+1/2-w’2) +Mi=0, z€(be), t>0.

3/ech WHIAEKCHI T,Y,t CHU3Yy OOO3HAYAIOT YACTHBIE TPOU3BOHBIE
o &, Y,t; NITPUX U TOYKA — YACTHBIE IPOU3BOIHBIE IO T U t COOTBET-
CTBEHHO; p — IUIOTHOCTb 2KWJIKOCTH B OJHOPOIHOM HEBO3MYIIEHHOM
noroke; D, M — wusrubHas »KeCTKOCTb U IIONOHHAA MAacca SJIEMEHTa
(wtactunel); N — cxuMaomas (pacTaruBaromas) IUIACTHHY CHJIA;
81, 82 — K03pdUIMEHTH BHEIIHETO W BHYTPEHHETO JeMII(PUPOBAHUSL
B0 — KO3 PUIMEHT >KECTKOCTH OCHOBaHMA; F — MOIyJb ynpyrocru
MaTepraJja djieMenTa; F'— IUIOMAa b OIMEePEIHOTrO CEIEHUS JJIEMEHTA.
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K(k)i(2z — 2z — iyg)
Yo
uunrudeckuil cunyc, K (k) — mOJHBI 9/UIMITHYECKUiT HHTErpasl mep-

BOTO PoJia, Mojtyb k onpegensercs us coornomenns K (v1 —k2)yo =
= 2K (k)xg, koHDOPMHO 0TOGpA3UM IPSIMOYTOJIBHUK J Ha BEPXHIOK 110-
ayiockoers H = {¢ : Im( > 0} KoMILIeKCHOro riepeMeHHoro ¢ = £+i1).
Venomb3yst MeTOmBI Teopun (QYHKIHI KOMIUIEKCHOTO TIEPEMEHHOTO [2],
[OJIyYMM BBIPAXKEHUE [JIsl a9POrHIPOJANHAMUIECKOro nasjerus B (7)

IIpr momomu dbyukmun ( = sn , rie sn(x) —

c

-p (Sat ((E, Yo, t)+v<pm(xv Yo, t)) :—g/(lb(T, t)+Vw,(Tv t)) K(Ta {E)dT—
b

_%/(w(ﬂ t) + V' (1,t)) Ky (1, 2)dr, x € (be), t>0, (8)
b

re K (7, 7) cd (2K (k)i(zo — b)yy ') — ed (2K (k)i(zo — c)yy ')
ne K( ( k)i(zo — T)ygl) —cd (ZK(k;)i(a:O — x)yal) ’
T # x, cd(z ) Exg n(x) — menbra aMmnTyaa, cn(x) — KOCHHYC

2. OcHoBHOIi pe3yJbTaT

IIycrs BBIIOMHSAIOTCS YCIOBUS

V2K
u7 M>—
71' ™

/8220) /3120) 50207 N<)\1D_

rne K1 = sup [ |K(r,2)+g(z) + g(r)|dr; g(x) — npomssonbnas
z€(b,c)

unarerpupyemasi Ha (b, ¢) GyHKIWMs, BeIOUpaeMasi U3 COOOparKeHUH J10-

CTHIKEHUsT KaK MOYKHO MEHBINero sHadenust K1; A\; — HauMeHbIIee cob-

CTBEHHOE 3HaYeHne Kpaesoii sagaam """ = — )" x € (b, ¢) ¢ kpaeBbIME

yenosusimu (6) st dbyukmuun w(zx,t). Ilpu yemosusax (9) ¢ momomipio

dyHKIIIOHATIA

d(t)= / {M (42 +i?) +Dw”2+EF(u’+0.5w’2)2—Nw’2+50w2}dx+

c b c

+§ / da / w(z, ) (r, ) K (1, )dr — pTVQ / da / w'(z, yw' (7, ) K (7, w)dT
b b bob
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ucciaefoBaHa  yCTOHYMBOCTL — HymeBoro  pemenus — u(z,t) =0,
w (x,t) = 0 cucremsl (6)—(8) no JIamyHOBY u j0Ka3aHa TeOpeMa.

Teopema 1. ITycmv evnoansiomes ycaosus (9). Toeda pewenue
u(z,t), w(z,t) sadavwu (6)—(8) yemotduuso no ommowenuro K 603myuse-
HUAM Ha4asbHo danno 4 (2, 0) , u' (z,0), w (x,0), v (z,0), w' (z,0),
w” (,0).

3akJroueHue

B craTbe mpuBesen mpuMep UCCIEIOBaHHSA yCTPOHWCTBA C OJHHM 3JIe-
MEHTOM. AHaJIOrIYHBIE UCCICAOBAHNSA IIPOBEICHBI TAKKE B CIydae IIPO-
M3BOJILHOTO KOJMYECTBA 1e(POPMUPYEMBIX 3JIEMEHTOB, PACIIOJIOKEHHBIX
KaK Ha OJIHOM WJIM JBYX CTEHKAX KAHAJIA, TAK M BHYTPH HETO (HEKOTODHIE
pesyibTaThl pejcrasieHsl B [3]). Ha ocHoe merozma Tanepkuna npose-
JIEHBI YUCJICHHbIE SKCIIEPUMEHTHI JIJI KOHKPETHBLIX IIPUMEPOB MeXaHUIe-
CKHX CHCTEM, TOATBEPKIAIONINE JJOCTOBEPHOCTD Oy IeHHBIX PE3yJIbTa-
ToB. IlosTydeHHbIe PE3YJILTATHI NPEAHASHAUEHBI JIJIS UCIIOJb30BAHAA Ha
3Tale MPOEKTUPOBAHMSA BUOPAIMOHHBIX YCTPOHCTB, IPUMEHACMbIX JIJIsT
MHTEHCU(DUKAIINY TEXHOJOTUIECKHUX IPOIECCOB.

Pa6ora Bbmonnena npu dunancoBoit mognepxke PODU (mpoekr Ne 18-41-
730015).
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Investigation of Stability of Elastic Element
of Vibration Device
Petr A. Velmisov', Andrey V. Ankilov?
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Abstract: The stability of solutions of the boundary value problem for a
coupled nonlinear system of integro-differential partial differential equations,
describing the dynamics of a deformable element of a vibrating device that
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flows around a subsonic stream of an ideal fluid, is investigated. The defini-
tions of the stability of a deformable body adopted in the work correspond
to the concept of the stability of dynamic systems according to Lyapunov.
The effect of a gas or liquid (in an ideal medium model) is determined from
the asymptotic equations of aerohydromechanics. To solve the aerohydro-
dynamic part of the problem, the methods of the theory of functions of a
complex variable are used. To describe the dynamics of an elastic element,
the nonlinear theory of a solid deformable body is used, taking into account
its transverse and longitudinal deformation. The stability study is based on
the construction of positive definite Lyapunov type functional.

YVIK 517.977.8

O6 ypaBHenuu 'amusgbrona — fkobu
st audpdepeHnaabHbIX UTP B CHCTEMaX
¢ apobubiMu npousBoaubiMu KarryTo

M.H. 'omoroHOB

MM VpO PAH, Exarepunbypr, Poccus, m.i.gomoyunov@gmail.com

Amnnoranms: Paccmarpusaercs nuddepennpanbias urpa, B KOTOPOil JBU-
JKEHUE NUHAMUYIECKON CHCTEMBI ONHCHLIBACTCA NUM@PEPEHIINAILHBIM ypaBHe-
HUeM ¢ Aapo6uoii npoussonHoit Kamyro nopsaka o € (0,1). Ha ocnose mox-
XOZSIIIEro MOHSITASI KOWHBAPHUAHTHBIX IIPOU3BOAHBIX IIOPSIAKA ¢ ISt (PYHK-
[MOHAJIA IIEHBbI 9TOI UI'PBI BBIUCHIBAETCS ypaBHeHue amuibroHa — fkobu.
VYcraHaBIHBAETCSI, ITO SOCTATOYHO IVIAJKOE PEIICHUE STOrO YPABHEHUS SIBJISI-
eTCsl IEeHOM UCXOMHON nuddepeHInalIbHONR UIPEL, U ITO B TOUKaxX nuddepeH-
LUPYEMOCTH II€HA Y/IOBJIETBOPSIET BBIINMCAHHOMY YPaBHEHHIO [aMMbTOHA —
Axobu.

Kirouessbie cioBa: nuddepenuaabaas urpa, npoussogHas KamyTo, KonH-
BapHaHTHas IIPOM3BOJHAs, ypaBHeHue [amuibrona — fkobu.

1. duddepennunaabHasa urpa

B pamkax mo3uIoHHOro moaxoda [2-4| (cm. takxke [1, 6]) pacemorpum
nuddepeHnuaIbHy0 Urpy JJist IMHAMIYECKON CUCTEMBI

(CDax)(T) = f(Ta J)(T),’U,(T),’U(T)), TE [Oa T]7

z(r) eR™, wu(r)e PCR", wu(r)€eQ CR )
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3aecb T — Bpems; z(T) — COCTOSIHME CHCTEMbI B MOMEHT T; depes3
(¢ Dz)(7) obosmauena npomssommas Karmyro [5] mopsaxa o € (0,1):

(CDO({E)(T) — ; d /OT Mdf’

S T(l-a)dr (T =&~
rue I' — ramma~-dynknus; w(7) u v(T) — TeKylue YIPABJISIONIUE
BozJeiicTBud 1-ro u 2-r0 mrpokos; P u () — KommakTbl. OyHKIuA

f:]0,T] x R™ x P x Q@ — R™ HenpepbiBHa U YIOBJIETBOPsIET 110 BTOPO-
My ApryMeHTY YCJOBUSIM JIOKAJILHOW JIMIIIUIIEBOCTA U IOJJTMHEHHOTO
pocra.

ITycrs B moment ¢t € [0,7] m3BecTHa HcTOpHs ABMKeHHS w(-) €
AC¥|0,t], tne AC%|0,t] — muo)ecrBO dynkuuit w : [0,¢] — R™ Takux,
YTO CyIIeCTBYeT u3MepuMasl U orpanndenHas Gyukiwms v : [0, — R™:

1 T
w(T) =w(0) + o) /0 C ip(;))l—a d¢, 7€]0,t].
Yepes X (t,w(-)) obozmaunmm muoxkecrBo byukuumit z(-) € AC*[0,T],
yaoBierBopsomux yeiaoputo (1) = w(r), 7 € [0,t]. Homycrumbivmu pe-
asmsanusamu u(-) 1 v(-) yupaBJIslFOIIUX BO3JIEHCTBHUI UIPOKOB Ha OTPes3-
ke [t,T] canraem uamepumble dyuxuun « : [6,T] = Puwv: [t,T] = Q.
Corutacho [6] Takue peajm3anuy eUHCTBEHHBIM 06Pa30M OIPEJEJIsoT
nBmkenne cucreMs! (1) — dbysknmo z(-) € X (¢, w(-)), KoTopas BMecTe
¢ u(-) u v(-) upu mouru Beex 7 € [t,T] yaosrerBopser (1).
ToJslaraeM, 9T0 MOKA3aTE/Ib KAYECTBA UMEET BUL

T
7 = o(a(T)) + / X (7 2(r), u(r), o(r)dr, (@)

rmeo : R" - Rux: [0, T]xR"x Px@Q — R — neupepoiBable QyHKINM;
BBIIIOJIHSETCSl YCJIOBHE CEIJIOBOI TOUKY Jjisi MaJIeHbKON urpel 2, c. 79]:

Lnéiglgléag((fﬁ,x,u,v),s}+X(T,x,u,’u)) (3)
= 1 = H
maxmin ((f(r,z,u,v), 5) + X(7,2,u,0)) = H(T,2,5),
rue 7 € [0,T], ,s € R" u {-,-) — ckansapuoe npoussegenue B R™. [esn
1-ro urpoka — MUHUMHU3UPOBATH 7Y, & 2-TO — MAKCUMU3UPOBATH 7.
Pacemorpum muokectBo G = {(t,w()) : t € [0,T],w(-) € AC*[0,t]}
JorycruMblx nosunuii cucremsl (1). Crparerueit yrpasienust 1-ro (2-ro)
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urpoka HazpiBaeM dynkuuio U : G — P (V : G — Q). Crparerua U
u pasbuenne As = {7, : 11 =t,0 < 7541 — 75 < 4,j € 1k, 7411 =T}
orpeska [t, T] 0bpasyior 3akoH yupasjenus 1-ro urpoka {U, As}: u(r) =
U(rj,zr; (1), 7 € [15,7541), § € Lk, rne x-,(§) = x(§), £ € [0,75].
OnpesesuM ONTUMAJIBHBINA MAPAHTUPOBAHHBINA PE3YJILTAT 1-r0 UrpOKa:

t,w(-)) = inf I , 4
pu(t,w(-)) = i i sup sup ¥ (4)

IJie 3HaYeHHEe 7y MOKasaTels KadecTBa (2) orBedaer 3akoHy {U,As} u
peasmzanuu v(-). [lo ananoruu, jyist 2-10 UrpoKa uMeeM

t,w(-)) = sup lim inf inf . 5
pu(t,w(-)) sup lim inf inf (5)

B ciayuae pu(taw(')) = pv(tvw(')) = p(taw(')) CKazKeM, 9TO HUr'pa (1)7
(2) umeer neny p(t,w(-)). Crparernn U° u VO, na xoropoix B (4) u (5)
JIOCTHUTAOTCSI, COOTBETCTBEHHO, inf u sup, HA30BEM OITUMAJIBLHBIMU.

2. dynknuoHasbHOe ypaBHeHne I'amuabroHa — Akobu

O6oznasmm G° = {(t,w(")) € G : t < T}. Cresyss KOHCTPYKIHSIM U3
[4, 7], dyukiponan ¢ : G — R HazoBem KomHBapuaHTHO (ci-) qud-
dbepenrupyembiv opsizika o B Touke (¢, w(+)) € G, ecam cymecTByoT
rakue Ofp = O0fp(t,w()) € R u V¥ = V%(t,w(-)) € R”, 9r0o mia
moboit dyurmmn x(-) € X (¢, w(-)) cupaBeyInBoO paBEHCTBO

p(m27(1) —p(t,w() = (T- 1) o+ </tT(CDa$)(€)d€7 V&) +o(T 1),

rae 7 € (6, T)uo(r —t)/(t —t) = 0 upu 7 | t.
Huddepenimansaoit urpe (1), (2) mocraBum B COOTBETCTBHE 33121y
Komm mia dyrkimonassuoro ypasuennsa [amunbrona — Axobu

a?@(ta w()) + H(ta w(t)a vaw(tvw('))) = 07 (ta w()) € Gov (6)
rue H onpenensiercs corsacHo (3), 1 TEDMUHAJIBLHOIO YCJIOBUSI
(T w() = o(w(T)), w()e AC0,T]. (7)
Ianee, na muoxecrse G (u na G° C G) BBesieM MeTpuKY [4, c. 25]

d((tla wl('))a (t27 w2())) - max{d’{, d;}, (tla wl('))? (tQa wQ()) € G,
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rae g 4 € {0, 1} obosnadeno

Yy = max min T — &2 + |Jwiz1 (1) — wa_i (6|2

T Jnax | min VI = €2 + [wis (1) — wa—i(€)]]
DTa MeTpUKa COOTBETCTBYET PACCTOSTHUIO 10 Xaycaopdy Mex 1y rpadu-
kamu byHKImi wy : [0,¢] = R™ u wsy : [0,t2] — R™.

Oyukimonaa ¢ : G — R Ha30BeM ci-TyIaJKUM MOPSIKA (v, €CJIU OH
HeIpepsIBeH, ci-auddepeHnupyeM HopsIKa o BO Beex Toukax u3 GV, u
dyuxmmonae 07 : G° — R u V¥ : G® — R" nenpepbiBHbL.

Paccvorpum crparernm ynpasierus 1-ro m 2-1o UTpOKOB

U°(t,w()) € arg minmax ((f(t, w(t), u,0), V) +x(t, w(t), u,0)),
u v

VO(t,w(-)) € arglyeaécggg (<f(t, w(t),u,v), V) + x(t, w(t), u, v)),

(8)

e Ve = Vep(t,w(-)) u (t,w(-)) € G°.

Wmeror MecTo cjemyionme TeOpeMbl, IMO3BOJIAIONINE TPAKTOBATD
ypasuenue (6) kak ypasaenue lamumibrona — xobu i nuddepen-
[UaJbHBIX UT'D B CUCTEMAX C JPOOHBIMU MPOU3BOAHBbIME KaryTo.

Teopema 1. Ilycmo cywecmeyem ci-2aadkutll nopsadka o @Gyrk-
yuonas ¢ @ G — R, ydosaemsoparowut ypasrenuro amuaivmona —
Hxobu (6) u mepmunasvromy yeaosuto (7). Toeda das 0600 nosuyuy
(t,w()) € G Judpepenyuarvnas uepa (1), (2) umeem uyeny; cnpa-
sedauso paserncmeo p(t,w(-)) = @(t,w(-)); cmpamezuu (8) asaaomca
ONMUMAALHBLMU.

Teopema 2. Pynxuyuonan yenw, p : G — R dudpepernyuarvrot ue-
pw (1), (2) ydosaemsopsaem ypasneruro Iamusvmona — xobu (6) 6o
scex mouxaxr u3 G°, 6 xomopwx on ci-duddepenyupyem nopadka o.

WccnenoBanue BbimonHeHo npu dbuHAHCOBOH nopuepkke rpanta PH® (mpoekr
Ne 19-71-00073).
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On a Hamilton — Jacobi Equation for Differential Games
in Systems with Fractional Caputo Derivatives

Mikhail I. Gomoyunov

IMM UB RAS, Ekaterinburg, Russia, m.i.gomoyunov@gmail.com

Abstract: A differential game is considered, in which a motion of the dynam-
ical system is described by a differential equation with the Caputo derivative
of an order a € (0,1). For the value functional of this game, based on an ap-
propriate notion of coinvariant derivatives of the order «, a Hamilton—Jacobi
equation is obtained. It is verified that a sufficiently smooth solution to this
equation is the value of the differential game, and that the value functional
satisfies the given Hamilton—Jacobi equation at the points of differentiability.

YIK 517.977.58

BroruncianresbHas TeXHOJIOTUS pemieHnd 3aa4
OIITUMAJIBHOI'O YIIpaBJIEHHUA B CUCTeMax
C 3aIlia3JablBaHueM

A.1O. T'opuos!, T.C. 3apoaniok”

L UACTY CO PAH, Upkyrck, Poccust, gornov@ice.ru,
2 UOCTY CO PAH, Upkyrck, Poccus, tzQicc.ru

AnsoTanus: PaccmarpuBaercs Kitace 3a7a4 OITUMAJIBHOIO YIIPABJIEHUST JIJIsI
cucTeM C 3anasjapiBaHueM. lIperaraeMasi BbIYHCIUTEbHAS TEXHOJIOTUS OC-
HOBaHa Ha MeTojle PUTHa ¥ crtaiiH-KOJIJIOKAIMOHHBIX Moaxonax. st pere-
HUS 337127 PACCMaTPUBAEMOrO KJIacCa TPACKTOPUN CUCTEMBI JUCKPETUIYIOTCS
Ha CEeTKe C ITOCTOSTHHBIM I1aroM 1 pOpMyYJINpyeTcs: 0OOOIIEHHbIN (DYyHKIIHOHA
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HEBSI3KU, BKJIFOYAIONIUI B3BEIIEHHbIE HEBSI3KU UCXOAHOTO nuddepeHnnaibHO-
ro ypasHeHusi. [IpuBoasiTCsl pe3ysIbTATHl BHIYUCIUTEIBHBIX KCIIEPUMEHTOB.

KiroueBsbie ciioBa: 3aa4va OIITUMAaJIbHOI'O YIIpaBJIEHUf, CUCTEeMa C 3alla3-
AbIBAHUEM, BbBIYUCJIUTEJIbHAA TEXHOJIOTHUA.

BBenenune

B pabore paccmarpuBaiorcs yrpasiisieMble JUHAMUIECKAE CUCTEMBI CJIe-
IYIOIIEro BUA

Fi(z(g(t),2(9(t),u) =0, i=1,n, tE€lto,t],

rae F; : R® x R” x R™ — R!. Ha pacimmpeHHOM HHTepBaJIe U3MEHEHIs
He3aBUCUMOlT TIlepeMenHoil ¢ € [ty, tx], tn < to, tx > t1, 3a UpegesamMmu
OCHOBHOI'O MHTEPBAJIA, JIOOIPEIESIIOTCS 3HAYEHNS [TPOU3BOIHBIX (Ha30-
BBIX II€PEMEHHBIX

sz = th(t)a te [thtO]v (E,f% = hf(t)v te [tlatK]v i = ]w—n

Kpaesbie ycinosus sagatorcs dynkmmonanavu K (z(g(7;)), 2(g(15)),

u) =0, 75 € [to, t1], 7 = 1,1. @yukumn gx(s), k = 1, N, xapaxTepusyor
OTKJIOHCHHE apryMEHTa.

1. BpruucaunrejgbHasi TE€XHOJIOTUSI

I anmpokcuMaImi UCXOAHON 3aJaud  ONTUMAJILHOTO YIIPABJICHUS
(B0OVY) na dbukcupoBaHHOl CeTKe Y3JI0B 110 BpEMEHH B pafoTe Ipejjiara-
eTcsl MPUMEHUTDh MeTo ], PUTIA: TPaeKTOPUN TPUOIMAKAIOTCSI C TIOMOIIHIO
CIUTAH-PYHKINH, KOIDPUIMEHTHI KOTOPBIX BO3MOXKHO II0JI0UPATh
[IyTeM IOMCKa MUHUMYMa (DYHKIMOHAJIA HEBA30K [1]

I =Y vF K3 (x(g(r)), 3(g(r))), u) + Ko(z(g(r0)), &(g(0)), u),
I(z(t),u) = I; + I — min,

e va ;i =1,n,mv;", j = 1,1, — BecoBble KODPUIMEHTBI /5T HEB30K
U KPAEBBIX YCJIOBUIA.
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Puc. 1. TpaeKTopm/I CHUCTEMBI U yIIpaBJIEHUE B TECTOBOM 3aJa4e OIITUMAaJIbHOI'O yIIpaB-
JIEHUA C 3alla3JbIBaHUEM

JIJIg OIEHKN IPOM3BOAHBIX OT MCKOMBIX TPAGKTOPHUIl CHCTEMbI HC-
MOJIL3YETCA METOJMKA, «CILIaiH-1uddepennupoBannsi», OCHOBAHHAS Ha
JIBYX METOJaX CILUIAH alllpOKCHMAIUH: C IIOMOINbI0 KyOMYeCKUX HaTy-
PAJIbHBLIX CIUIAMHOB M C NPUMEHEHHEeM CIIeNUAIbHOTO THIIA CILIANHOB,
BTOPBIE TIPOU3BOIHBIE KOTOPBIX HA KPAaAX TaAKKe YIPABJIAIOTCH C TOMO-
IO ONTUMHU3UPYEMbIX IIApAMeTpoB [2].

2. BreruuncianresbHbIe JKCIIEepUMEHTbI

IIpuBesieM pe3ysIbTATH BEIYUCIUTENbHBIX IKCIEPUMEHTOB JIJIsl TECTOBOM
30V ¢ OTKJIOHSIIONUMCS apI'yMEHTOM

1 =sint4+wuy, @z=x1(+1)—{+ D2t — 1wy, ¢€]0,1],

&1 =sint, @9 = —sint, te€[-1,0),
&1 =cost, @9 =-cost, te(1,2],
z1(0) =2, z2(0)=1, wu€ u,Tul.

Oynknponas (OPMEUPYETCs HPEJACTABICHHLIM BbINIe crnocoboM. B
PE3yJIbTaTe YUCICHHOTO PEINEHUs 3aJa9d IIOJIyYeHbI CJICLYIOINe OITH-
MaJibHble TPaeKTPUU U ynupasienue (puc. 1).

Pesynbrarsl BEIYHCIUTENBHBIX 3KCIEpuMeHTOB it 30Y ¢ 3amas-
JBIBAHUEM II03BOJISIIOT YOEIUTHCA B PADOTOCIIOCOGHOCTH IPEJIOKEHHOM
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BBIUUCJ/IATEJIbHON TEXHOJIOTUH uccjieJoBaHud 3aJa9 pacCMaTpUBaeMOro
KJiacca.

Pab6ora BbIllosIHEHA TpU YaCTUIHON (huHAHCOBOI nojiepkke PODU, rpant Ne 18-
07-00587.
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Computational Technique for Solving Optimal Control
Problems for Time-Delay Systems
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Abstract: A class of optimal control problems for time-delay systems is
considered. The proposed numerical technology is based on the Ritz method
and spline collocation approaches. To solving the presented problem we dis-
cretized system trajectories on the grid with a constant step and formulate
the generalized residual functional, including weighted residuals of the original
differential equation. The results of computational experiments are carried
out for the problems of considerable class.
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Annoranms: PaccmarpuBaercst cioXKHasi yIpasiisieMasi CUCTEMa JIMHEHHBIX
nuddepeHnnalbHbIX YPaBHEHUI C IOCTOSHHBIM 3ama3ibiBanueM. Cucrema
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COCTOUT U3 ABYX IIOJCHCTEM, IPUIEM OFHA M3 HUX COAEPXKUT IKCIOHEHIINAIID-
HBII MHOXKHUTEJIb B IIpaBoil wacTu. llosytueHbl JocTaTOYHBIE YCIOBUS aCHMII-
TOTUYECKOIN yCTONYMBOCTH 9TOW CHCTEMBI. B cilydae HeyCTONYMBOCTH pellle-
HUS 9TOM CUCTEMBI IIPEIJIOXKEHBI aJTOPUTMBI CTAOMIN3au Ha GECKOHETHOM
[IPOMEXKYTKE BPEMEHH, MCIIOJIb3YOIINE METOIbI CTAONUIIN3AIMN CTAIIMOHAPHBIX
crucTeM OOBIKHOBEHHBIX OudDEepeHIaIbHbIX yPABHEHUH U METOALI CTaOUIN-
3anuu pasHOCTHBIX cucreM. CocraBiieHa KOMIIBIOTEDHAsi [IPOrpaMMa, II03BO-
JIAIONIAsl JOCTATOYHO 3(DPEKTUBHO OCYIIECTBISATH JAHHBIE AJITOPUTMBI CTaOu-
JM3anyy, OCHOBaHHAs Ha IaKeTe IPUKIaaubix mporpamm Matlab. B xoze cra-
OUIIM3AIME C IIOMOIIBIO JAaHHOIO IIaKeTa PELIAlOTCs YUCJIEHHble HeJIMHENHbIe
ypaBHeHus: Tuna JlsmynoBa — Puxkkaru. IIpuBenes KOHKPETHBIN UHCICHHBIN
[IpUMED, HOCTPOEHBI IpadUKi KaK HEyCTOWYNBOIO PEIIEHNUsI NCXOIHON CHCTe-
MBI, TaK U CTAOMIM3UPOBAHHOIO PEIIECHUSI.

KiroueBsie cioBa: 3ala3blBaHue, yCTOfI‘{PIBOCTb, CTa6I/UII/ISaU\I/IH‘

BBenenue

ABTOpBI HCCTIEIYIOT ACUMIITOTHYIECKHE CBONCTBA PEIEeHUl CHCTEM C 3a-
Ma3IbIBAHNEM, CXOXKHUX C CHCTEMAMHU OOBLIKHOBEHHBIX Iu(MQEpEeHITHAIH-
HBIX YDABHEHUIi, COIEPKAIINX MeJJIEHHbIe U ObICTPbIE IBUXKeHUs [2].

1. IlocTranoBka 3amga4yun

PaCCIﬂanI/IBaeTCH YiIpaBJjisieMasd CUCTEMa C 3alla3/IbIBAHUEM

de(t)/dt = Arx(t) + Biz(t — 7) + Agy(t) + Bay(t — 7) + Crua (1),
dy(t)/dt = Yoe' [Azz(t)+Bax(t—7)+ Agy(t)+Bay(t—7)+Couz(t)], (1)
t>0, vYg=const, vYv9g>0, T=const, 7>0.

K meit 3amenoit aprymenrta t = In(9/9) npusomsitcss cucremsl ¢ Jiu-
HefinbIM 3anasgsBanueM. Marpuuer A, B; (j = 1,2,3,4) nMeror pas-
MepHOCTh [m X m|, BekTop-byHKIuu =(t), y(t) UMET PasMepHOCTH M.
Vupasnsiomee Bosneiictsue u(t) = {u1(t),uz(t)}', ero xommomeHTs!
u;j(t) — r-MepHble BeKTOp-pyHKINM, MaTpuIbl Cj NMEIOT Pa3sMEPHOCTD
[mxr]. Eciiu upu u(t) = 0 perienue cucTeMbl HEYCTONYUBO, TO BOSHUKAET
3aJ1a9a CTAOUIIM3AINI CUCTEMbI Ha GECKOHEYHOM IIPOMEXKYTKE BPEMEHM.

2. VYcioBuA KCIHIOHEHIINAJIBHOU yCTOWYINBOCTH

IMonarast Tp41(t) = x(t +n7), Yny1(t) = y(t + n71) : t € [0, 7], nepeit-
JeM K caeTHON ubdepeHnnaabHo-pasHOCTHO CHCTEMe Ha KOHETHOM
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npomeskyTke Bpemenn [0, 7] [1, ¢. 103]. meem cooTHOIIEHNUST

diCnJrl(t)/dt = A1$n+1(t) + len (t) + A2yn+1(t) + BQyn(t)a
EndYni1(t)/dr = €' [Aszni1(t) + Bszn(t) + Asynia(t) + Bayn(t)], 2)

lun le [Oa T]v anrl(O) = xn(T)v ynJrl(O) = yn(T)

En = 4
Yo

Paccemorpum cBoiicTBa muddepeHimaibHo-pasHOCTHON cucTeMbl (2)
IPU MAJIOM €, OUeBHIHO, CUCTEMa COAECPIKUT MEJJICHHBIE Ty, (t) 1 ObIcT-
pble nepeMenuble Yy, (t). Kak nokasano B [4], npobiiema 1oy denust gocra-
TOYHBIX yCJIOBUIi ycTONUuBOCTH (2 OTCIONA B JAJIbHEHIIEM U IOCTPOEHUS
AJINOPUTMA CTAOMIIM3AIIN ) CBOAUTCH K UCCIIEI0BAHUIO ACUMIITOTUIECKUX
CBOJICTB 60JIee TIPOCTON CUCTEMBI

dz% . (6,

PonctOn) (41 4 Bl s(00) + Asafos (62) + Boy(6,),

a0 (0 3
WhcaC) _ ey 1.By)0 1 0+ Asg s )+ Bagt0)],

O, =t/en.

ITockonbky nogacucreMsl B (3) MoryT ObITh ciabo cBsi3ansl [4], To mosa-
raeM, 9ro Jyist Marpun Ai, By CIpaBeIuBbl yCIOBHSL:

1) coGCcTBeHHBIE YMCIa A MATPHUIBI A; MMEIOT OTPHIATENHHYIO BEIIe-
CTBEHHYIO 9aCTh, TO €CTh

RG(A) < _517 51 = COHSt, 51 > Oa (4)

2) coberBenHble Yncaa A Marpulbl Ay + By EMEIOT OTPUIATE/IbHYIO Be-
MMECTBEHHYIO 9aCTh, TO €CTh

Re()\) < —Ba2, [ =const, [ > 0; (5)

3) paccMarpuBas BTOpyIo mogcucremy B (1), cauraem, 9ro jist cOBCTBEH-
HBIX 9HCEJ A\ MATPUIBI A4 CIIpaBeIMBO HEPABEHCTBO

Re(;\) < —fB3, B3=const, f[3>0; (6)

4) mist COGCTBEHHBIX YHCEJI P MATPUIIBL —AZIB4 CITpaBeINBO HEPABEH-
CTBO
lpl <7, ~v=const, 0<~vy<l1. (7)
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3. MeToapl crabuansanumn

Bravase cTabumim3npyem mepByIo MOJCUCTEMY, COJEPIKANLYIO TOJBKO TIe-
peMeHHbIe x?. HUcnonbayem MeTo, IpemioxKenHblii B [3, c. 97|, nonaras
ynpasJsiomee Boseiictsue u1(t) = —C] T'z®, rme I' — cummerpuanas
MaTPHUIA PA3MEPHOCTH [1m X M) yJI0BJIETBOPSIOIAs ypaBHeHuto [3, c. 97]

TA; 4 (A;)'T —2I'Cy(C1) T = —al' - JE,

E — ejuHWYHAs MATPUIA PA3MEPHOCTH [m X m]; 6 — MaJioe IIOJIOXKY-
TeJLHOe YUCJIO; (¢ — IOJIOYKUTEJLHAA BEJMYHHA, KOTOPOH MBI MOXKEM
PACIIOPSIZKATBCsI, 32 CUET ee BBIOOpa YacTo yIaeTcsl JOOUTLCS TOTO, UTO
Hapsi/ly C BBIIOJHEHUEM HepaseHCTBa (4) OJHOBPEMEHHO CIIPABEJIUBO
0

u (5). Hasee, crabuimsupyeM BTOPYIO HOJACUCTEMY 0€3 IIEPEMEHHBIX T ;

Endyp 1 (t)/dt = €' [Asyp (1(t) + Bayp(t) + Caua(t)]. (8)

Ecau marpuna A4 nMeeT HeKOTOpPbIe COGCTBEHHbIE 3HAYEHNUSI ¢ HEOTPHUIA-
TEJIbHON BENIECTBEHHON 9acThio, TO CTAOUIM3UPYEM COOTBETCTBYIONLYIO
nojcucTeMy 6e3 3ana3blBAONIUX WJIEHOB METOJOM, U3JIOPKEHHBIM BbI-
me. IIpu mocrarodno Gombmmx o > 0 3a9aCTYIO0 JAHHBIM AJTOPUTMOM
MOKHO CTa0MJIM3UPOBaTh U Beio noxacucremy (8). B nporusrHoM ciyuae
crabuimsupyeM (B JIONOJHEHNE) BBIPOKIEHHYIO (PA3HOCTHYIO) CUCTEMY

Uny1(t) = —(Ag) " Bag(t) — (As) " Caua(t).

Korma cucrema me apistercs c1abo CBI3aHHOM, TTOCIE CTAOMIN3AIINN TIEP-
BOIl TOJICUCTeMBI ¢ MeJJIeHHbIME epeMentbiMu 2V (), BBUJLY MajocTH
UX [IPOU3BOJIHBIX, HOJyYaeM U3 COOTBETCTBYIONIEH BBIPOXKIEHHON IO/~
cucrembl Bbpazkenue o1 (t) = —(Ay + By) Ayl 1 (t) + Bayh(t)].
IlopcraBuB €ro Bo BTOPYIO MOJACACTEMY CTaOUIN3UPYEM COOTBETCTBYIO-
YO0 YIPABJISEMYIO CHCTEMY € MAJIBIM MTAPAMETPOM I[PHU TPOU3BOJIHOMN.
B sTOoM ciydae ucxonnast cucreMa (1) SKCIOHEHIMAIBLHO ycToifuusa [3].

L7151 peasin3aliuu MeTOI0B, U3JI02KEHHBIX aBTOPAMU, COCTABJIEHA KOM-
bIOTEPHAs IIPOTPAMMa, OCHOBAHHAs HA HAKETe IPHUKJIAJIHBIX IPOrPaMM
Matlab, mo3Bosistronias ocTaToIHO 3(PHEKTUBHO CTAOUIN3NPOBATE PAC-
CMATPUBAEMbIE CHCTEMBI.
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with a Constant Delay
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Abstract: A controlled system of linear differential equations with constant
delay is considered. The system consists of two subsystems, one of which
contains an exponential factor in the right side. Sufficient conditions for the
asymptotic stability of this system are obtained. In the case of the instability
of the solution of this system, the algorithms of stabilization on an infinite
time interval are proposed, using methods for stabilizing stationary systems of
ordinary differential equations and methods for stabilizing difference systems.
We elaborated a computer program which implements these stabilization al-
gorithms on the base of the Matlab package. In the course of stabilization
the nonlinear Lyapunov—Riccati type equations are solved. A concrete nu-
merical example is given, graphs of both the unstable solution of the initial
system and the stabilized solution are constructed.
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IIporpaMmMHbie U MO3UIMOHHBIE CTPATETUN
YIpaBJIeHUsI JIJI MO/IeJ I KOHKYPEHIINHU
Jlorkm — BoabTeppsbl
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H.JI. T'puropenko’, A./l. Kaumenkosa?,
A. KopobGeiinukos®, E.H. Xaiiios*

L MI'Y um. M.B. Jlomomocosa, Mocksa, Poccust, grigor@cs.msu.ru
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AnHoTauusa: B jokiaze sl onmucaHusi B3aMMOIEHCTBUS PAKOBBIX U 3110-
POBBIX KJIETOK HCIOJIB3YeTCsl MOJeJb KOHKypeHruu Jlorku — Bosbreppsr.
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st paccMaTpuBaeMOR yIPaBJIsIEMO CHCTEMBI CTABUTCS 3aa<da MUHUMA3a-
OUY TEPMUHAJILHOIO (PYHKIHMOHAJIA, IIPEACTABIISIONIETO COOON B3BEIICHHYIO
Pa3HOCTh KOHIIEHTPallMii PaKOBBIX U 3JOPOBBLIX KJIE€TOK B KOHEYHBI MOMEHT
BpeMeHH Irepuofa JedeHusi. PaccMmarpuBalorcss Tpu Buga jedenus. C momo-
IbIO IPHHIHUIA MakcuMyMa IloHTpAruHa Aj1s KakKIoro BUIA JIEUYEHUs yCTa-
HOBJIEHBI CBOMCTBa ONTHUMAJIBHBIX YIIPABJICHUH, KOTOPBIE IOATBEPXKIAIOTCS
COOTBETCTBYIOLUIUMHU YHCJIEHHBIMU pacdeTaMu. Tak»ke B JOKJIaJe AJIs 3aJaH-
HOH yIpaBjIsieMOil CHCTeMBbI IpeJCTaBJIeHbl Pe3yIbTaTbl AHAJUTHYIECKOIO U
YHCJIEHHOT'O MCCJIeJOBaHMl 3342491 TePMUHAJBLHOIO yIIPaBJICHUA JJIsI IByX Ba-
PUAHTOB OrPaHUYEHUI Ha yNpaBJICHUS.

KuroueBble cjioBa: pakoBble 3ab0jieBaHUs, HEJIMHEHHAs yIpaBJisieMasi Ch-
cTeMa, ONTUMAaJIbHOE YIIpaBJIeHUE, 3aJa4da TEPMHHAJIBHOIO YIIpABJIEHUs, IO-
3UIOHHOE yIIPaBJIEHUE.

BBenenune

Ha ceromusarmmuuit 1eHb pax ABJII€TCA OJHON M3 CAMBIX PACIPOCTPAHEH-
HBIX npu4arH cMepTu B Mupe. B 2018 roy Bpadn aguarnocrupopasiu 6oJiee
18 mutH. cirydaeB OHKOJIOIHYECKUX 3a00Ji€BaHui 1 OKOJIO 9,6 MITH. U3 HUX
UMeJIN JIETAJIbHBIN ncxo . [IpuanHbl TaKO BBICOKOM CMEPTHOCTH 3aKJTIO-
9aioTCd B TOM, 9YTO PAK — MHOI'OYPOBHEBOE 3aD0JIEBAHIE C MHOXKECTBOM
pa3IMYHbBIX NposBieHuil. [I03TOMY BOBHHKaET ocTpas HEOOXOIMMOCTD B
pa3paboTKe METOJOB U CPEJCTB PaHHENl JUATHOCTUKU U JIEYEHUS ITO-
ro 3abojieBaHusl. SHAYUTE/IHHBIA BKJIAJ B PEIeHUe JAHHOMW MpOOJIeMbl
BHOCHT MaTeMaTHIeCKOe MOJeJINPOBAHNE, KOTOPOE IMO3BOJISIET OIUCATH
[IOBEJIEHNE KJIETOK U OPIaHOB /10 00JIe3HU, DU €€ PA3BUTUU U JIEIEHUN.
Jutst onmcaHusl B3aMMOJIEHCTBUS PAKOBBIX U 3JIOPOBBIX KJIETOK B IIPO-
recce JieUYeHUsl TAKUX PAKOBBIX 3a00jieBaHMii, KaK JUMGpOMa, MUEIOMA
U JIeiKeMUsI, UCIOIb3yeTCs MOJIe b KOHKypeHruu Jlotku — BosibTeppsr.
st moncka 3 PEKTUBHBIX CTPATErnii JedeHus MUPOKO MCIIOIb3YeTCs
TeOpHsI ONTUMAJIBLHOIO yIIPABJIEHUSI.

1. Mogean

Ha zagannom orpeske Bpemenu Jsieuenus [0, 7] paccMaTpuBaercst Hesld-
HeliHasl yIpaBJiseMasi cucreMma IudepeHIuaIbHbIX yPaBHEHII:

(t) = r(1 — krw(t))(1 — x(t) — a12y(t))x(t) — myu(t)z(t),
y(t) = (1 —row(t))(1 —y(t) — az1z(t))y(t) — mau(t)y(t), (1)
IE(O) = Zo, y(O) = Yo, To, Yo > 07

rue x(t) u y(t) orpazkaorT KOHIEHTPAIUK 30POBbIX U PAKOBBIX KJIETOK
CoOTBeTCTBEHHO. Yupasisiione GyHkun u(t) u w(t) oTpakaoT pas-
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HbIe BH/IBl TEPAIINU, & UMEHHO: 4(t) 3a/1aéT KOHIIEHTDAIUIO JIEKAPCTBEH-
HOTO IIperapara Wil HHTEHCUBHOCTD TEPAIINH, HEIIOCPEICTBEHHO YOUBa-
I0I1eli paKoOBbIe KJIeTKH, a w(t) olpe/ieliseT KOHIEHTPAIMIO JIEKAPCTBEH-
HOT'O IIperapara Wil WHTeHCUBHOCTb TE€PAIINH, TIOIABJISIONIel mpomde-
paruio (zesieHne) pakoBbIX KiIeToK. KoaddunuenTs 7, a2, ag) ABIAIOT-
Csl TIOJIO2KUTEJIbHBIMU ITapaMeTPAMU CUCTEMBIL: 7' OTPakKaeT BHYTPEHHIOIO
CKOPOCTB POCTa 3J0POBBIX KJIETOK, G12 — CKOPOCTb NHAKTUBAIIUY 3/I0PO-
BBIX KJIETOK PaKOBBIMH, G2] — CKOPOCTb MHAKTUBAIIUN PAKOBBIX KJIETOK
3m0poBbiMu. [losI02KUTEIbHBIE BEJTUIUHBL M, Mo 33IAI0T YPOBHU CMEPT-
HOCTH TOILYJISAIINI COOTBETCTBEHHO 3/I0POBbIX U PAKOBBIX KJIETOK IIPU Jie-
JeHnu, yousaroiieii pakoBbie KjaeTku. [10J10:KuTe/IbHbIE BEJIMYUHBL K1, Ko
OIPEEJIAIOT YPOBHH IPOJINQEPAIIH OIS COOTBETCTBEHHO 310P0-
BBIX U PAKOBBIX KJIETOK IIDU JIeUEHUHU, I10/IaBJIAIONIEM JieJleHIe PAKOBBIX
KJIETOK. YIIPaBJIAOmne (DyHKINN 3/1€Ch O IYNHEHBI OIPAHUIEHUSIM:

. -1 -1
0<u(t) S umax <1, 0<w(t) < Wnax <min{k] ,Kky }. (2)
C‘II/ITa,eM CIIpaBeJ/INBBIMU HEPpaBE€HCTBA:
ajz-az #1, mg>my, kK> K1

Bropoe u Tperbe HepaBeHCTBa OTPAXKAIOT €CTECTBEHHOE TpeboBanue 6o-
Jiee CUJIbHOTO BO3JEHCTBHS PACCMATPUBAEMBIX CIIOCODOB JICUCHUS HA 10~
IMYJIAAI0 PAKOBBIX KJIETOK, YeM Ha IIOIMYJIANHIO 3J0POBBIX KJIETOK.

Iom wmHOXKecTBOM gomycTuMmbix yupasieruit Q(7T) moHMMAaOTCS
BCEBO3MOXKHBIE Hapbl u3MepuMbix 10 Jlebery dynxumii (u(t),w(t)),
KoTOpBIe 1pu 1ouTu Beex t € [0, 7] ynoBaeTBopsitor orpaHndeHusM (2).
Torma cTaHJZAPTHBLIME PACCYXKJICHUSIMHA YCTAHABIMBAIOTCA OTPAHIYCH-
HOCTb, IIOJIOXKUTEJIbHOCTD M [IPOJIOJRKUMOCTD Ha 0Tpe30oK [0, T'| pemenus
(z(t),y(t)) cucremsr (1).

st cucremsr (1) Ha MHOXKecTBe forycrumbix yipassienuit (T pac-
CMaTpUBAETCA 3aJa9a MUHIMU3AIU (PyHKIIMOHAJIA,

J(u, w) = y(T') — ax(T), 3)

KOTOPBIH IpeJCTaBIsIeT cOO0i B3BENIEHHYIO PA3HOCTh KOHIIEHTPAIHil pa-
KOBBIX W 3JI0POBBIX KJIETOK B KOHEYHBLII MOMEHT BpeMeHnm 1 mepuoja
sedenus [0, T]. 31ech o — MOJOKUTEIBHBII BecoBOil KoabhuIuenTt.
PaccMmaTpuBaloTcss 3a/1a9d [IOUCKA ONTUMAJIBLHBIX CTpaTeruil st
TPEX YaCTHBIX BUJOB JIEYEHUs: IPH Tepallld, HEIOCPeJCTBEHHO yHU-
gyroxkarrmel pakosble Kiaerku (w(t) = 0); npu Tepanuu, I0JaBIIsIIOMEH
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JleJieHe PaKoBbIX KaeTok (u(t) = 0); upu Tepanuu, OJHOBPEMEHHO YHHU-
YTOXKAIOIIEH U [OJABJIAIONIEH JejieHne PAKOBbIX KieTok (w(t) = u(t)).

OrpanudeHHOCTh pemieHuii cucreMbl (1) rapaHTHpyeT CyIIecTBO-
BaHUE B COOTBETCTBYIONIMX 33Ja4aX MUHUMU3ANUU (3) ONTUMAJBHBIX
yupasieHuit (u.(t), w.(t)) 1 OTBEUANNEro UM ONTUMAJIBHOIO PeIleHus
(@4 (£), y(t))-

B moknae 1yis KaxK 10 3aa41 TPUBEJIEHO aHAJMTHIECKOE HCCIIEI0-
BaHME, HAJIEHBI BU/bI ONTUMAJBHBIX YIPABIEHUN W JAHBI PE3YJIbTATHI
YUCJIEHHBIX PacdéToB, BBITOMHEHHBIX B cpeje BOCOP-2.1.0, nimocrpu-
PYIOIIIE TEOPETUYECKHUE BHIBOBI. [IpeIcTaB/IeHbl IPUMEDDI JIeIeHUA, KO-
TOpBIE MPUBOJAT IIAIUEHTA K IOJHOMY BBI3JOPOBJICHUAIO WU K€ K 3a-
MEJJIEHUIO pa3BUTHsA 6oJie3Hu. [1o/ydeHHBIE PE3YJIBTATHI TPOOIKAIOT
UCCIIeJOBaHMs, IIPpeJICTaBeHHbie B [1].

B joknajsie NMpOBEJEH TaKyKe AHAJIUTUIECKHWH BHJ ITO3UIUOHHBIX
yIIPABJICHUIl, PENIAONINX 3349y TEPMUHAIBHOTO yIIPABICHUS ISl JBYX
BApUAHTOB OIPAHMYEHUH Ha yipasJenus cucreMsl (1). [Tepseiit BapuanT
— CJIydail OTCYTCTBHUsI OUPAHUYCHUN HA YIPABJICHUE U U IOCTOSHCTBO
yupasjenusd w € [0, Wmax]. B 9T0OM citydae yupasienue

u=my" (1 - kow)(l —anz—y)+1y"), Ti>0,

JJ1sl Ha9aJIbHBIX ycJoBuit zg > 0, yg > 0 npuBomuT cucremy (1) B Ma-
JIYIO OKPECTHOCTD 3aJIaHHOM IeJIeBOIl TOYKH, IIPU BBIOOPE W € [0, wmax],
MHOXKECTBA :

-1 -1
(1 — Krw) — mimg ((1 — kow) + T} )

(1 — kiw) — mymy (1 — Kkow)ag

Te ,W € [0, Wnax| ¢» Yy =0.

Bropoit BapuaHT — Ciydail HaJudusi orpaHuveHnii u3 (2) Ha yupas-
JIEHUS % ¥ W: YIPABJICHUE U PACCMATPHBAETCS B Kjacce JuddepeHim-
pyeMbix dyHKUuii u(x,y), a yupasieHue w MOCTOAHHO. B aToM ciryuae
ylpaBJieHue u, upupojgiiee cucreMmy (1) B yKa3aHHYIO LEJIEBYIO TOUKY,
MMeEeT AHAJIMTUYECKUI BUJI, 3aBUCSIIIANA OT MApPaMETPOB HCIOJIb3yEeMO-
ro meroja. OupejesieHne apamMeTpoB s 3aaHHBIX HAYAJIbHBIX YCJIO-
Buii (Zg,Yyo) MpejIaraeTcs HAXOAUTh IIOCPEICTBOM PEIICHHsT HEKOTOPOI
BCIIOMOTATE/IbHON IKCTpeMasibHOI 3amadn. [ljis 3Tux IByX BapuaHTOB
IMOCTAHOBOK 3aJ1a9 MPHUBOJISTCS PE3YJIBTATHI COOTBETCTBYIOIINX YUCTICH-
HBIX PacyeToB, BbIIOJHEHHBIX B cpege MAPLE. Ilpu koncrpyupoBanuu
[O3UIMOHHOIO YIIpaBJieHus u(Z,Yy) UCIOJIL3YIOTCS HOAXO/bl K DEIIEHUIO
HeJMHENHHBIX YIIPABJISeMbIX IPOIECCoB u3 [2-4].
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Program and Positional Control Strategies
for the Lotka—Volterra Competition Model
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Abstract: In this report, the controlled Lotka—Volterra competition model
is used to describe the interaction between concentrations of healthy and can-
cer cells. For this controlled model, the minimization problem of the terminal
functional is considered, which is a weighted difference of the concentrations
of cancerous and healthy cells at the final moment of the treatment period.
Three types of treatment are considered. Using the Pontryagin maximum
principle, for each type of treatment, the properties of the optimal controls
are established, which are confirmed by the corresponding numerical calcula-
tions. Also, for the given controlled model the report presents the results of
the analytical and numerical studies of the terminal control problem for two
variants of the control constraints.
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O6 acMMOTOTHKE MHOXKECTB JOCTU>KNMOCTH
HeJIMHEHBIX CHUCTEM C MHTEerpaibHbIMU
OrpaHUYEHUSIMU HA MAaJIbIX IIPOMEXKYTKaX BpeMeHU

M.N. T'yceB

MM V¥VpO PAH, Exarepunbypr, Poccus, gmi@imm.uran.ru

AHHOTaL[I/IH: B JAOKJIaZle HCCJIeNyeTCsA 3aJada HpI/I6JII/I}KeHHOI‘O OInmrCaHnuA
MHOXKECTB JOCTHUXKHUMOCTHU JIAd a(bd)I/IHHLIX IO yIpaBJI€HUIO CUCTEM C UHTE-
I'paJJbHbBIMHU KBaJpPaTHUYHBIMU OI'PDaHUYCHUAMHU Ha YIIpaBJIEHUE Ha HHTEpBaJie
BpeMeHn MaJIo# JJINHBI. HpI/I OIIPEOEJICHHBIX YCJIOBUAX, HAKJIAJAbIBACMBIX
Ha aCUMIITOTUKY TI'pPaMHUaHa YIIpaBJ/JIA€MOCTHU J'IPIHG&];)PK%OB&HHOI‘;I CHUCTEMBI,
IIOKa3aHO, YTO MHOXKECTBO JOCTHU2?KUMOCTH OKAa3bIBa€TCA BBIITYKJIBIM IIPpU
AOCTATOYHO MaJIOM 3HAYCHUU JJJIMHBI WHTEpBaJjla Hu 6JIM3KAM 10 d)opMe K
SQJUIAIICONAY B IIPOCTPAaHCTBE cocrosinuii. B JaCTHOCTH, [JaHHOE€ aCHUMIITO-
TUYECKOEe IIpeacTaBJI€eHUE HNMeEeT MeCTO [JId JOCTATOYHO IMUPOKOI'0 KJjacca
HeJIMHENHbIX YIpaBJ/isi€eMBbIX CHUCTEM BTOPOI'O IIOpsAAKa C HHTErpaJibHbIMHU
OIrPaHUYICHUAMMA.

KuaroueBsbie ciioBa: yipaBJjsieMad CUCTeMa MHOXKECTBO JOCTUXKUMOCTH, WH-
TerpaJjibHble OIrPaHNYE€HUs, BBIIIYKJIOCTD, MaJIbIit mapaMeTp.

BBenenue

Teomerpuueckast cTpyKTypa MHOXKECTB JIOCTUKAMOCTU HA MAJIBIX Bpe-
MEHHBIX ITPOMEXKYTKaX IIPU IeOMETPUYECKHX ONPDAHUYEHUSTX Ha yIIpaB-
JISTFOIIIE TIapaMeTphl ObLjIa MPeIMeTOM WCCJIOBAaHUs B psije paboT 1o
reopun yrpasienusi (cM. [4]). ACHMITOTHKA MHOXKECTB JOCTUKUMOCTH
JIMHEJHBbIX CUCTEM C HHTErPAJbHBIME OlpaHUYeHUsAMH u3ydeHa B [5]. B
JaHHOM paboTe UCCIemyeTcs CyIeIyIomnas 3aaada. PaccMoTpum ypasiis-
eMyIO CUCTeMY

() = filt,z(t) + falt,z(t))ult), x(to) = 2°, (1)

rae to <t < t, x € R" | u € R", dynxmuu fi : [to, 1] X R" — R”,
f2 : [to, t1] x R™ — R™*" HenpepbIBHBI M HENPEPBIBHO Tt bepeHtupye-
Mmbl 10 . O6o3HavnM Yepe3 Lo ruiibbepToBO MPOCTPAHCTBO UHTEIPUPYE-
MBIX C KBaJIPATOM Ha [to, t1] BekTop-bynkumii u(t). Orpannvenus Ha u(-)
saganel B Buge mapa B(0, ) = {u(-) € La : (u(-),u(+)) < p?} paauyca
w>0.
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Byzaem npennonarars, uro jyist joboro u(-) € B(0, ) cymecrByer
u exuHCTBeHHO perenue z(t) cucrempl (1), 9TO pelieHue OIpeEIeHO
Ha TIpoMexXyTKe [to, 1] U Bce TpaekTopum cucrembl (1), oTBedaronue
yupasserusm u3 B(0, 1), npunagexkar komnakty D C R™. Takxke cun-
TaeM, 9T0 npousBojauble byukuuit fi(t,z), fa(t,x) u mo = yuosierso-
psaor ycaosuio Jlummuna wa [to,t1] X D. g t; € [to, 1] obosnaunm
Gt ) = {o € R™ : 3u() € Ly : (u(),u()) < g2, & = lts, u()} —
MHOKECTBO JIOCTHKUMOCTH cucTeMbl (1) B 3amanubiit Moment t1. amee
NOBeJIEHNe MHOYKECTB mocTmkuMoctn G(t, i) mpu bUKCHPOBAHHOM i
UCCIIeIyeTCsl B IIPEIIOJIOKEHAN, ITO MHTEPBAJI [to, t1] ABISETCS MAJIbIM.
Ucnonb3yst 3aMeHy BPEMEHH, Mbl CBOJUM 33249y OIMUCAHUS MHOXKECTBA
JIOCTUZKUMOCTH Ha MAJIOM MHTEpBaJIe K aHAJOTMYHON 3a1a9¢ Ha (DUKCH-
POBAHHOM HHTEPBAJIE JJIs CACTEMBI, YPABHEHUS ¥ MHTEIPAJBLHBIC OIpa-
HUYEHUS Ha YIPaBJICHHE KOTOPO 3aBUCAT OT MAJIOrO HapaMeTpa.

1. OcHoBHOII pe3yJibTaT

O6oznaunm t; — tg = €. Ilpeacrasus t B Bume t = T + tg, HOJOKUM
y(7) = x(eT + to), v(1) = eu(eT + to), Torma

y(T) = .fl(Tvy(T)) + fNQ(Ta y)v(T)v 0<7< 1; y(O) = xO’ (2)

rae fi(r,y) = efi(eT +to,y), f2(r,y) = fa(eT +1t0,y), npu orpasmaenm
Ha HOBOE ylpasJjenue v(-)

| oTwntar < a2 (3)

Tpaekropuu cucremsl (2), (3) npunaeskar kommaxry D npu & <t —t.
Omupenenum cemeiicrBo orobpaxkennit F. : Lz[0,1] — R™ pasencrsom
F.(v(+) = ye(1,v(+)), rme y(t,v(-)) — coorBercTByIOIIEE YIPABIEHUIO
v(+) perenue cucremsl (2). B cuity toro, uro y(1,v(-)) = z(t1,u(-)), nme-
em pasencto G(1,u(e)) = G(tr, pu) = {F.(z) : x € B(0, u(€))}. 3mech
G(1, pu(€)) — MHOXKECTBO JJOCTHKIMOCTH CHCTEMbI (2) TIPH OrpPAHIYCHIN
(3), u(e) = uv/e, B(0, u(e)) — map pagmyca p(e) B npocrpancrse L0, 1]
¢ neHTpoM B Hyse. IIpoussosHasi oroGpaxkenust Fe(v(-)) oupenensiercs
caenyromum obpasom: F.(v(-))Av(-) = Ay(1), tae Ay(t) pemenne sune-
apu3oBanHoiil B1oJib napsl (y(t, v(+)),v(+)) cucremsr (2)

Ay(t) = A () Ay(t) + B-(t)Av(t), te0,1], Ay(0)=0. (4)
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Orobpazkerne F.(v(+)) ya0BIeTBOPSIET YCJIOBUIO JINIIIUIA ¢ KOHCTAHTOM
L(e) = Lo+ L1e (Lo, L1 > 0). Econ koapdunmentor maTpuiipt fo B ypas-
HEHWHU CHCTEMBI He 3aBHCAT oT cocrosuus (fa(t, x)=f2(t)), To Lo = 0.

IIycrs W, (t) — rpaMuaH yIpaBisieMOCTH CHCTeMbI (4) ¢ MaTpuIaMu
AY(t), BY(t), oTBeuaromumu JMHeapu3anuu BJoJL TpaekTopun y(t,0),
rze 0 03HAYAET HYJIEBOE YIIPABJICHUE:

Wa(t) = /O ' X.(t 1) B.(O)BT ()X (t.)dr

3aeck X (t, 7) — dbyHIaMeHTAIBHAS] MATPUIIA PEIIeHUH OJHOPOHOMN CHi-
cremsr (X (t,7) = A() X (t,7), X(r,7) = I). B ciryuae HEBBIPOXK/ICH-
HOCTH PAMUAHA, KOTOPasl 9KBUBAJICHTHA [IOJIHOH YIPABIAEMOCTH JINHE-
apu30BaHHOIL cucTeMbl Ha orpe3ke [0, 1], mmeeT MecTo paBeHCTBO (CM. [1])
F!(0)BL,(0,1) = {z e R* : 2TW1(1)x < 1}. Baec F.(0)By,(0,1) —
MHOKECTBO JIOCTUZKMMOCTH B MOMEHT t = 1 JIMHEapH30BAHHOI CHCTEMBI,
C OrpAaHMYEHWsIMU Ha yNpPaBJIECHUE B BUJE €JIUHUYIHOTO mapa B Lo. DTo
MHOKECTBO SBJISIETCS SJUTUNCOUIOM B R™, KOTOPBIIl MOZKHO ITPE/ICTABATD
B Buze F.(0)BL,(0,1) = 51/2(1)BRH (0,1). Ilycrs v2(e), n*(e) — vumHu-

MaJIbHOE M MaKCUMaJsbHOoe cobcTBeHHble yncia We(1).

Teopema 1. ITyemv W, (1) nesvpootcder npu e > 0 u umeem mecmo
coommnowenue \/eL(e)/n(e) = o(y(¢)), npu e — 0. Tozda mmnoscecmeo
docmusicumocmu G(t1, (1) 6uinykao npu docmamouno Masv t1 u

h(s(e)(G(tr, p) = 2(t1,0)), p(e)s(€)W22Bga(0,1)) = o(y(e)).  (5)

3decv t1 = tg+e¢, x(t,0) — pewerue cucmemvi, OMBEUAOULEE HYAEEOMY
ynpasaeruro, s(€) = 1/(un(e)v/e) — macwmabupyrowuti mmuoscumens,
h — zaycdopdoso paccmosrue MeHCAY MHOHCECTNEAMU.

JloKa3aTeIbCTBO ONMPAETCA Ha TEOPEMY O BBITYKJIOCTH HEJTMHEHHOTO 00-
pasa mapa MaJIoro pajuyca B rmib0epToBoM IpocTpancTie [2]. Macrra-
Gupyronmii MHOKUTEND $(€) — 00 upu € — 0, OH urpaer poJib Koabbu-
eHTa ypesndenus (cM. [5]) u obecneunsaer, 4TO MHOXKeCTBa, BUrypu-
pytomue B paBeHcTBe (5), HE CTAMMBAIOTCS K HYIIEO.

Ilycrs ucxomnasi cucTeMa UMeeT BUJ,

i(t) = F(a(t) + Bu(t), 2(0)=1° 0<t<t,
0<t<t;, 2z e R" ,ueR f:R"— R" B — marpuna pas-

MepoOB N X 1, C UHTEerpaJIbHbIMU KBaJAPAaTUIHBIMU OI'DaHUYCHUAMU Ha
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yupasisierue u(-) € B(0, ). Iyers A(t) = 0f /0x(x(t,0)) marpuia nu-
HEAPU3AIUH CUCTEMBI BI0JIb TpaeKToput Z (¢, 0), IOPOKIEHHO HyIeBBIM
ynpassennem. [Ipeanosoxmm, uto f(2°) = 0, Torma x(t,0) = 0, cremo-
Baresbho, A(t)0f/0x(z") = A — nocrosunast marpuna. Jluneapuzoban-
Hasl cHCTeMa B 9TOM cirydae umeer sun §(t) = eAy(t) + Bu(t), t € [0, 1].
U3 ONEHOK MUHUMAJIBHOTO COOCTBEHHOTO YUCJIa IPAMHUAHA YIIPABJIAEMO-
ctr [3| u Teopemsl 1 mosrydaem

Caencreue 1. IIycmo n =2 u napa A, B enoane ynpasasema. To-
20a muootcecmso docmuorcumocmy G(ti, 1) svinykao npu docmamouno
maavz ty u evinoanaemces coomuowenue (5), 2de o(y(g)) = o(e).
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On the Asymptotics of Reachable Sets of Nonlinear Systems
with Integral Constraints on Small Time Intervals

Mikhail I. Gusev

IMM UB RAS, Yekaterinburg, Russia, gmi@Qimm.uran.ru

Abstract: The report explores the problem of approximate description
reachable sets for affine control systems with integral quadratic control
constraints on the time interval of small length. Under certain conditions
imposed on the asymptotic behavior of the controllability Gramian of a
linearized system, it is proved that the reachable set is convex for sufficiently
small time intervals and close in shape to the ellipsoid in state space. In
particular, this asymptotic representation is the case for a fairly wide class
of second-order nonlinear control systems with integral constraints.
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YVIK 517.977.5

O 3amavax ObICTpoOAeiicTBUA AJisl JIMHEMHBIX
YIIPaBJISIEMbIX CHUCTEM C OBICTPBIMHU U Me€IJEeHHBIMU
MmepeMeHHbIMHI U TJIaJAKUMU OTPaHUYEHUSIMU
Ha ynpaBJIeHHE

A.P. Jaunmu', 0.0. KoBpu>KHBIX>

L MM VpO PAH, Exarepunbypr, Poccusi, dar@imm.uran.ru
2 IMM ¥YpO PAH, Exarepun6ypr, Poccusi, koo@imm.uran.ru

Annoranms: PaccMoTpeHb! 3a/1a4u OIITUMAJIBHOTO OBICTPOAEHCTBUS [JIs1 JIU-
HEHHDBIX aBTOHOMHBIX CHCTEM C OBICTPLIMEA U MEJJICHHBIMHU II€DEMEHHBIMH,
HENPsAMBIM yIIpaBJIeHUuEeM U TJIaJKUMHU IeOMeTPUYECKHUMU OrPaHUYCHUAMU Ha
yupasieHue B Bufe mapa. OCOOEHHOCTH ITOCTAHOBOK 3aat 3aKJIIOYAETCA B
TOM, YITO BO BCEX PACCMATPUBAEMBIX CJIy<IasaX COOCTBEHHbIE 3HAUECHUS MaTpPU-
bl IPU OBICTPBIX II€PEMEHHBIX HE YIOBJIETBOPSIOT CTaHIAPTHOMY TpeboBa-
HUIO OTPHUIATEILHOCTH BEIIECTBEHHOM YacTH. A MMEHHO, PaCCMOTPEHBI CJie-
JyIoliye cllydau: yKa3aHHas MaTpPUIa HyJleBasd, 3a UCKJIIOYeHUeM OJHOIO ha-
TOHAJILHOI'O GJIOKA, CIIEKTP KOTOPOTO YAOBJIETBOPSIET YCIOBHIO aCHMIITOTHIE-
CKOi1 yCTOMYMBOCTH; MATPHUIIA BTOPOro IOPA/Ka C YUCTO MHUMBIM CIIEKTPOM;
MaTpunia IPeACTaBisieT cOOOM MHOIOMEPHBIH aHAJIOr KOPJAHOBOM KJIETKH
BTOPOr'O HOPSKa C HYJIEBBIM COOCTBEHHBIM HUHCJIOM. B KasKIoil ncciaemyemoit
3ajlade JI0Ka3aHa pa3pelIMMOCTb MCXOJHON M Ipele/IbHOM 3aj1a4, I10JIyYeHbl
1 06OCHOBAHBI ITOJIHBIE ACHMIITOTUYIECKUE DA3JIOXKEHHUSI BPEMEHU ObICTPOIEii-
CTBUSA U BEKTOpPAa, IIOPOK/IAIOLIEro ONTUMAJIBHOE yIpaBJIeHUe, OTHOCUTEIbHO
MaJIoro napamMerpa IpHU IPOU3BOAHBIX B ypaBHEHUAX cucTeMbl. Ilokasano, 1To
CTPYKTYypa aCUMIITOTHKHU Pa3/IMYHasg B 3aBUCUMOCTHU OT BHUJla MATPUIbI IIPU
OBICTPBIX IIEPEMEHHBIX.

KuroueBble cJjioBa: 3a/a4a ONTUMAJBHOIO OBICTPOAENCTBUs, OBICTPBIE U
MeJIJIEHHBIE TIePEMEHHBIE, ACUMIITOTUYECKOE PA3JIO’KEHHE, MAJIbIi IapamMerp.

BBenenue

B macrosmeii pabore paccMATPUBAIOTCA 341891 ONTHMAJBHOIO yIPAB-
JIEHHsI JIJIsT JINHEHHBIX aBTOHOMHBIX cucTeM (cM. [5, 6]), mcnomb3yiorcs
nozxozpl u3 [2, 3] u obiye cOOTHOIIEHNS, IOy YeHHbIe B [4].

1. IlocTranoBka 3amga4yun

Paccemorpum 3agagy o 6sicTpOIeiicTBIY JIJIsl JIMHEHHON aBTOHOMHOM CH-
CTeMbl C OBICTPBIMM U MEJJIEHHBIMU IIEPEMEHHBIME B KJIACCe KYCOYHO-
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HEITPEPbIBHBIX praB.HeHI/Iﬁ C IVIAJKUMU I'eOMETPUIECCKUMU OI'PDaHUYICHN-
AMM:

i‘:Alea xERn; yERma
ey = Jy + Bu, uweR",  ul <1, )
z(0) = zo0, ¥(0) = yo, 0<e< 1,

x(Ts) =0, y(Te) =0, T.— min,

rae || - || — esxumuposa HopMma. Ilpemmosaraercst, yro Marpuna J npu
OLICTPLIX IIEPEMEHHBLIX MMeeT cOOCTBeHHbIe 3HAYCHUsS C HyJIeBOil Bele-
CTBEHHOI YaCTBIO, TEM CAMbIM HAPYIIEHO CTAHAPTHOE YCI0BUE (CM., Ha-
upumep, [1, T 3, . 3.2, npeanosoxenue Al|) acumMnroruyeckoii ycroii-
YUBOCTH. PaccMOTPeHbl HEKOTOPBIe MATPHIILI U3 TAKOTO KJIACCA!

—al, 0
n=r, m=2n, J—( 0 0), a >0,

I,
A12:(0;In)a BZ([ )7

n=m=r=2, J—<_2 /g), B>0, Ap=lL, B=-.J, (3)
n=m=r =2k, J=<8 IS), A = B = Iy, (4)

I}, — MaTpHIa TOXKIECTBEHHOro orobpaskenus R¥ — R*.

2. OcHoBHOIi pe3yJbTaT

B KaxKJ0M M3 UCCJIE0BAHHBIX CJIyYaeB HAH/ICHA IpeeIbHas 301398 I
YCTAHOBJICHA €€ PA3PENINMOCTD, JOKA3aHA PA3PEIIUMOCTD UCXOJHON 3a-
JIa9d OpU JIOCTATOYHO MaJIbIX €. IIpU BBIOJIHEHUH HEKOTOPBIX JIOIOJI-
HUTEJIbHBIX €CTECTBEHHBIX YCJIOBUI OBINEro MOJIOXKEHUs OTHOCUTEIHHO
MAaTPUIL CHCTEMBI U HAYAJBHBIX NAHHBIX B (1) ClpaBejIiuBhl cieLyomme
YTBEDKICHUSL.

B sagmaue (1), (2) Bpems ObicrpojeiicrBust T, ¥ KOMIIOHEHTHI BEK-
TOpa, HOPOXKAAIOLIETO ONTUMAJILHOE YIPABJICHHE, PACKIAILIBAIOTCA B
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ACHUMITOTHYCCKUE DALl BUIA Z;‘;o R, (\/E,W(ﬁ)), roge R; — panp-
OHaJIbHbIC (DYHKLIUU CBOUX apryMEHTOB H R; (\/E,W(ﬁ)) = O(ej/Q),
W(e) := KWy(eg) = o(y/€) npu € — +0, Wy(g) — perenue ypaBHeHus

Wo(e) In(1/Wo(e)) = V/eh

IIpU MaJbIX €, 8 K, g, h — HEKOTOPBIE H3BECTHBIE IOCTOAHHBIE.

B zazaue (1), (3) Bpemst 6bicTpojeiicTsust T, 1 KOMIOHEHTBI BEKTODA,
MOPOZKIAIONIEr0 ONTHMAJILHOE YIPaBJIeHUE, PACKIAIBIBAIOTCS B aCHMII-
TOTUIECKHE B CMBICIE DPAEHn Psiibl OTHOCUTEJILHO II0CJIEI0BATEILHO-
cru {e’}. Craraemble 3TUX PSAJIOB OJHOZHAMHO HAXOATCA U3 CHCTEM JIU-
HelHBIX ajirebpaniecKuxX ypaBHeHH, B IPABbIX YaCTAX KOTOPBIX IPUCYT-
CTBYIOT PABHOMEPHO OPAHHYEHHBIE II0 € OIIEPATOPHI, a KO3 OUIMEHTHI
onpejensitorcs Matpuiiamu J u B.

B sazaue (1), (4) npu yciosun 2o # 0, e ro2 € RF — propas
KOMIIOHEHTa, HaIaJIbHOrO BeKTopa o € R2F, Bpems 6nicTponmeiictaus T,
U BEKTOP, NOPOKIAIONIN ONTUMAJILHOE YIPaBIeHUe, PACK/Ia bIBAIOTCs
B aCHUMIITOTHYECKHe DALl B cMbiciae llyamkape mo cremensam {e/}. B
ciaydae xo2 = 0, anangormdno 3azade (1), (2), acHMOTOTHKA peIICHI
HMeeT CJIO’KHBII XapakKTep.

B zagaqe (1), (4) npu BBINOJIHEHUN IIPEIIIOJIOKEHUI

r,y, u € R J= 8 (1) . To2 =o2(e, ) = ek,
rje [ — BTOPOH HE3ABHCHMBINH MaJiblii mapamerp, & € R — ussecrnas
koHCcTaHTa, § # 0, Bpemst Gbicrpogeiicrsust Ty, 1 KOMIIOHEHTHI BEKTODA,
HOPOZKIAIONIEr0 ONTUMAJBHOE YIIPABJICHNE, PACKJIAIBIBAIOTCA B ACHMII-
TOTHYECKHUE PsAJbl B CMBICJIE DPAEHN OTHOCHTENHHO ACHMIITOTHIECKOH
nocsieosaresoct £7/3(e7/3 4 pf), 0 < 4 < 1. Cnaraembie 3TUX ps-
JIOB He sIBJIAIOTCS parmonaabupivu bynkmuamvm /3 i Ine.

3akJroueHue

IIpuBemennbie npuMepsl TOKA3LIBAIOT, YTO XaPAKTEP ACUMIITOTHK BPEMe-
HU OBICTPOJIEHCTBHUSA U KOMIIOHEHT BEKTOPA, IOPOXKIAIONIETO OIMITHMAJIb-
HO€e yHIpaBJjleHUEe, CyIIeCTBEHHO 3aBUCUT OT THUIIOB BBIPOXKJIEHUS MaTPH-
npt J. [Ipu 3T0M, KaK IPaBUIO, ITH PA3JIOXKEHUS IO CYIIECTBY SABJISIOT-
Csl ACUMIITOTHYECKAMU B CMbBICJIE DPeiin, He CBOASTCS K TPAIUIMOHHO
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paccMaTpUBAEMbIM ACUMITOTUYECKUM PSAJIAM, CB3AHHBIM C MAJIBIM Ma-
PaMETPOM, M OTJIMIAIOTCS JAPYT OT APYTa OCHOBHBIM MACIITAbOM MAJIOTO
napamerpa (/z, € u £'/3).
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On the Time-Optimal Control Problems
for Linear Systems with Fast and Slow Variables
and Smooth Constraints on the Control

A.R. Danilin', 0.0. Kovrizhnykh?

1 IMM UB RAS, Yekaterinburg, Russia, dar@imm.uran.ru
2 IMM UB RAS, Yekaterinburg, Russia, koo@imm.uran.ru

Abstract: We consider the time-optimal control problems for linear au-
tonomous systems with fast and slow variables, indirect control and smooth
geometric constraints on the control in the form of a ball. A feature of the
problem statements is that in all considered cases the eigenvalues of the matrix
at the fast variables do not satisfy the standard requirement of negativity of
the real part. Namely, the following cases are considered: the specified matrix
is zero, excepting one diagonal block whose spectrum satisfies the condition
of asymptotic stability, or the second order matrix with imaginary eigen-
values, or the multidimensional analog of the second-order Jordan cell with
zero eigenvalue. For each investigated problem, the solvability of the original
and limit problems is proved, complete asymptotic expansions of the optimal
time and the vector generating the optimal control in a small parameter at
the derivatives in the equations of the system are obtained and justified. It
is shown that the structure of the asymptotics is different depending on the
type of matrix at the fast variables.
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VIIK 517.92.9

OnruMajibHasg UMITYJIbCHAs CTAOMJIN3AIIUST
JUHENHBIX aBTOHOMHBIX CHCTEM C 3ala3IblBaHueM

10.®. Jourmii

Yp®V, UMM ¥VpO PAH, Exarepunbypr, Poccus, yurii.dolgii@imm.uran.ru

AnsoTamus: PaccMmarpuBaercst 3ajada ONTHUMAJIBHON CTAOWUIU3BIUU JJIS
JINHEHHOW ABTOHOMHON CHUCTEMBI C 3alla3/bIBAHUEM U BBIPOXKJIEHHBIM IIO-
KaszarTeJeM KadecTBa IepeXOAHbIX mporeccoB. B paborax A.H. Ceceknna
HCIIONIB3YETCs Ipeobpa30BaHue ee K HEBBIPOXKIECHHOHM 3aJatde OINTHMAJILHOM
crTabuiIn3alyy C 3ala3/IbIBAaHNEM B yIIpaByieHUH. JIJjisi HEBBIPOXKIEHHON 3ala-
de HalileHa CHCTeMa OIIPENEJIAIONNX YPAaBHEHUN IPUHIUIA JUHAMITIECKOIO
nporpamMMmupoBanusi Besuimana. OHa COIEPXKUT MaTPUYHOE ypaBHEHHE B
YaCTHBIX IPOU3BOAHBIX, UTO OCJIOXKHSIET MPOIEAYPY HAXOXKICHUS DPEIICHUS
CHCTEMBI OIPEJEISIONINX ypaBHeHU. B Hacrosieil crarbe [UIst BBIPOXK-
JIEHHOM 3aJ[a4¥l OITUMAJIbHOM CTabuimsanuu Ipezjaraercs (popMan3aliust
B (YHKIMOHAJILHOM IIPOCTPAHCTBE COCTOsiHUi. l3ymaraercss MeTOn IIO3BO-
JISIIOIIMMN, IIPU PEIIEHUH CHCTEMBI OIPEJESONNX YPABHEHUI IIPUHIAIIA
IOUHAMHUYECKOIO IIPOrpaMMUpPOBaHUs DBessiMaHa, CIOXKHYIO KPaeByIO 3aa-
dqy JyIsi MaTPUYHOIO yPABHEHHsl B YaCTHBIX IIPOM3BOJHBIX 3aMEHUTb Ha
KpaeBylo 3aJady s (QYHKIHOHAILHO-IU(PGEPEHINATIbHBIX yPABHEHUIA.
Pertenne nociienneil kpaeBoil 3ama4n onpenessieT UMILyJILCHOE OIITUMAJIBHOE
yupasienue. VcciaemyroTcss BOIPOCHI Pa3pEIIMMOCTH KPaeBOM 3amadu [JIst
dyurnponanbHO-guddepeHnnaIbHbIx  ypaBHennit. [Ipemmaraercss Meron
[TOHUYKEHUSI €€ Pa3MEPHOCTH.

KurouyeBble ciioBa: juHellHasi aBTOHOMHAsl CUCTEMa, 3alla3/blBaHUE, OIITU-
MaJibHasl CTabUJIN3aIisl, UMITIYJIbCHOE YIIPABJIEHUE.

1. ITocranoBKa 3amayu

OO6beKT yrnpaBjieHHsl OMUCHIBAETCS ABTOHOMHOM JIMHEHHOM crucTeMoii ¢
3alla3/ibIBaHueM

dx(t) dv(t)
— = Apz(t) + Ar1z(t — B 1
") _ pgrt) + Avalt —7) + BIAY, 1)
rie t € R x: [—-7,4+00) — R", 7 > 0 — mocTosiHHOE 3ana3/IbIBaHue,

Ap, A1, B — nocrosigabie MaTpunipl, v : [0, +00) — R” umeer orpaHnyeH-
HYIO BapHaIWio Ha JII0OOM KOHETHOM oTpeske. [Ijis 000l HadabHOIM
byukuun ¢ € H cymecrByer emuncrsennoe pemenue z(t, @, v), t > 0,
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cucrembl (1) onpejesieMoe NHTErpaIbHBIM yPABHEHUEM
t
x(t)= +/ (Aoz(s)+A12(s—7)) ds+B (v(t)—v(+0)), teRT. (2)
0

3necy H — runbbeproBo HpOCTpaHCTBo d)yHKuI/H?I CO CKAJISIPHBIM TIPO-
ussesiernem (@, V) g = ¥ (0)p(0) + f P (9)p(9)dd. Pemnenus unte-
PaJIbHOrO ypaBHeHUs! (2) sBIIAIOTCS cbyHKLu/IHMH C OTPAHUYEHHBIMU Ba-
PHAIIAMA Ha JTI060M KOHEYHOM OTpe3Ke IOJIOXKHTeIbHO moayocn RT,

PaccmarpuBaercst 3a1a9a oITUMAJIBHOM CTAOUIN3AIAN C BBIPOXK JIEH-
HBIM KpPUTEpPUEM KadeCTBa [IEPEXOHBIX IIPOIECCOB

+oo

J = /xT[t]me[t] dt, (3)

0

rae Cp — TOJIOXKUTENIBHO OIpeJiesieHHas Marpuna. Mcnonb3yercs onn-
caHHe MOCTAHOBKU 3a/1a4i ONTuMaJbHOM crabuimsarmu (1), (3) B dbyHK-
[[MOHAJILHOM TIpocTpaHcTBe cocrostaumii H [1].

Homycrumble yupasienust, (GopMupyeMble 10 IIPHUHIWIY HEsIBHOI
0OpaTHO}i CBsA3M, OLPEIEIAIOTCA PEIICHUSIME JIMHEHOTO OLEPATOPHOIO
yDABHEHHUS

v(t) = V(u(t + ), %), @
x; €H, x,(¥9)==z(t+9), 9e[-7,0, teRT,
B IIPOCTPaHCTBe (DYHKIHUII ¢ JIOKAJHHO OTPAHUYIEHHLIMEA BapUAIIUSM.
Oyukmus z[t], v[t], t € RT, ¢ JOKaIbHO OrpaHUYEHHBIME BapUAIUAMU
SBJIAIOTCS PEIEHUsIMA CUCTeMbl ypaBHenuii (2), (4).

2. HaxoxkaeHne onTUMaJIbHOIO CTAOMJIN3NPYIOHIErO yIIPaB-
JIEHUS

Vcnonp3yercs mpuHIUI JUHAMIYECKOTO IPOrpAMMUPOBaHuSA BesiMa-
Ha [2]. Onpenensomas cucreMa ypaBHEHUH onTUMaJbHOM crabuinza-
[[UU, JUIsI IOCTABJIEHHON BBIIIE 3aJa4u, ocTpoeHa B [3]. B Hacrosmei
paboTe mpeziaraeTcs METO/, €€ PelleHns. PaccMaTpuBaeTcs KpaeBast 3a-
Jada Ui CHCTEMBbI MATPUYHBIX (DYyHKINOHAILHO-IuMdEepeHInaIbHbIX
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ypaBHEHU’

X{(0) = Ad X1(¥) + Xy (=9 —T)AB
DWW (0) - [ Xals - WX (5)ds,
X300) = AT Xa(0) + X] (=0 — 1) A,
-DWXT (@)~ [ Xals - WX (s)ds,

X3(0) = X (9)AoB+ BT A X, (=9 — 1)
9

—/Xg(s)W*XJ(s —)ds,

X4(0) = Xy (9)AgB + A] X1 (=10 —7)

—/X4(S)W*1X3T(s —9)ds,
C Kpa€eBbIMHU YyCJIOBUAMU
Xi(—7) = KA\B, Xy(—7)=KA,. (9)
3nech K yaoBiIeTBOpsSieT MATPUIHOMY YPABHEHUIO
AgK + KAg— DW™'DT + X5(—0) + X, (-0) + C, =0,  (10)
e D = X;(—0) + (Cp + KAg) B, W = B"C,B.

Teopema 1. ITycmo detW # 0 u xpaesas 3adaua (5)—(10) ume-
em eduncmeennoe pewenue. Tozda onmumasvroe cmabusu3UPYIOULEE
ynpasaenue 3adawu (1), (3) aeanemes peweruem PyHKGUOHAALHO-DAS-
HOCTIHO20 YPAGHEHUA

0
/X3 v(t +s)ds+ D" ()+/X4T(s)y(t+s)ds=o, (11)

2de y(t) = z(t) — Bo(t), t € RT, X3(-), X4(-) — womnonenmo, pewerus
kpaesoti sadauu (5)—(10).
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Hust  byHKIMOHAIBHO-PA3HOCTHOrO ypasHeHust (11) BBIIOJHEHBI
yciaoBus cyinecTBoBanus pemenns 3ajgadn Kommwm [4]. Wccnenyrorcs
BOIIPOCHI pa3pemumoctu Kpaesoil 3aga4du (5-10). IIpemiaraercs mero
MIOHUKEHUS €€ PA3MEPHOCTH.

PaGora Bbmosinena npu dunancoBol nopgepxkke PPDPU (mpoekr Ne 19-01-
00371).
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Optimal Pulse Stabilization of Linear Autonomous
Systems with Delay

Yu.F. Dolgii

UrFU, IMM UB RAS, Ekaterinburg, Russia, yurii.dolgii@imm.uran.ru

Abstract: The problem of optimal stabilization for a linear autonomous
system with delay and a degenerate transient quality indicator is considered.
In the works of A.N. Sesekin’s transformation to a nondegenerate problem of
optimal stabilization with delay in control is used. For a non-degenerate prob-
lem, a system of governing equations of the Bellman dynamic programming
principle was found. It contains the matrix equation in partial derivatives,
which complicates the procedure for finding a solution to the system of gov-
erning equations. In the present article, a formalization in the functional
space of states is proposed for the degenerate optimal stabilization problem.
A method is proposed that, when solving a system of governing equations
of the Bellman dynamic programming principle, a complex boundary value
problem for a matrix partial differential equation is replaced by a boundary
value problem for functional differential equations.The solution of the last
boundary value problem determines the pulse optimal control. The prob-
lems of solvability of the boundary value problem for functional differential
equations are investigated. A method for reducing its dimension is proposed.
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VIIK 519.62

Hosplii MeTo OlleHKN OMINOOK KOPPEKINU
KOOpAMHAT II0 IOJII0 MUKpopeabeda

K.B. Jdynaesckas', B.B. Kocroycos?

I MM VYpO PAH, Exarepun6ypr, Poccus, k.dunaevskaya@imm.uran.ru
2 MM ¥YpO PAH, Exarepun6ypr, Poccusi, vkost@imm.uran.ru

Amnnoranms: B pabore ucciezyercss HOBbIE METOJ|, CTATHCTUYECKOTO OIEHU-
BaHUs OMIMOKM KOPPEKIIMH IIPU PEIIeHUU 3339y HABUTALUU IO IIOJIO MUK-
popenbeda, IPUMEPOM KOTOPOI'O SIBJISIETCSI II0JI€ BBICOT OOBEKTOB MECTHOCTH.
Bazada paccMaTpPUBAETCs B BEPOSITHOCTHOM 1mocTaHoBKe. Ha ocHOBe sTOro Me-
TOZA CTPOUTCS KPUTEPHUil CPbIBa KOPPEKIUH B aJIlOPUTME KOPPEKIIHH OIIUO0K
oIpeseJieHnsI KOOPAMHAT ABUXKYyIerocs oobekra. IIpoBeneno crarucrudeckoe
HCCJIe/IOBaHNEe TOYHOCTHU OIEHHUBAHHUs U KavdeCTBa IPEe/JIOXKEHHOI'O KPUTEPHs.

KuroueBble cjioBa: HaBuralys 1o Kapre reou3ndecKoro moJist, (pyHKIHOo-
HaJI COTIOCTaBJIEHNSI, KDUTEPU CPbIBA KOPPEKIIAH.

BBenenue

Paccmorpum 3aia4y HaBuranuu 1o reodusundeckomy noso [1-4], B ko-
TOPOIl B KAUECTBe 110Jisl BHICTYHAET [0JIe MUKpopesbeda [5], uamepsiemoe
MHOTOJTyI€BBIM JIaJbHOMEPHBIM JaTdukoM. B 3ajade paccmaTpuBaeTcs
CJIEIYIONIHIT HAOOP MCXOTHBIX JTAHHBIX:

® STAJIOHHAs KapTa IOJIA BBICOT MUKPOpeabeda

h(z): Q= R, QCR?

® DE3YJILTATHI 3aMEpOB IOJISA, HOJTYICHHbIE ¢ IIOMOMIBIO MHOTOJIYYe-
BOro usMepuress (pparmenr):

Q(t) = par(t) = h(z" +1) +£(t), 2" €Q, teA

B dopmysie mis ¢(t) upuHATH cieyoiye 0003HAUEHHUSL:
Q C Q — obyacTh ANPHOPHOTO TIOJIOYKEHUs HAYAJIBHON TOUKU ¥ € ()
dparmenTa @ Ha 3TaJIOHE h;
x* — ucTHUHHOE MoJIoYKeHNe (bparMeHTa;
A C R? — nocurens DyHKIMH (©;

&(t) — dbynrimsa uckaxkenus pparMeHTa.
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B npocreiiniem, paccMaTpruBaeMoM 371ech caydae IyM £(t) npejcras-
JiteT cobOit Ty IaiiHbIit HOPMAJILHBIN OeJIbIit IITyM C HYJIEBBIM CPEITHUM
3aJJAHHOU Jucrepcueit o2,

B sagaue koppekiuu Tpebyercst 0 yKa3aHHBIM HUCXOHBIM JIAHHBIM
MOJIYIUTDH B HEKOTOPOM CMBICJIE «XOPOIIYIO» OIEHKY & HEM3BECTHOTO BEK-
TOpa £* M ONEHUTb TOYHOCTD 3TOI oneHKu. [1pu 3a1aHIN BEPOSATHOCTHBIX
XapaKTePUCTHUK MCXOJHBIX JAHHBIX (TAKUX, KAK AllPUOPHAs U AllOCTEePH-
OpHAsl IVIOTHOCTHU PACIIPEJIEJIeHUsT BEPOSITHOCTEI ) 9Ta 3aa9a UCCIIe/LyeT-
¢l B paMKax 6ailecoBCcKoil Teopun HesmHeHOl dbuibrpanun [3].

B rnanHoit pabore KiaccuuyecKwii KOPPEJIsIIAOHHO-IKCTPEMAaJIbHBIIM
MeTro/| Hapuranuu [1] JONOJHsIeTCsT HOBBIM CIIOCOOOM OIEHKH OIIMOKM
KOPPEKITUH.

B kauecTBe nmpumepa ajropurma KOPPEKIIUA PACCMATPUBAETCS CJie-
ayronuit pyHKIIMOHAT COIIOCTABJIEHUS 3aMEPOB U KAPTHI MTOJIS:

O(z) = Z: ((h(x +a') — ﬁﬁ(m)) — (ap(x’) - ﬁ@))Q — min,
) 1)

CuMBOJIBI h U P 03HAYAIOT CYMMY 3HAYEHUN 110 MHOXKECTBY A:

h(z) = h(z +a"),

z''eA

7= o).

z'eA

IIpemiaraemblii HUXKe METOJI, OIEHKH OIMMOKKM KOPPEKIINKA ITPUMEHUM U
JIJIS JIFOOOrO APYroro (pyHKIMOHAJIA COIOCTABJIEHUSI.

1. Cnoocob oneHuBaHUsS OIMMOKN KOPPEKIUUA U MOKA3aTeJb
cpbIBa

Berancsienne orenkn ommbKM KOPPEKIUU OIMUPAETCS HA CJIEYIOIee
HEpPaBEeHCTBO:

i P (2min, )
min _ ming
pf (IE) = @7 < Ptr~
(xminz)
S,ZLECB ZLmin, — TOYIKa J100aJILHOI'O MHUHUMYM&, Tmin, — TOYKa BTO-

Pporo 1o BeJUYINHE JIOKaJIbHOT'O MHUHHUMYMa, Ptr — IIOPOT0BO€ 3Ha4Y€HUE,
KOTOpOEe oIlpeJesideTCd N3 CTaTUCTUYIECKOI'0 3KCIIEepuMeHTa C IIOMOIIbIO
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kpurepusi Helimana — [lupcoHa u cOOTBETCTBYeT MUHUMAJILHOMY yPOB-
uro omubok II-ro poma mpu dpukcupoBaHHOM ypoBHE OmMOOK I-ro posa.

3nech mox ommbkoii I-ro poxa IMOHUMAaETCs MPUHATHE OIIUOOYHOIO
pe3y/ibraTa aJrOpUTMa 33 [MPaBUIbHYI KOPPEKINIo, a 1o, omubkoit 11-
o poJa MOHUMAETCS OMMNOOYHBIN OTKA3 OT KOPPEKIIUU P IIPABUILHOM
pe3y/ibrare paboThl aJrOpUTMa. B CTATHCTUIECKOM IKCIIEPUMEHTE OIIIH-
GOYHOCTD Pe3yJIbTaTa paboThl OIPENeIAIach II0 IIPEBLIIIEHNIO 3aIaHHOIO
[IOPOra, PACCTOSIHUSI MEXK Iy UCTUHHBIM II0JIOXKEHUEM (PParMeHTa U pere-
uueM 3azgaqn (1).

Ipu nosyyeHHOM Ppy MOXKHO BbIMUCIUTH TOPOT Py = P(Zpmin, )/ Pir
U 3aTeM OIPENEJIUTh JUAMETD CJIEYIOIIEro MHOYXKECTBA!

Dinax = diam{z : () < 4, }. (2)

C mOMOIIBO TAKOIO [TOKA3aTe Isl PEeIIarolee MPaBUIO0 KOPPEKIUHN BbI-
DJISLIAT CJIELYIONIM 06pa3oM: ecsu auaMeTp (2) He IpPeBBINAeT 3HaUe-
HUe€ JOIyCTUMOM PaInajbHOM OMUOKU Ry ax, TO IPUHIMAETCSI TUIIOTE3a
O IIPaBUJIbHOU KOPPEKIINH.

Crarucruaeckuii aHaau3 oueHKH Dyyax (2) ObUI IpOU3BeIeH Jist ajl-
ropur™Ma (1) ¢ pemaomuM IpaBuIoM p}ni“ < P, rne P,y = 0.9213.

Ha pucyske 1 mpuBemeHa rucrorpaMMa OIMUOKH OIEHUBAHUSI
A = Dpax — €, TJI€ € — UCTHHHAS OIMMOKA KOPPEKIUH, He IPEBBIIIA0-
mas 30 M. IIpu sToM cpemmee A u cpeHeKBaIpPATHICCKOE 3HAYCHHE O A
OmMOKM 1Oy IHAch paBabIME: A = 0 M, oA = 2 M.
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TlosryueHHBIE PE3YIBTATHI MTOKA3BIBAIOT, 9TO Diay XOPOIIO aIPOK-
CUMUPYET 3HAYCHIE UCTUHHOM OIMMUOKN KOPPEKIUN.

B nanbmeiinmem mranupyercst 60s1ee TiIyOOKO U3y IUTh BEPOSITHOCTHDBIE
CBOICTBA IIPEJJIOYKEHHO OIEHKY U B OIPEIE/IEHHBIX YCJIOBHUSIX OIIEHUTH
€8 CXOIMMOCTb II0 BEPOSITHOCTU K ONTUMAJIBLHOM H6aileCOBCKOil OleHKe.

Pabora Bbimosnena mnpu dunaHCcOBON nommep:kke KoMiuiekcHO#M mporpaMmbl
OHU YpO PAH «Kiaccuyeckue u COBpEMEHHBIE METObI TEOPUU AIIIPOKCUMAIINU 1
npuioxkeHusi» Ne 18-1-1-14.
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A New Method for Estimating Coordinate
Correction Errors Using a Microrelief Field

K.V. Dunaevskaya', V.B. Kostousov”

1 IMM UB RAS, Yekaterinburg, Russia, k.dunaevskaya@imm.uran.ru
2 IMM UB RAS, Yekaterinburg, Russia, vkost@imm.uran.ru

Abstract: In this paper a new statistical estimation method of correction
errors when solving the navigation problem for the microrelief field is re-
searched. An example of microrelief is the heights field of terrain objects.
This task is considered in the probabilistic formulation. The failure criterion
in errors correction algorithm for coordinates determining of moving object
is constructed. A statistical analysis of the estimation accuracy and quality
for the proposed criterion is conducted.

126



YVIK 517.977.8

IIpnbGan>KeHHbII MO3UIIMOHHBIA MPUHIUI MUHUMYMAa
JJIsi CyOONITUMAJIBHBIX MPOIECCOB B HETJIaAKUX
3a/ladyax OINTHUMAJILHOTO YHpaBJIEHUS

B.A. [OpixTa

WMucruryT nunamMuku cucrem u Teopun yrpasienus uMm. B.M. Marpocosa CO PAH,
Upkyrck, Poccus, dykhta@gmail.com

Awnnoranusi: PaccmarpuBaercss Hernaakasi 3afada ONTHMAJILHOIO YIIPaBiIe-
HHSI C JIMIIIUIEBON TUHAMUKON 110 (HPa30BbIM IIEPEMEHHBIM U T€PMUHAJIbHBIM
bYHKIIMOHAJIOM, KOTOPBIH 3aJaH MOJyBOTHYTOH (yHKIme# (pasHOCTH Tiaj-
KOI M HeNpepbIBHOMN BBINYKJIOH dynkumit). s cyGonTUMAaIbHBIX IPOLECCOB
3TOM 3324 ITOJIy YEHO HEOOXOIUMOE yCIOBUE ONITUMAIBHOCTH BaPUAIOHHOTO
THIA. JTO yCJIOBHE, C ONHOI CTOPOHBI, sIBJIsI€TCsSI OOOOIIEHNEM TaK Ha3bIBae-
MOT'O ITO3ULIMOHHOT'O IIPUHIIUIIAa MUHUMYMA , IIOJIyYEHHOI'O aBTOPOM B IIPE/IIIe-
CTBYIOIIUX IIyOJIMKAIUAX, a C APYTOd — CYIIECTBEHHO YCUJIMBAET BO3MYIIIEH-
HBIA NPUHIUN DKIAHAA sl CyOOINTHMAJIBbHBIX IIPOIECCOB. XapaKTEPHO, YTO
[IOJIy9E€HHOE YCJIOBHE CYOONTHMAJILHOCTH (DOPMYIHPYETCS C UCIOIb30BAHUEM
ceMeliCTBa BCIIOMOTATEIbHBIX 3aJa4 JUHAMUYECKON OINTUMH3AIUM, O00YyCJIOB-
JIECHHOI'O MHO>KECTBEHHOCTbHIO pemeHHﬁ COIIPAXKEHHOI'O BKJIIOYCHUA U cy6rpa—
IUEHTOB TEPMUHAJILHON (DYHKIIUU.

KurouyeBbie cjioBa: cyOONTHMAaJIbHBIN IIPOIECC, ITO3UIMOHHOE yIIPaBJIEHHUE,
sKcTpemasib Kitapka.

BBenenune

PaccmaTpuBaercs clieyiomast 3a/ada ONTUMAIBHOIO yIpaBJieHns (3a-
nmada (P)):

&= f(t,z,u), x(to) = xo,
’U,(t)EU, tETZ[to,tl],
J(o) =1(z(t1)) — inf.

3aecy 4yepe3 ¢ obosnadarorcd napbl dbyskimi (x,u) € AC(T,R™) x
Loo(T,U), U — koMIakTHOe MHOXKecTBO B R™, BekTOp-byHKIHUS
f(t,z,u) HempepbIBHA NO COBOKYIIHOCTH AapryMEHTOB WU JIAIIIIAIEBA
mo . Kpome Toro mpesanosiaraercs, 9To OHa Y/JIOBJIETBOPSET YCJIOBUIO
cybJiHeHOro pocTa (Tak 4To0 MHOYKECTBO TPAEKTOPUIl 381241 [IPEIKOM-
nakTHO B npocrpancree C), a repmuHasbHas DyHKIW | OpeicraBuma
B BHUJE

U(z) = l1(z) — la(w),
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rue dyukuus [ riaagkas, a lo — BBIIYKJa U HelpepbiBHa Ha R™ (Torma
[ mostyBoruyTa).

B pabotrax [1, 2| nosyuensl HeOOXOIUMbIE YCJIOBHS ONTHUMAJILHOCTH
JIOIyCTUMOM Tapbl GyHKIMA & = (T, @), UCHOIB3YOIIHe TO3UIMOHHbIE
VIIPABJIEHUSI CILyCKa 10 (PYHKIMOHAJIY. DTHU yCJIOBUs, HA3BAHHBIE [TO3W-
[IMOHHBIM IPUHIUIIOM MUHUMYMA, HJIEHHO CBsI3aHbI C BaYKHENIINMI KOH-
LEMNIUAME yPaJIbCKOIl KoJbl Teopun yupasiaenus H.H. Kpacosckoro (B
YACTHOCTH, C IOHATHEM U-CcTabmiIbHbIX dyukiumii). [Ipumedaresnsro, uro
MTO3UITUOHHBIH TIPUHITUI MUHUMYMa, OKA3aJICsI JOCTATOYHO KOHCTPYKTHB-
HBIM U 3D PEKTUBHBIM METOJIOM PEIleHNsT KOHKPETHBIX 3a/1a4.

Opnako cdepa MIPUMEHIMOCTH 3TOIO Pe3yJIbTara HeJIOCTATOYHO M-
POK&; UMEHHO TI09TOMY MbI 00PAIaeMCsl K €r0 PacIpoCTPAHEHUIO Ha CY0-
ONITUMAJIbHBIE ITPOIECChI. TeM caMbIM OXBATBHIBAIOTCS 381291, B KOTOPBIX
onTuMaJIbHOro yupasienus B Kiacce U = Loo(T,U) ne cymecrByer, u
JIeJIaeTCs Iar K 00OOIEHHIO TTO3UIIMOHHOTO IPUHITAIIA Ha 331291 C Tep-
MUHAJILHBIMU OIPAHUICHUAMHE (€CJIM TaKUEe OIPAHUYEHUST «CHUMAIOTCS»
MeTOJIOM MITPadOB, TO B alllIPOKCUMHUPYIOIIUX 3a/1a9aX TPEOYIOTCS MMEH-
HO yCJIOBUS CyGONTUMAJILHOCTH).

1. E-HOBI/IHI/IOHHbIﬁ IIPpVHIOUAII MUHUMYMa

IIycre ¥ — MHOXKeCTBO JoiycTuMbIx 1nporeccos 3anadn (P). IIpouecce
o = (T, W) HA3BIBAIOT £-ONTUMAJILHBIM, €CJIH

J(7) <inf J(Z) +¢

(3mech € > 0).
U3 nosmysoruyrocru dbyukuuu [(x) BeITEKaeT, YTO OpU JIHOOOM Cy6-
rpajuente s € Ola(Z(t1)) rnaakas OyHKIWA

L3(x) = hi(z) — (s, )

sIBJIsieTCsl  ONOPHOI cBepxy K dynkimn | B Touke Z(t1). Iloaro-
My W3 E-ONTHMAJIbHOCTH Iporecca & B 3agade (P) BbITeKaeT ero
€-OLITHMAJIBHOCTD B KaK10il u3 3amad cemeiictBa {C P}, s € 0la(Z(11))
BUJA

I*(0) == L(a(t))) — inf, o€

Beenem dyukmmio H(t,x,1¥,u) = 1 - f(t,z,u), CONpsizKEHHOE BKIIIO-
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genne Kiapka

_1/)(15) € amH(tvf(t)vw(t)vﬂ(t))v
Q/J(tl) S llz(f(tl ) — aZQ(f(tl)),

U MHOYKECTBO ero pernennit W.
st mo6oit ¢ € ¥ 1o10:KuM

Pt ) = () + lha(x) — L (2(1)),
Ud,’s(t,x) = {U eU | H(t,xypw(t;x),u) < h(tvxva(tax)) +E} » (1)

rae h(t,z,v) = min{H(t,x,9,u) | u € U}.

IIpu mro6oit 1 € ¥ obosHauuM depe3 Vy . MHOXKECTBO CEJIEKTOPOB
MHOT'O3HAUHOTO 0ToOparkenust (1) (LO3MIMOHHBIX ylIpaBJIeHuii), a uepe3
Xyy,e — MHOYKECTBO PEILICHUI NCXOIHON JUHAMIYIECKON CHCTEMBI C YIIPaB-
aenusivu v(t, ) u3 Vy . (KOHCTPYKTHBHBIX NBIZKeHHI u permenuit Ka-
pareomopu). Bee muoxkecTBa, coorsercreytomme s € Ola(Z(t1)), Oymem
OTMEYATh BEPXHUM HHIEKCOM S.

IlepBoe yTBep:KaeHue NpubIMKEHHOTO MO3UIMOHHOTO TPUHITUIIA, J1a-
er

Ycaosue A. Ecau npouece & = (T,0) e-onmumanen 6 3adave (P),
mo Vs € Ola(Z(t1))

Lo@(t) < £5(x(h) +e Vo e | JHAye v e T}

Hasiee, Ha30BeM & e-sxcmpemansto 3agaan (P), ecoim 3¢ € U ¢
a(t) € Up(t,2(t)) ma T. (Cnydait € =0 COOTBETCTBYET SKCTPEMATIH
Krnapka.) Yepes WS o06o3HAYMM MHOXKECTBO KOoTpaekTopmii 3 PP
06eCeInBaoNuX £-9KCTPEMAIHLHOCTD 7.

3aKJII0UnTeIbHOE YTBEPKICHUE TAKOBO:

Ycaosue B. Ecau 6 — e-axempemany 3adawu (P), mo Vs €
Ola(Z(t1)) :+ WUE # 0 mpaexmopus T c-onmumasvha 6 caedyrowed
3adave:

L8 (x(tr)) — inf, ze| {Xye e}

Kaxk ciegyer us (popMyIMpoBOK, E-TIO3UITMOHHBIN IIPUHITUIT B HETJIAI-
KHX 33/a49aX CyIIeCTBEHHO UCIO0JIb3yeT MHOXKECTBEHHOCTb KOTPaeKTOPHit
U reHepupyeMble UMHU MHOKeCTBa ITO3UIMOHHBIX yIIpaBJIeHUi CDaBHEHUA.

PaGora BbimosiHena npu dunancoBol mnomgepxkke PPDPU (mpoekr Ne 17-01-
00733).
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Approximate Feedback Minimum Principle for Suboptimal
Processes in Non-smooth Optimal Control Problems

Vladimir A. Dykhta

Matrosov Institute for System Dynanic and Control Theory of SD RAS,
Irkutsk, Russia, dykhta@gmail.com

Abstract: We consider a non-smooth optimal control problem with Lipschitz
dynamics with respect to state variables and a terminal functional, which is
defined by a semiconcave function (the difference between smooth and con-
tinuous convex functions). For suboptimal processes of this problem, the
variational-type necessary optimality condition is obtained. This condition,
on one hand, is a generalization of the so-called Feedback Minimum Principle
obtained by the author in previous publications, and on the other hand, it
significantly strengthens e-Maximum Principle for suboptimal processes ob-
tained by I. Ekeland. An important feature of our result is that the obtained
condition of suboptimality is formulated using a family of auxiliary problems
of dynamic optimization, due to the multiplicity of solutions of the adjoint
inclusion and the plurality of subgradients of the terminal function.

VIK 517.957, 336.76

Brrunciienne onTUMaIbHOIO MHTEPBAJIA
XeJPKUPOBAHMS JJIsl OIIMOHHOIl cTpaTeruu
«MeaBexkuii Koyt cupaay («bear call spreads)
B pamkax RAPM-monenn

M.M. Jdemnaes’, B.E. ®enopos>

I Yenl'V, Yensabunck, Poccusi, Mikhail. Dyshaev@gmail.com
2 Yenl'V, Yensbunck, Poccus, kar@csu.ru

AnHOTanus: AHajnu3upyeTcss ONTHMAJbHBIA BPEMEHHOW WMHTEPBAJ Il
XEJPKUPOBAHUSI TOPTQEJIsi OIIUOHOB, OIPENENSieMbIi B COOTBETCTBUM C
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mozenbio Jandatka — Sevéovic (2005), KoTopas B OTJIMYHE OT K/IACCHIECKOR
mognesin Biska — Illoyns3a yuuTbiBaeT PUCK pOCTa TPAH3AKIMOHHBIX WU3IEP-
JKE€K M PUCK M3MEHEHUsI CTOUMOCTH NOPTdesisi U3-32 OTHOCHTEIBLHO DEIKOTO
xemxupoBanusi. Ha mpumepe ONIMOHHON CTpAaTEruy «MeIBEXKUI KOJIJI CIIPII»
(«bear call spread») ocyIIecTB/IeH YUCIEHHBIN OMCK ONTUMAJIBHOTO BPEMEH-
HOT'O MHTEpBaJla XeJKUPOBAHUA U IIPOAEMOHCTPUPOBAaHA €ro 3aBUCUMOCTH OT
BPEMEHH, OCTAIONIErocs J0 UCTEYeHHs! ONIMOHOB B IopTdeie.

KuroueBble cJjI0Ba: TPaH3aKIMOHHBIE W3JEPXKKHU, HEJIMHEHHbIE ypaBHEHUS
tuna Bika — loynza, xemxuposanne, RAPM.

BBenenune

Kiaccuueckast Mojiesib 11eHOOOpa30BaHUs OIIMOHOB, MOJIEIb Biaka —
IToysnza [1], Gpuia mosyYeHA € UCHOJIL30BAHMEM HECKOJIBKHUX OIDAHUYE-
HUl, B TOM YHCJE TAKAX KAK HEOOXOIMMOCTDH HEIPEPLIBHON TOPTOBJIH U
OTCYTCTBUE TPAH3AKI[MOHHBIX N3/IEPKEK.

Juist smHeHHBIX MOJIeJIell 1eHOOOPa30BaHus ONIMOHOB IieHa u(x,t),
KaK IIPABUJIO, ABJISIETCS PEIICHUEM MapabOTUIECKOr0 YPABHEHUS

2Upg + TTUZ — U = 0, (1)

L,
U + =o0°x
2
rie neHa 6a30Boro akTuBa x > 0 MeHseTCs B MHTepBaJjie BpeMeHU t €
[0,T], r > 0 — Ge3puckoBas IPOLEHTHAS CTABKA, & 0 — TaK Ha3blBaeMasi
HCTOPUYECKAsT BOJATIIHLHOCTh DA30BOr0 aKTUBA.

Mogesb 1eH000pa30BaHusa ONIMOHOB C MOIPABKONH Ha puck («risk
adjusted pricing methodology», RAPM) 6bl1a 06o6uiena u mpoaHaJu-
3upoBaHa B pabore [2]. Momesb yuuThBaeT pUCK U3MEHEHHsI CTOMMOCTHU
roprdesist, BOSHUKAIOIMIA IIPH HEAOCTATOYHO YaCTOM IIEPECMOTPE IIOPT-
dessi. B aroit Mojesn QyHKIWS BOJATUILHOCTHA UMeeT BH]L

535 (0%, ) = 0 (1= i (auaa) %) (2)

e g = 3 (kQR/Qﬂ') 1/3, R > 0 — mokasarejb npemuu 3a puck («risk
premium coefficient» ). Ou npexcrasisier co6oi IPEAETHHYIO CTOUMOCTh
[I0/IBEPKEHHOCTY MHBECTOPA PUCKY. 37eCh k — KO3 MUIHEHT TpaH3aK-
[IHOHHBIX W3JIEPKEK, CTOMMOCTb TPAH3aKIMKA HA EJIUHUILY JIEHEYKHBIX
CPEJICTB.

B nporiecce nocrpoenust Moies i aBTOPBI TAKZKE MIOJTY TN (DOPMYJLY
JIJIsT OIEHKY ONTUMAJILHOTO MHTEPBAJIa BPEMEHU JIJIsl TIOCJIEI0OBATEIbHBIX
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pebaslancupOBOK MOPTdeis B COOTBETCTBUU € d-XeizKupoBanueM (hop-
mysa 2.14 B [2]). Jauubiit unrepBaj BpeMeHU MUHUMHU3UDYET BEJIMIUHY
CYMMApPHOT'O PHCKA:

5 2/3

—2/3
) T (3)

Atopy = (2#03 |2t

ITockobKy BeaW4YMHA JAHHOTO MHTEpBaJa IPeJCTABIAET GOJIBLIION
HHTEPeC C MPAKTUIECKON TOYKM 3peHust, ObLIO MPUHATO PEIICHHEe UCCIIe-
JIOBaTh €ro Ha IIPUMEPE 9acTO HCIOJIb3yeMON Ha IMPAKTUKE OIIUOHHOM
cTpaTerun «MeaBexuil KoJut cupany («bear call spreads). Jannas crpa-
Terns 3aK/JII09aeTCA B MPOJAXKEe OIIMUOHA KOJUI ¢ MEHBIIUM CTPAfKoM
(uena ucnosienust onnuoHa) K1 U MOKyIKe ONIMOHA KOJLI ¢ GOJIBIIAM
crpaiikom Ko (1. e. K1 < K3). Tpeitaep, bopMupyionuii mogo6myIo crpa-
Teruio, 3apabaTblBaeT JeHbIU IIPH CHUYKEHUU IIeHbI 0a30BOr0 aKTUBA 1
TepsieT IIPH ee pOCTe.

1. OcHoBHOII pe3yJabTaT

st naxoxpenust npubizKeHHOro pernenust ypasuernus (1) ¢ monudu-
[UPOBAHHON BOJIATHILHOCTHIO (2) CTPOMJIACH PA3HOCTHASA CXEMa Ha OC-
HOBE JIBYXCJIOWHOTO HESIBHO-SIBHOT'O IIIECTUTOYEIHOTrO MIabJIOHA ¢ BECAMU.
B nmannoit cxeme 3HateHnst HCKOMO# (DYHKITHH unm"'1 Ha (m + 1)-M cioe
AMEIOT BeC w, a 3HAUEHUs C MPEABIAYIIETO M-TO CJIOS yIUTBHIBAIOTCS C
BecoM 1 — w.

IloncraBus B ypasuenue (1) coorBeTcTBYIOIIUE PA3HOCTHBIE HPEI-
CTaBJIEHUs, TOJYYUM CJIEIYIONLYI0 CHUCTEMY JIMHEHHBIX ypaBHEHUil, KO-
TOpas perragach MeTOJIOM IIPOTOHKU:

m—+1 m—+1 m—+1 __
apty, 1 = bpup ™+ cpuyty = dp,

rmen=12.... N—-1,m=1,2,...,M —1,

1
a, = —5w (&;”)2 n’h?, ¢p = a, —wrn,
1
by, = — —+w(&$)2n2h2+wrn+rw ,
T

1 ~m m m m
dn = —up? + (1= w) (677)" n°h? (ugyy = 2u)? +ugy) -

—r(1—w)ul +r(l —w)n (uy —ul),
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2
m .
u (67")° siBaistercst MOAUMUIMPOBAHHON BOJIATHIBHOCTHIO (2) J1sT MOJIeIH

RAPM. B dopmyrnax st BOJATHIHBHOCTH UCHOIB3YIOTCS 3HAYCHUS Uy
C TPEJIBLAYINEro BPEMEHHOTO CJIosi. | paHUYIHbIE YCJIOBUS JIJIsi CTPATETUN
SIBJISIIOTCSI CyMMO$l IPAHUYIHBIX YCJIOBUMN JIJIsT BXOJAIINX B HEE OIIMOHOB
(cxemaruuno: callg, — callg, = spready, g, ), T.e.

u(0,t) = —p1 +p2,  lim u(z,t) = (K; — Ky) e "T=1),
T—00
u(z,T) = max{z — K3,0} — max{z — K;,0},
rje p1 U Po ABJILAIOTCS IIEHAMU COOTBETCTBYIOIIUX OIIUOHOB. DTHU 3HA-
YEeHUs JJIA IIPOCTOTHI PACCYUTAHBI B COOTBETCTBUH C MOJIE/IbIO Biska —
Toym3a.
3areM ObLI paccUnTaH U IPOAHAIU3UPOBAH XaPAKTEP U3MEHEHUsI Be-

JIMYMHBI OITUMAJILHOTO MHTEpBaJa XemKuposanus (3). Pesysibrar npej-
craBJieH B BuJle rpacduka Ha puc. 1.

0.6

051

0.1

Puc. 1. 3aBucuMocTh ONTHMAIBHOIO MHTEPBAJIA XeIKUPOBaHUA Atopt OT LEHBI Oa-
30BOrO aKTHBA T JJIsl PA3HON BeJMYWHBI BpeMmeHU t. UeMm MeHbllle 3HAUYEHHE Atopt,
TeM dYallle HeOOXOUMO MPOBOJAUTH PeOAJIaHCUPOBKY HOPTdEIs.

Pabora Bbimoninena npu dbuHaHCOBOM mogaepkke Poccuiickoro donma dyHga-

MEHTAJIbHBIX HccienoBannii (mpoext Ne 19-01-00244).
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Optimal Hedging Interval for the Bear Call Spread
within the Framework of the RAPM
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Abstract: The optimal time interval for hedging a portfolio of options is
analyzed. It is determined in accordance with the Jandatka—Sevovic (2005)
model RAPM, which, in contrast to the classical Black—Scholes model, takes
into account the risk of rising transaction costs and the risk of changing
the cost of a portfolio due to relatively rare hedging. Using the example
of the option strategy Bear Call Spread, the numerical search is made, the
dependence of the value of the optimal hedging interval on the time remaining
until the expiration of options is demonstrated.

VIK 517.983.54

AJroputM mcciiejoBaHUS MaTeMaTHUYeCKO MoJiesim
TEILIOIPOBOJHOCTH B MHOT'OCJIOIHOI
orpaxkjaromnieii KOHCTPYKITU’

A.A. EpiioBa

MM VpO PAH, Exarepunbypr, Poccus, ershova@imm.uran.ru

Amnnortanusi: B pabore mocrpoena Monesib, CBsI3aHHAs ¢ OOpaTHON I'pDaHUtI-
HOIi 3a/1a4€il TEMIONPOBOAHOCTH, [IPU YCIOBUH, YTO KOI(PDUINEHT TEIIONPO-
BOZHOCTH SIBJISIETCS KYyCOYHO-IIOCTOSIHHBIM. 33Jada HCCIE0BAIACh C IIOMO-
mipio psiga Pypbe 10 cobcTBeHHBIM (YHKIUAM [1JIsi yPaBHEHUS C Pa3PhIBHBIM
ko3 dunmenTom. s perenus 06paTHON 3a8a9H UCIOJIL30BAHO IPeobpa3o-
Banne Pypbe, KOTOPOE MMO3BOJIMIIO CBECTU OOPATHYIO 3324y K OIIEPATOPHOMY
YPaBHEHHIO, KOTOPOEe OBLJIO PEIIEHO MeTOAO0M HeBsa3Ku. Kpome Toro, paspabo-
TaH U peajin30BaH YUCJIEHHBIHA aJITOPUTM [IJisl PeIlIeHuA TOCTaBJIEHHO 3ada4u.

KuroueBble cjioBa: METOJ IIPOEKITUOHHON Perysipu3aluu, obparHas 3aa4da
TEIJIOIPOBOIHOCTH, KYCOYHO-TIOCTOSTHHBIN KO3(MMUIUEHT TENIOIPOBOTHOCTH,
KOMITO3UTHBIE MaTepHaJIbl.
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BBenenue

I'pannunas 3agagya TENIONPOBOMHOCTH /it KOMIIO3UTHBIX MATEPHAJIOB
3aHMMAET BaXKHOE MECTO B CTPOUTEJbCTBE W IpOMbInLIeHHOCTH. Mate-
pUaJIbl, UCIIOIb3yEeMbIe JIJI OI'PAXKIAIOIINX KOHCTPYKIIUI, MMEIOT BBICO-
Ky TeILIONPOBOIHOCTh. [109TOMY JIOTOJHUTEIBHO UCIIOJIb3YIOTCS H30-
JIAIINOHHBIE MATEPHUAJIBI, KOIMDMUIMEHTHI TEIJIOIMPOBOIHOCTH KOTOPBIX
ovenb MaJibl. Hanpumep, koadduriment remonposogaoctu craiau B 1000
pa3 6ostbIie 9eM KOIMDPUIMEHT CTEKIOBATHI. VITak, Orpakaioas KOH-
CTPYKIIAST MOXKET COCTOSITh U3 HECKOJBKUX CJIOEB, ITO3TOMY BO3HUKAET
3aJa4a O TEIJIOIIPOBOAHOCTY B MHOI'OCJIONHON KOHCTPYKIUN.

st TpOCTOTHI MOYXKHO OTPAHUYIUTHCA PACCMOTPEHUEM OIDAXKIAI0-
X KOHCTPYKIINIA, COCTOSIINX U3 ABYX cJjioeB. [loBepxHocTh 0OMeHa Tet-
Jia OOJIBIMMHCTBA OrPAXKIAIOININX KOHCTPYKINI UMEET JOCTATOIHO 00JIb-
IO IJIOMIA/Ib, YTO TEMIIEPATYPHBIM PEXKUM B KarXKJ0i TOYKe JAHHOII 110-
BEPXHOCTHU CUMUTAETCS OJMHAKOBBIM. VI3 9TOr0 cjiemyer, 4To MOXKHO pac-
CMaTpUBATh JIMHEHHYIO 3319y O PACIPOCTPAHEHUU TeILIa IO TOJIINHE
koHCTpyKImu. OCHOBE 3TOIO MOJIATAETCSI, YTO MIPOCTPAHCTBEHHAST KOOD-
JWHATA [0 TOJIIUHE KOHCTPYKIMK: IePBLIi ciioit onpereren 0 < x < g,
a BTOpOii cioit [y < x < .

C MaTeMaTHIeCKON TOYKHU 3PEHHsI, KJIACCHIECKOrO PeIleHus] 3a/1a9a
se umeeT. OOOOIEHHOE pellleHne JjIsl UCCIIeAYEMOI 3aa49u He TTOIXOIUT,
TaK KaK B HEM IIPOU3BOJHAS OT PEIIEHHs 110 IPOCTPAHCTBEHHON KOOPIH-
Hate npuaaaexxuT L[0,1] x [0, 00).

B pabore mpeamaraercss apyroe MOHSTHE pelleHus. B OTJAYIwu OT
KJIACCHYECKOI0 PEIIeHNsl, OHO JIOIYCKAeT TOYKHM Pa3pbiBa IPOU3BOIHOM
10 TPOCTPAHCTBEHHOM KOOPJAWHATE, U, B OTJIMYUH OT ODODOIIEHHOrO pe-
[IEHUSI, IO3BOJISET OIPEIEJINTD IPOU3BOAHYIO B KOHIIEBBIX TOYKAX.

Kpowme Toro, B paboTe perennl mpsMast U o0paTHast 33441, TOCTPO-
€HO YHCJIEHHOE DPelreHne 0OpaTHOMN 3a1adu.

1. OcHoBHOII pe3yJibTaT

B pabore ncciemoBana 3ajada HAXOXKICHUS MTPUOJIUKEHHOIO DEIICHUS

CHCTEMBbI YPaBHEHUIl B YACTHBIX MPOU3BOJHBIX, KOTOPas CBA3aHA C MO-

JeTUPOBAHUEM U3MEHEHHS TEeMIIEPATYPhl KOMIO3UTHBIX MATEPUAJIOB.
IIpsamas 3ama9a TEIIOMPOBOIHOCTHU JJIs KOMIIOBUTHBIX MATEPUAJIOB
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uMeer BUJ
oui(z,t) 5 0%ui(x, 1)

ot =0 o2 y T E (Oa ll)a te (Oa OO); (1)
Oua(x,t) 0us(z,t)

) _ g2 e, te@o) @

u1(z,0) =0, x€][0;l1); wa(z,0)=0, z¢€ (Iy,l]; (3)
8’&1(0,0 - .

0w 0, te(0,+00); (4)

uz(1,t) = q(t), te€(0,+00); (5)

Ul(ll, t) = ’U,Q(ll,t), te (0, —l—OO); (6)

8u1(l1,t) - 8’&2(11,0
G~ =l t € (0,00). (7)

Permrenne npsimoit 3aaun (1)—(7) 3akmodaercs B onpeenennn hyHK-
uii uq (z,t) u ug(z,t), 1Ig KOTOPHIX BBIIOJIHSAIOTCS YCJIOBHSL:

1) wi(z,t) ymosnerBopsier ypasuenuio (1) ma muoxecrse (0,11) X
(0,00), a uz(zx,t) ynosiaersopsier ypasHenuto (1) na muoxkecrse (l1,1) X
(0, 00).

2) u(z,t) € C([0,1] x [0,00)) NC*1((0,20) x (0,00)) JC>((I1,1) x
(0,00)).

3) w(z,t) ymomieTBOpsieT HAYAJIBHOMY YCJIOBHIO (3), TDAHUIHBIM
ycosusim (4), (5), a Takzke ycioBusaM coryiacoBanus (6), (7).

B pabote mokazbpIBaroTCs TEOPEMBbI CYIIECTBOBAHNSA M €IMHCTBEHHO-
CTH 3TOTO PENIEeHns TIPH JIOTOJHATEIHHOM YCIOBUA Ha DyHKIHIO ¢(t).

st npumenenus npeobpaszosanus Pypoe K 3anaue (1)—(7) cuenana
3aMeHa, KOTOPYIO ONIpeaenM (pOpMyJIoit

v(x,t) = u(x,t)efgt, b>0, z€l0,], t=0. (8)

O6parnas 3ajada 3aKIo9aercd B Haxoxaenun q(t) = va(1,t).
Yepes ¢(t) obo3HauEHA TeMIEpaTypy B TOUKe conpsixkenusi. [Ipudem g(t)
CUMTACTCS 3aJaHHON NPUOIMIKEHHO (TakK KAaK TeMIIEpaTypa U3MePAeTCs
€ KaKOH-TO IIOrPENIHOCTBIO).

st pertennst 00paTHON 3aa9M MCIOJIB3YETCsS HEJTHHEHHDBI METO,
IIPOEKITMOHHON pery/dpu3aluu

gs(t) = Ps[gs(t)] = {gé(t)ebt, t € [0,@(4, 9s)], )

Oa t 25(5796%
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rae @(d, gs) — pellleHne ypaBHEHMsI

2

7g§(t)dt = % ln4<%). (10)

«
> 8
Kak wu3BecTHO, IIpU yCJI0BUM / g (t)dt > = In—* (1/6) cymecrsyer

0
perierne @(d,gs) ypasHenusi (10), KOTOpOe OJHO3HAYHO OIPEIEIIsi-

et ¢s5(t).
TapanTupoBanHas OIeHKa YKJIOHEHUsl IIPUOIUKEHHOTO pelleHnus OT
TOYHOro cOPMY/IUPOBaHA B BUJIE:

Teopema 1. IIpednonoorcum, wmo dynkuus q(t) ydosaemeopsem
CAEOYOUWUM YCAOBUAM:

q(t) € C2[0,+00), ¢(0) =4 (0)=0

u nyemo cyweemsyem r1, b >0 u vy € [0,1/8] makue, wmo das awbozo
t > 0 svinoarero

sup{|q(t)], [¢' ()], [¢" (I} <1, Jq(t)|* < b2 /(1 4 ¢2)/20H70),
>0

Toz0a 2apaHmMUPo6arHHas OUEHKa YKAOHEHUA npu6ﬂ,u5)+C€HH020 peweHuA

d-/Inln (1/p(5))

™/ (1/u(5))

20e q5(t) — npubauorcennoe pewenue, onpedeasemoe (9); d — nexomopas

llgs(t) = qo(B)] <

)

A o
xonemanma; p(d) = —=1In"* (1/9).
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Algorithm for Studying the Mathematical Model
of Thermal Conductivity
in a Multilayer Enclosing Structure

A. Ershova

IMM UB RAS, Ekaterinburg, Russia, erhova@imm.uran.ru

Abstract: In the present paper, an inverse boundary value problem of ther-
mal conduction is formulated, posed and solved, provided that the thermal
diffusivity is piecewise constant. The problem was investigated using a Fourier
series in eigenfunctions for an equation with a discontinuous coefficient. It is
proved that for the solution of the inverse problem the Fourier transformation
with respect to time is applicable. To solve the inverse problem, the Fourier
transformation was used, which made it possible to reduce the inverse prob-
lem to the operator equation, which was solved by the discrepancy method.
In addition, a numerical algorithm was developed and implemented to solve
the problem.

VK 532.582.3

YnpasiieHue IBHXKeHUEM 00beKTa B cpejie
MmepeMeHHON IIJIOTHOCTU

H.C. 3aBanumusa

MM V¥VpO PAH, Exarepunbypr, Poccus,
VpI'VIIC, Exarepunbypr, Poccusi,
Yp®V, Exarepun6bypr, Poccus,
zav@imm.uran.ru

Awnnoranus: Paccmarpusaercs 3a/1ada IOCTPOEHHST OIITUMAJIBHOTO YIIPpaBJIe-
HUSI JBU2KEHUEM OO'bEKTa B CpeJie IIePEeMEeHHOi IIOTHOCTH. B KadecTBe Kpure-
pPHsI ONITUMAJIBHOCTH BBIODAHBI CyMMapHbIe SHEPIeTUYECKNEe 3aTPAThl YIIPaB-
JISTIOIUX BO3JEUCTBUIl DU IepeMelieHne 00beKTa U3 Ha4aJIbHOIO (hasoBOro
COCTOsIHUSI B KOHEYHOE 3a 3aJaHHoe BpeMsi. [1oryueHbl HeoOXOuMbIe YCIOBUST
onTuMaabHOCTH. [locTpoeHne ONTUMAIBHOIO IIEPEMEIIEHNsT CBA3AHO C Pellle-
HUEM [BYXTOYEYHOU I'DAHUYIHOM 3aJIa4M [JjIsl CUCTEMBI COCTOSIIE U3 ypaBHE-
unit HaBbe — CToKca U, MMEIONIEH aHAJOTUYHYIO CTPYKTYDPY, CONPSI?KEHHOM
cucreMbl. Takasi 3a/ja4a He MOXKET ObITH PeIlleHa AHAJUTUYECKA U IIO9TOMY
BOIIPOC O CTPYKTYPE ONTHUMAJIBHOIO yIIPDABJIEHHSI DU HECTAI[MOHAPHOM 00OTe-
KaHUU OCTaeTCsl OTKPBITBIM JIa’Ke B CJIydae TBEPIbIX TeJl MPOCTON (DOPMBI.
T'unoresa kBa3uCTAIMOHAPDHOIO OOTEKAHUS O3BOJISIET HA IPEIBAPUTEIHHOM
9TaIle MCCJIEIOBAHUN HCIO/Ib30BATh COOTBETCTBYIOIIYIO QHAJIUTHYECKYIO TeX-
HUKY W IIPOBECTH aHAJIN3 3aJadd Ha KAYECTBEHHOM YPOBHE.
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KimroueBble cj10Ba: ONTHMAJILHOE YIIPABJICHIE, BHIPOXKICHHDIE 3a0a9H, TU-
POAMHAMHUKA.

BBenenue

TTocranoBka 3aj1a4u pemoaraeT IBUKEHIE B CPEJIe MePEMEHHOM TI0T-
HOCTH. DTO peasbHbIil 3(dEKT, KOTOPBIH MPOMCXOINT, HAIIPUMED, B OKe-
ane. CyliecTByer Takoe eCTeCTBEHHOE sBJICHHE, KaK IIMKHOKJIMH [2, 3].
TTUKHOK/IMHOM HA3BaH CJIOH, B KOTOPOM I'DAJUEHT IJI0THOCTU Op/07z siB-
JisieTcsi HaubOJIBIIUM B TOJIIIE BOJBL. TedeHWs] B OKeaHe T'€HEePUPYeTCs
TaKUMU CUJIAMH, KAK JIOMAOIIAECS BOJIHBI, Iepernajbl TeMIEPATYPhl U
coseHocTH, BeTep, apdexkt Koproanca n mpuiuBbl, BHI3BAHHBIE TPABU-
TaroHHbIM npuTsikenueM Jlyusr u Cosnna. Kpome Toro, dusuaeckue
CBOICTBa MUKHOKJIMHA, O0YCJIOBJIEHHBIE I'DAINEHTAMY ILJIOTHOCTH, TAKKE
BJIUSIFOT HA IIOTOKU ¥ BEPTUKAJIbHBIE IPOMUIN B OKeaHe. JTH U3MEHEHUsI
MOI'YT OBITH CBSI3aHBI C IIEPEHOCOM TeILIa, COJIA U ITUTATEIbHBIX BEIECTB
qepe3 oKeaH, a auddy3us TNKHOKJINHA KOHTPOJIUpYyeT anpesanar. Huke
CMEIIAHHOIO CJI0sl CTaOMJIbHBIA MPAJIUEHT IIOTHOCTH (IIMKHOKJIMH) Pa3-
JIeJIsieT BEPXHIO M HUKHIOIO BOJIbI, IPEISITCTBYsI BEPTUKAJILHOMY TIepe-
vocy. Takum 06pa3oM, MUPOBOIl OKeaH sIBJISIETCsI CPeJIOil ¢ IepeMeHHON
IIOTHOCTBIO M UCCJIeOBAHUE 33J1a9 ONTUMAJILHOIO YIIPABJIEHUS JIJIsT Ta-
KUX CpeJi aKTYaJIbHO.

1. Moaenb o6beKT — cpesia

B kawectBe Momesnn o0beKTa ympapjieHus (CM. puc. 1) memomb3yercs
MaTeMATHIECKAS MOJE/b, Pa3paboTaHHAA B IPEAbLILY X UCCICTOBAHHN-
sx [4, 5].

[} I—

o

X

Puc. 1. Cubl 1 MOMEHTHI, AEHCTBYIOIIHNE Ha OOBEKT.
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Heo6xouMble yCI0BUsT ONTUMAJIBHOCTH cyeyomue [1]
‘/C(tpa y) =0,

wle+ / {—neTn + div((—2ueTVC + I/GT)\)TL)] ds +
s

+/)\T%ed7+2u/divnd5u:0,
T dy s

V.
dy
diva; =0, A0,y) = A(tp,y) =0, At,y)|g = )\(t,y)|se =0,

.
) (A = pVe) + 2udiv (WC,

/\t:—)\y(‘/}—eu)—i—n;—ydiv)\y—i— ( oy

e w, 1, A — MHOXKuTesn Jlarpamxka.

B npuBeieHHBIX BBIIIE COOTHOIIEHUSIX B COOTBETCTBUU C IIOCTAHOBKOIA
3aJ1a9U CJIe/lyeT YUUTBHIBATH CBONCTBA CPEJbI, & MMEHHO, ePEMEHHYIO
IUIOTHOCTD. I1JIOTHOCTB BO/IBI B OKeaHe HEJIMHEHHO 3aBUCUT OT TeMIIepar-
Typsl, cosenocru u pasienus p = p(7T,.S, P). B kadecrBe npocreiimieii
MOJIEJTU TO¥ 3aBUCUMOCTH IIPUMEHSTIOT NpubJmkenne Byccurecka

p=1.028(1— BT), (1)

rze TabauIHbI KO3 PuIumenT § BeIpaykaeT BJIUsHUE HA IJIOTHOCTD TeM-
neparypbl. Ha mpakTuke Kak NpaBujio MUCHOAL3YIOT MexKiyHapoaHoe
YDaBHEHUE COCTOSIHUS MOPCKOI BOABI [2], B KOTOPOM ILUIOTHOCTH p LpH
JlaBJieHnu B craHgaprHyio armocdepy (P = 0) zaBucur oT Temuepary-
pot T u conenoctu S

o(T,S,0) = pu + (8.244 - 1071 — 4.089 - 10737+
+7.643-107°T? — 8.246 - 107773 4 5.387 - 1079T%)S—
—(5.724-1073 — 1.022 - 10747 + 1.654 - 10-°T253/2 1 4.831 - 10~%5?).

351ech Py, — CpefHss MJIOTHOCTh CTAHJIAPTHON BOJBI B OKEAHE B JHama-
zonax cosenoctu 0-42% u remuneparypsr ot —2 g0 +40°C,

P = 999.842 + 6.793 - 10~2T — 9.095 - 10~3T2+
+1.001-107*T% 4+ 1.120 - 10-57* 4 6.536 - 1097,
Kpowme 310ro cynecTByer CKauoK IJIOTHOCTH Ha IiyOouHe nopsiaka 100
MeTpoB. OH 00YC/IOBIIEH CI0EM PE3KOTO Ia/IeHUs TeMIIEPATyPhI (TepMo-
KJIMH) ¥ COJIEHOCTH (raJIoK/IuH). MOIIHOCTD CJI0sI CKAYKa CKAYKA COCTAB-

JseT 0KoJI0 H0) MEeTPOB B 3aBUCHMOCTH OT JOJTOTHI, CE30HA M BPEMEHH
CYTOK.
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Ha magasbHOM 3Tane mcciieIoBaiuCh YCIOBUS ONTUMAJIBHOCTU JJIst
CpeZbl MEePEMEHHON IIJIOTHOCTU OIHMCHIBAEMOI C IIOMOIIBIO IIPHUOJIHKe-
uust Byccunecka (1). Ilocrpoenue onTuMasbHOrO ylpaBileHUs JBHZKE-
HUeM OO'beKTa B OIMCAHHBIX YCJIOBUSX IIPEICTABIISIET OOJIBIIION HHTEPEC.

PaGora  Bomosmena upum  dunancopoit  mogmep:kke PP®U  (mpoekT
Ne 19-01-00371-a).
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An Object Movement Control in a Variable Density Medium

Dmitry S. Zavalishchin

IMM UB RAS, Yekaterinburg, Russia,
USURT, Yekaterinburg, Russia,
UrFU, Yekaterinburg, Russia,
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Abstract: The problem of constructing an optimal control of the object
motion in a variable density environment is considered. As an optimality
criterion the total energy consumption of control actions is taken. The neces-
sary conditions of optimality are obtained that generate the displacement of
an object from the initial phase state to the final state in a given time. The
construction of such a displacement is connected with the solution of some
two-point boundary value problem for the system of the Navier — Stokes
equations and the adjoint system having a similar structure. Such a problem
cannot be solved analytically and therefore the question of the structure of
optimal control in nonstationary flow around remains open even in the case
of solids of simple form. The hypothesis of a quasistationary flow allows at
the preliminary stage of research to use the appropriate analytical technique
and to analyze such problems at a qualitative level.

141



YVIK 517.977.1

O HazHaYeHUM CHEKTPa U CTAOMIM3AINU OJIOUHBIX
CHUCTEM CTATHUYECKOU OOpATHOI CBA3BIO MO BBIXOIY

B.A. 3aiines’, N.I. Kum?

L VnmypTekuit TocyqapeTBeHHbIH yHUBEpCHTeT, VkeBck, Poccus, verba@udm.ru

2 Vamyprckuit TocymapcTBennbiii yauBepcurer, Vxesck, Poccus,
kimingeral@gmail.com

Amnnoranms: PaccMmarpuBaeTcst MHeiHasl CTaliOHApHAsI yIpPaBIsieMasi CH-
creMa, 3amaHHasi B OyiouHO-MaTpudHOM BuAe. Vcciaemyercs 3amada HasHade-
HUsI IPOU3BOJIBHOTO CIIEKTPA 3aMKHYTOH CHCTEMBI IIOCPEACTBOM CTATHYECKO
06paTHOI CBSI3U IO BBIXOY:
z=(A+BUC*)z, zeK".

IIpennonaraercsi, 4To GJIOKM MATPUYHBIX KOI(MD@UIMEHTOB CUCTEMBI HMEIOT
cnenuanbHbl Bug: A mMeer Giounyio dopmy ®Ppobenmyca, nepsbie (p — 1)
GJIOUHBIX CTPOK MaTpulbl B u nocieanue (n — p) GIOYHBIX CTPOK MATPHIIBI
C pasubl myao (1 < p < n), u 6iaoku Marpunbl C ABISIOTCA CKAJSPHBIMEA
marpunamu. B repmunax koaddunuentos A, B, C cUCTEMBI TOJIyI€HBI TOCTa-
TOUHBIE yCIOBUs (THIIA PAHIOBBIX YCJIOBHH YIPABJISIEMOCTH) [JIsl HA3HAUEHUS
MIPOU3BOJILHOIO CIIEKTPa 3aMKHYTON CHCTEMBI ITIOCPEACTBOM CTATHIECKON 00-
paTHOi1 cBsi3u 10 BbIxOLy. ITosrydeno ciencrsue o crabunusanuu. Pesysnbrars
PAaCIIUPSIIOT MOJIYYEHHBIE PAHEe PE3Y/IbTATHL IJIsI CUCTEM C OJIOKAMHU pa3Mep-
HOCTH OJJIH Ha& CHCTEMBI C GJI0KaMU pasMepHOCTH S > 1.

KuroueBble ciioBa: juHellHas ypajsieMasi CUCTeMa, Ha3HAYeHUe CIIEKTPa,
crabuusanusi, obpaTHasi CBA3b.

IIycts K™ — numeiinoe n-mMepHOE MPOCTPAHCTBO BEKTOPOB-CTOJIOIOB
x = col(xy,...,2n), x; € K, mag nonem K, rne K = C wm K = R;
M, m(K) — npocrpancTso 1 X m-Marpur ¢ sneMentamu u3 K; « — ome-
palys SpMATOBA COLPSXKEHUsI (BeKTOpa uin MaTpuist), I, € M, ,,(K) —
eJIMHUYHAS MATPUIIA.

IIycrs s € N. PaccmoTpuM JinHEHHYIO yIIPABIAEMYIO CUCTEMY, 3a1aH-
HYIO B OJIOYHOM BH/Ie, C OJIOKAMU PA3MEPHOCTEN S X S:

&= Ax+ Bu, xe€K"™, wueK™ (1)
y=Cz, yek™, (2)
Ae Mns,ns(K); Bc Mns,ms(K); Ce Mns,ks(K)-

Iycre yupasienue B cucreme (1), (2) crpourcs B Buze JuHEHHON
CTATUIECKOI OOPATHON CBA3U TI0 BBIXOY

u=Uy, U € Mpyss(K). (3)
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Cucrema (1), (2), 3aMkHyTast yupasiaesueM (3), IpuMeT BUJL
t=(A+BUC")z, xe€K"™. (4)

Uccnenyercst 3a/iaua Ha3HAUEHUsT ClIEKTPa cucreMbl (4): Tpebyercs s
IIPOU3BOJILHOTO MHOT'OUJICHA

qA) =Ny N s, v €K, j=Tns,  (5)

[OCTPOUTH MaTPUIy obparHoi cBsa3u U € M, 1s(K) Tax, uro xapakre-
PHUCTHYECKUHT MHOIOWJIEH MATPHI(BI 3aMKHYTOH cucreMbl (4) coBmajaer
¢ (5); eciu Takasg MATPUIA CYIIECTBYET, TO FOBOPIT, YTO CREKMP CUCTE-
Mot (4) wmoorcem boimeb Ha3HA¥EH NPOU3BOALHBIM 00pasom (arbitrarily
assignable), uau 240644610 YNPABAAEM.

Ipeanomnoxkum, 9ro Koadduimentsr cucremsl (1), (2) umeror cie-
Jayromuii 6s109Hbli Buy: A umeer Gsounyio dopmy Ppobenuyca, mnep-
Bole (p — 1) 6109HBIX cTPOK MaTpullbl B u nocseanue (n — p) GIOUHBIX
crpok Marpunpl C' paBHBI Hymo, u 610ku MaTpuibl C SBJISAIOTCS CKa-
JISPHBIMHM MATPUIAMH, TO €CTh

0 I 0 0
0 0 I 0
A= | , (6)
0 0o ... I
-A, —A,1 ... —A;
[ 0 0 1 _61113 Clkls_
0 . 0 cp1ls ... cpil
B= , C= |7 el
By Bym 0 0 (7)
Bt ... Bum] L 0 ... 0 |

Ai,BiJ‘ S MS(K), Civ € K, pE {1, . ,n}

Beenem orobpazkenne VEC : Mg s (K) = Myms s (m1s 3adukcn-
POBAHHOIO §), KOTOPOE «pa3BopaduBaeT» Oyounyto Marpuny H = {H;;},
H;; e M;(K),i=1,...,n,j=1,...,m, 10 6J0IHBIM CTPOKaM B GJIOTI-
HBII BEKTOP-CTOJIOEI]

VEC H = col (H11; o, Hymy oo oy Hpy - 7Hnm) S MnmS,S(K)-
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ITocTpoum maTpuiry

P :=[VEC (C*B),VEC (C*AB),...,VEC (C*A" ' B)] € Myps.ns(K).

Teopema 1. ITycmov xoappuyuenmo, cucmemv, (1), (2) umerom
eud (6), (7). Ecau pane mampuys, P pasen ns, mo cnexmp cucmemol
(4) 2no0barvro ynpasasem.

Caencrue 1. ITyemwv xospduyuermor cucmemv, (1), (2) umerom
sud (6), (7). Ecau pane mampuuyse P pasen ns, mo cucmema (4) cmabu-
AUSUPYEME C NPOUSEONLHBIM Haneped 3a0aHHbLM NOKA3GMeAeM YCToTi-
YUBOCTU.

Teopema 1 u caeactBue 1 0600IIAIOT HEKOTOPBIE PE3YJIbTATHI Pa-
601 [1-3], B KOTOPBIX COOTBETCTBYIOIIUE yTBEPXKICHUS OBbLIM yCTAHOB-
JIeHBI TIpu s = 1.

Pabora BeimosiHeHa Ipu HUHAHCOBON MOJIep:kKKe MuHHECTEpCTBA HAayKW U BBIC-

mero obpazosanus P® B pamkax 6a30BOI YacTH roc3aganusa B cdepe HayKu (IIPOEKT
Ne 1.5211.2017/8.9) u PODU (npoexr Ne 18-51-41005).
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On Eigenvalue Assignment and Stabilization of Block-Matrix
Systems by Static Output Feedback
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Abstract: We consider a linear time-invariant control system defined in a
block-matrix form. We study the probem of assigning an arbitrary spectrum
to a close-looped system by means of static output feedback:

z=(A+BUC")z, zeK".

We assume that the blocks of the matrix coefficients of the system have a
special form: A has a Frobenius block form, the first (p — 1) block rows
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of the matrix B and the last (n — p) block rows of the matrix C' are zero
(1 € p < n), and the blocks of the matrix C are scalar matrices. In terms
of the coefficients A, B,C' of the system, sufficient conditions are obtained
(that are the controllability-like rank conditions) for assigning an arbitrary
spectrum to a closed system by means of static output feedback. The corollary
on stabilization is obtained. The results extend the previously obtained results
for systems with blocks of dimension one to systems with blocks of dimension
s> 1.

YVIK 519.857

O06 omHoIT mMnysbcHOI quddepeHnaIbHON Urpe
CO CMeITaHHOU IJIaToi

N.B. N3smecTheB

YenlV, Yenabuuck, Poccus, j748e8Qgmail.com

Amnnoranus: K 3agagaM UMIIyJIBCHOIO yIPaBIEHUSI CBOAATCS 330891 YIIPAB-
JIeHUs MeXaHM4YeCKUMH CHCTEMaMM IIePEeMEeHHOI'0 CcoCTaBa, KOIJa B OTIesIb-
HbIe MOMEHTBI BDEMEHU MOYKET OTIEJIAThCS KOHEYHOE KOJIMYECTBO PEaKTUBHOM
Maccel. Ecan Ha MeXaHHYeCKyIo CHCTEMY BO3AECHCTBYIOT HEKOHTPOJIMPYEMBIE
CHJIBI, O KOTOPBIX U3BECTHBI TOJIBKO OOJIACTH UX BO3MOXKHBIX 3HAYEHHIl, TO
3aJada yIpaBiIeHUsI MOXKET OBITH PACCMOTPEHa B paMKax Teopuu nuddepeH-
LMaIbHBIX UIp. B maHHOI cTaThe pacCMOTPEHa UMITYJIbCHAsS QUM depeHInAIb-
Hasl UTpa, B KOTOPOU IEPBbIA UI'DOK yIPABJIAET TOYKOIl IIEPEMEHHOI'O COCTa-
Ba, BBIOMpas B KasKIblii MOMEHT BPpEMEHH DPEAKTHBHYIO cuily. Bropoii urpok
VIIpaBJIsSIeT TOYKOHM C OIPAHUYIEHHON IO BEJMYNHE CKOPOCTHIO. IlepBblit Hrpok
CTPEMUTCA MUHUMU3UPOBATDH IIJIATY, KOTOpas Olpeie/IdeTcsad KaK B3BellleHHad
CyMMa PacCTOSHUs MEXKIy HUI'DOKaMU B (DUKCHUPOBAHHBIA MOMEHT BPEMEHHU U
HaYaJIbHOM PEaKTHUBHOI MAacCChbl, BHIOPAHHOM mepBbIM UrpokoM. lless BTOpO-
ro Urpoka MaKCHMU3UPOBaTh IIaTy. jisi paccMaTpuBaeMoii 3a1a4y HafigeHa
IIeHa UTPBI.

KuroueBbie cioBa: guddepeHnuaibHasi Urpa, UMILYJIbCHOE yIIPaBJIEHUE,
mwiaTa.

1. IlocTranoBka 3aga4yun

IlepBorit urpok ympaBiseT ABUKEHHEM TOYKHA IIEPEMEHHOI'O COCTABA
21 € R"™, Bbibupast B KaxXK/blil MOMEHT BPEMEHH PEAKTUBHYIO cuity [1]

T1 =9, drg =dU,
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rae U — yupasiieHue IIepBOTrO UI'POKa, KOTOPOe ABJAeTCs (DyHKIHMEH ¢
OTpaHMYCHHBIM H3MEHEHHEM. Pacxom pecypcoB, 3aTpadeHHBIX Ha op-
MUPOBaHUE STOr0 YIIPABJIEHHs HA IIPOU3BOJILHOM OTDPE3Ke [t, T, 3a1aeTcst
dopmyiioit

lwudvo»u=sup§qu0u4>—men,

rJie BepXHsisl I'PaHb Gepercst 0 BceM pa3bueHusiM r; orpeska [t, 7].

Bropoit urpok ympasisier nBmkenneMm Todkn y € R, BeiOupas B
KaXK/JIbIi MOMEHT BPEMEHU €€ CKOPOCTh, KOTOpasi OTPAHUYEHA 10 BEJIH-
quHe 33JaHHbIM duciaom b > 0:

g=>bv, veR" |u|| <1

3a/a/IuM HAYAJIBHBIA U KOHEYHBII MOMEHTBI BpeMeHU ty < P, COOT-
BercTBeHHO. OmpesiesiuM IaTy CIeayomuM 00pa3oM

ly(p) = z1(p)ll + p(to) = min max,

U, u(to) v

rie a > 0 — Becosoil kKoaddunuent, i(tg) — HaAYATIBHBIN 3a11aC PECYPCOB,
KOTOpDBLIH He MOXKeT OLITh [epepacXofoBal B IPoLecce yIIpaB/IeHHII:

u(t) = u(to) = | U] >0, to<t<p. 8

to

~—

2. Popmasu3alius 33aa49u

B nepemenunix z(t) = y(t)—x1(t)— (p—t)x2(t) paccmarpuBaemas 3a1a4a
OpUMeT BUJL

dz = —(p—t)dU + bv, t<p, (2)
[2(p)lle + pu(to) - min max, (3)
U, pu(to) v

rue yupasienue U u uuciio pu(ty) yaoBiaeTBopsor yciaosuio (1).
YupasienueM BTOPOro HIPoKa ABJISIeTCsI IPOU3BOJIbHAS (PYHKIUS U :
(=00, p] Xx R™ — R"™, ynosserpopsitomas orpanndenuo vl < 1.
VipasJieHueM 1IepBOro Urpoka gpisiercsd dbyukima suga U(t, z) =
o(t)u(t, z), rme u : [to,p] X R™ — R™ — npousBonbHas QyHKIUs, yI0-
BJieTBOpsitomias paseHcrsy |u(t, z)|| = 1. Ilpu BeiGope dyukuu ¢(t) B
OTJEJIbHBIE MOMEHTBI BPEMEHH OCYIIECTBIIACTCA €¢ KOPPEKIUs, KOTOPas
IPOBOUTCA CJIeLytomuM obpa3oM. [IepBblit UTPOK B HAYAIBHBIA MOMEHT
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BpEMEHU BBIOMPAET KOHEYHBI HAOOp MOMEHTOB KOppeKuuu fy = 79 <
T <...<Tg <D B momenT Bpemenu T;, 3Has peaJM30BaBIIEECs COCTO-
auue ||z(7;)||, p(t;), oH BbIOEpaeT abCONIOTHO-HEIIPEPBIBHY IO, HeyObIBaO-
1yt GYHKIWO ¢ : [7;, Tip1] — R u uncno A; > 0 rakue, uro

t
w(t) = p(ri) — Ay —/ é(r)dr >0, 7 <t< T

Bacduxcupyem pazbuenme w : 7; = tO0 <t < < tH) = 7
JBrKeHue, IOPOXKIEHHOE BBHIODAHHBIMU HA OTPE3Ke [T, T;11] yIpaBie-
HUSIMU, OTIPEIETUM KaK PABHOMEPHBIH IIPEJIEIT TOC/IEI0BATETLHOCTH JIO-
MaHbIX [3, ¢. 75|, y Koropbix auamerp pasbuenus d(w) — 0.

3. OcHoBHOIi pe3yabTaT

Sadukcupyem £ > 0, u(tp) > 0 u paccmorpum auddepeHnuaIbHy0
urpy (2) ¢ repmuHanbHEIM yenoBueM ||z(p)|| < e u ycrosueM He mepe-
pacxofa HadaJabHOro 3amaca pecypcos (1). Heobxomumble u gocrarod-
Hble YCIOBUS OKOHYAHHS B NAHHOI 3aatue MOIyT OBITE 3aIIUCAHDL B BIIEC

(em. [2] m [3, c. 84-85]) f(e) < u(to), rae

b+%v IIpnu p_%§t0<pa
FO=Y el o (o —to)b :
+bln(— ), mpu to<p—-.
p—to € b
Jlajiee paccMOTpUM 33129y
ae+p—min, f(e) <p, >0, p>0. (4)

B 3azmade (4) npu pasm4HbIX 3HaYeHUAX @ > 0 ObLIN HAfIEHDI CJie-
JyIOIHe PeIleHus:

o = [lz(to)| + (p —to)b, po =0 mpu (p—to)a < 1;
(€0, o) — s106ast TOUKA M3 OTPE3KA C KOHIAMHU
B Il (o)l B _ 1.
(p —to)b, ot u (|[2(to)|| + (p — t0)b,0) mpm (p —to)ar = 1;

b t
€0=—, o= I=(to)l +bln((p —to)a) mpu (p—to)ar > 1.
o p—to
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Iycrb 9 u po siBasiercs perterneM 3ajaqn (4). Torma MOXKHO HO-
Ka3aTh, YTO 3HAYEHUE LeHbl UIPbl B quddepennuanbaoii urpe (2), (3)
PaBHO

V(to, Z(to)) = agg + Mo-

4. IlepcneKTuBbI JaJIbHEMNINEro NCCcjae0OBaHUs
ILnanupyerca paccMOTpPeTh 3aJa4dy B OOIIEM CJIydae:
dz = —a(t)dU + b(t)v, t<p,

rue a(t) u b(t) — HeorpunaTesbHble CKassApHble GYHKIMU, HpudeM GyHK-
uus a(t) sBisiercs HeupepbiBHOI Ha nosyocu (—oo, pl, a dyukus b(t)
CyMMEDpyeMa Ha KaxKJO0M OTPe3Ke I1oJyocu [11, Ta] C (—oo, p|.

Pabora BbimonHeHa npu duHaHCOBOM momaepxkke Poccuiickoro dhonga dyHga-
MEHTAIBHBIX uccienosanmii (mpoekt Ne 18-01-00264 a).
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On an Impulse Differential Game with Mixed Payoff

1.V. Izmest’ev

Chelyabinsk State University, Chelyabinsk, Russia, j748e8@gmail.com

Abstract: Control problems for mechanical systems of variable composition,
where a finite amount of reaction mass may separate at certain times, reduce
to impulse control problems. If a mechanical system is affected by uncon-
trollable forces given only by known ranges of their possible values, then the
control problem can be considered within the theory of differential games.
This article considers an impulse differential game in which the first player
controls a point of variable composition, choosing a reactive force at each time
moment. The second player controls the point with a limited speed. The first
player seeks to minimize the payoff, which is defined as the weighted sum
of the distance between the players at a fixed time moment and the initial
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reaction mass selected by the first player. The goal of the second player is to
maximize the payoff. For considered problem the price of the game is found.

VIIK 517.926.4

ITorHOE onmMcaHMe CyCJIMHCKUMU MHOXKECTBaMU
MMOJIOXKUTEJIbHBIX XapaKTEePUCTUYECKUX MoKa3aTeJiei
JlsmynoBa B adpdekre IleppoHa cMeHbl X 3HAYEHU

H.A. 30608, A.B. Nnbun

L IM HAH Benapycu, Munck, Benapycs, izobov@im.bas-net.by
2 MI'Y umenu M.B. Jlomosocosa, Mocksa, Poccus, iline@cs.msu.su

Awnnoranusi: B addekre Ileppona cmens! 3nHadeHnii XapaKTEPUCTUIECCKUX
rokasareJeii JIsyHoBa 1OJIyYeHO UX IIOJIHOE OIMCAHUE OTPAHUYEHHBIMU CyC-
JIMHCKAMHW MHOXKECTBaMH.

KurouyeBble cioBa: nokasaress JIsnyHoBa, sadpdekr [leppona, cycinackoe
MHO>KECTBO.

Paccmarpusaem uHeiiHy0 nuddepeHIuaibHy 0 CUCTEMY
i=Alt)z, zeR? t>0, (1)

C OrpPaHUYEHHON HENpPEePBIBHO Aud HepeHnupyemMoii MaTpuiiein Koahdu-
uueHToB A(t) U OTPUIATELHBIMU XaPAKTEPUCTUIECKUMU [10KA3ATEJIsI-
Mi A1(A) < A2(A) < 0. Ona sBIsAeTCSA JIUHEHHBIM IPUOJIHKEHAEM IS
HeJIMHEHHON! CUCTeMbL

y = A(t)y + f(tvy)a Y= (yla yQ)T € RQ? t > 0. (2)

IIpu aToM Tak HasbiBaeMoe m-Bo3myinenue f(t,y) HenpepbBHO Aud-
depennupyemo 1o csoum aprymerntam t > 0 u y1,y2 € R u umeer mo-
psaIoK m > 1 MaJoCcTH B HEKOTOPOH OKPECTHOCTU HAYaJa KOODIWHAT U
pocta BHe Heé:

Il < Crliyl™, m>1, yeR? t>0. (3)

ddexr Ileppona [9], [6, c. 50, 51], cMenbl 3HAKA ¥ 3HAYEHUI Xa-
PAKTEPUCTHYECKUX IMOKa3aTeseil yCTaHaBJINBAET CyIIECTBOBAHUE TaKOil
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cuctembl (1) ¢ OTpUIATEIbHBIME IOKA3aTEISIME JISITyHOBA 1 2-BO3MYTIle-
Hus (3), 9TO BCe HETPHBUAJBHBIE DEIIEHNs BO3MYIIEHHON CHCTEMBI (2)
OKa3BIBAIOTCS GECKOHETHO TPOIOJIZKMMBIME 1 UMEIOT KOHEIHBIE MOKA3a-
resu JIAyHOBa, paBHbBIE:

1) orpunaTebHOMY CTapIIEMy IOKA3ATEIO Ao UCXOAHON cucTeMmbr (1)
JIJIS PElIeHni, HAUMHAIOIIUXCA B HAYAJIbHBIN MOMeHT Ha ocu y1 = 0 (310
nossosisier cuntarh abdekr Ileppona nenoamvim);

2) HEKOTOPOMY OJIHOMY HOJIOKUTEJIHHOMY 3HAYEHUIO IS BCEX
OCTaJIbHBIX pEIleHuil (BbIYuCIeHHOMY B [8, ¢. 13-15]).

B nukJie Hammx paboT MOJLy YeHbl PA3IMIHbIE BADUAHTBI NOAH020 -
dexra [leppona, Korja Bce HETPUBUAJILHbIE PEIICHUS HEeJIMHEHHOI cucTe-
MBI (2) ¢ m-Bo3MyIieHEEM (3) ABJISIOTCH GECKOHEYHO IPOIOJIKUMBIME (B
ob1IeM cilydae 9TO He TaK) U MMEIOT KOHEYHbIE [OJI0KUTEIbHbIE [I0KA3a-
Teu JIAyHOBa IPM OTPUIATENBHBIX OKA3ATENSIX CUCTEMBI JIMHEHHOTO
npubsmekenusi (1). DTu BapHaHTBI COOTBETCTBYIOT PA3JIMUHBIM BUJAM
muoxkectBa A(A, f) C (0,4+00) xapakrepucruieckux nokasaresneii Jls-
[[yHOBa BCEX HETPUBUAJBHBIX PEIleHnil BO3MYIIEHHON cucreMsl (2), pac-
LPEeJIeJIEHUIO YTUX DPelleHuil o nokasarenaMm u3 muoxecrsa A(A, f) u,
HAKOHEII, IIPOU3BOJIbHOMY 1OpsiKy cucreM (1) m (2). B uacraocru, B
pabote [3] mosyueH KOHTHHYaIbHBIN BapuaHT HoJiHOro 3¢ dexTa [Ieppo-
Ha C [IPOU3BOJILHO 3aJaHHBIM OTpe3KoM-MHOKecTBOM A(A, f)C (0, 400)
XapaKTEePUCTUIECKUX ITOKa3aTesIell BO3MYIIEHHOM cucreMsl (2).

B mommom addexre Ileppona ocraBasicss OTKPBITBIM, B YaCTHOCTH,
Borpoc o Haubosiee obmem Bujge MHOKecTBa A(A, f) xapakrepucrude-
CKUX IIOKazareseil (BceX HEeTPUBUAJIBHBIX DENIeHUii) BO3MYIIEHHOH cu-
creMbl (2) — BOIPOC O IIOJIHOM OIMUCAHUU ITOrO MHOXKECTBA.

Iless HACTOSIIIIETO COOOINEHNST — JI0KA3aTh, YTO B MOJHOM 3ddekTe
Ileppona cMeHbI 3HAYEHUI XapaKTEPUCTUIECKUX [I0Ka3areseil: 1) Besakoe
muoxkecTBO A(A, f) aBaserca cycaunckum |7, c. 97, 98, 192]; 2) upous-
BOJIbHOE OIDAHUYEHHOE CYCJIUHCKOe MHOXKeCcTBO S C (0, +00) peasusyercs
cooTBercTByIOMIIEll cOBOKYIHOCTBIO A(Ay, fs) = S XapaKTepucTHUeCKHuX
nokasareJeil BceX HeTPUBUAJBHBIX PEIEHHH BO3MYIIEHHON crcTeMbI (2).

OrMeruM, 9TO B NPOTUBOIOJIONKHOM CIy4ae SKCIOHEHIMAJIHLHO
YCTONYMBBIX cucreM (2) ¢ JoObIMH M-BO3MYINEHUAME f I pe-
nesbHBIX coBokymnHocreil Ag(A4, f) C (—00,0) XapaKTepuCTUYECKUX
HoKa3areseil Bcex HeTPUBUAJIBHBIX PENICHUI 9TUX CUCTEM U3 JOCTATOY-
HO MaJIbIX OKPECTHOCTEH Hadaja KOOPAUHAT paHee ObLIM Peau30BaHbI
IPOU3BOJIbHBIE IIPUHAJJIEXKAIIME NPOMEKYTKY (—o00,0) orpesok [2] u
OIPaHUYIEHHOE CYCJIUHCKOE MHOXKeCTBO [1].
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1°. Tlepeoe yTBep:KaeHue, HEOOXOAUMOE JJII OMUCAHUS COBOKYIIHO-
ctu A(4, f) C (0,400) xapakrepucrudecKux Iokasareseil Jlsmynosa
Ay(+,y0)] Bcex HerpuBuaibHBIX perneHuil y(t,yo) BOZMYIIEHHOI cucTe-
MBI (2) ¢ m-Bo3myinenueM (3) B nosHOM 3dderre Ileppona, ycranasim-
BaeT CJIeYIomas

Teopema 1 [4]. ITycmov ece nempusuasvnve pewenus Y(t,yo)
cucmembvs (2) GECKOHEUHO NPOJOAACUMDBL U UMEIOM, KOHEUHBIE TAPAKIME-
pucmuseckue nokazameau. Toeda Tapaxmepucnmuyueckul noka3amess
AMy(,yo)] = tii?oo t~Ln [Jy(t, yo)|| amuz pewenut acasemes dynryuet

2-20 kaacca Bapa uz navasvnor eexmopos yo € R?\ {0}.

CaencrBue 1 [4]. B noanom sfexme Ileppona mmooicecmeo
A(A, f) nempusuasvror pewenut cucmemvr (2) ABAAEMCHA CYCAUH-
CKUM.

2°. Bropoe neobxoanmoe u 60Jiee CUILHOE YTBEPIKICHIE O PeaTn3a-
nuu B mostHOM 3ddexte [leppoHa MpOM3BOIBHOTO OTPAHMIEHHOTO CYC-
smHCcKoro MHOXKecTBa S C (0,+00) COBOKYIIHOCTBIO XapaKTEPUCTHYe-
ckux nokasareseil A(As, fs) BceX HETPUBHAJIBHBIX DEIIEHUH COOTBET-
crByIommeil cucrembl (2) mokaxkeMm B 6ojiee Y3KUX KJIACCAX OECKOHEUHO
Juppeperyupyemuiz 0 cBOMM aprymenTam Marpunbl A(l) u BeKTOpP-
dyukuun f(t,y) B paccmarpuBaeMbix obsacrax. Cupaseiusa

Teopema 2 [5]. Jas aobwx napamempos m > 1, A1 < Ay < 0 u
NPOUBOALHBIT O2panuseHiuir Ha ocu Ry = R\ 0 dynryui

wi: IRO — [Bub’t] C (07+OO); bl < 627 i= 1527

1-20 xaacca Bapa cywecmeyriom aunetinas cucmema (1) ¢ ozparnumen-
HoLMU beckonewno dudPeperyupyemvimu 1a noayocy [to, +00) xoaddu-
yuenmamu u noxadamensmu A\ (A) = A < Ay = A2(A4) u beckoneu-
Ho Jugdepernyupyemoe no ceoum apeymenmam t > to u y1,y2 € R m-
sosmywenue f(t,y), maxue, wmo éce nempusuasvhuie pewerus Y(t,c)
neaunetinot cucmemsvt (2) Geckonewno npodosdcuMb, 6NPaAGo U UMEOM
TAPAKMEPUCTNUYECKUE NOKAZAMEAU

Pi(c1), a#0, c2=0,

Aly(-,0)] = Pa(ca), ca#0, c=(c1,c0) € R2.
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W3 sr0it TeOpeMbl BBITEKAET HEOOXOIUMOE

CaencrBue 2 [5]. i npousdeosvrox napamempos m > 1, Ay <
A2 < 0 u ogpanuuennozo cycaunckozo mmodcecmsa S C (0,+00) cy-
wecmsylom ykazannvie 6 meopeme maxue cucmemos (1) u (2), wmo
MHOICECNBO TAPAKMEPUCTNUNECKUT NOKA3aMenel HEMPUCUANOHBIL Pe-
werul nocaednets co8nadaem ¢ MHOHCECTNEOM S.

IIpu A0Ka3aTENBCTBE TEOPEMBI 2 MCIOB3YIOTCS yTBEPKICHU:
JIemma 1 [5]. ITycmo oepanuuennan na ocu Ry = R\ {0} dyrryus
PRy = |Bo,bol, —o00 < By < by <400,

aeasemcs Pynryuet 1-20 xaacca Bapa. Tozda 0asn 4106w NOCMOAHHIT
B < Bo ub> by cywecmeyem nocaedosamenvnocms {1y, ()} Gecronen-
HO JuPPepeHyupyemvi PasHoMEPHO 02paruderHbir Ha ocu Ry dyrryud
U Ry = [8,b], n €N, crodawasncs na omot ocu x dynruuu ().

JIemma 2 [5].  Jas amobvix wucaa € > 0 u nenpepwuienoti na ocu Ry
dynryuu Fy : Ry — R cywecmsyem beckoneuro dudeperyupyeman ma
amoti ocu Ppynryus F : Ry — R, dasa xomopot evnoanerno nepaserncmso
|F(z) — Fo(x)| <e, x € Ry.

Pabora BbInONHEHA Npu (DUHAHCOBOM IOJJEPXKKe Bestopycckoro pecryOymKaH-
ckoro (npoext @18 P-014) u Poccuiickoro (mpoekt 18-15-00004Ben-a) dboumos dbyn-
JAMEHTAJIbHBIX HCCIEJOBAHUI.
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The whole description by Suslin sets of Lyapunov
characteristic exponents in the Perron effect of their value
change
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Abstract: In the Perron effect of value change of Lyapunov characteristic
exponents, we have obtained their whole description by bounded Suslin sets.

VIIK 531.36

O6 ogHOM MeToe pelieHUus 3aJa4Yi CTAONJIN3al[uu
CTallMOHAPHBIX ABUXKEHUIA CUCTEM C HeJIMHEeIHBIMU
reoMeTPUIeCKNMU CBSA3SIMU

A.H. Unbuna', A.9. Kpacuucknii' 2
I MAMU, Mocksa, Poccus, happyday@list.ru
2 MI'VIIII, Mocksa, Poccus, krasinsk@mail.ru

AnHoTauus: B pabore omnmchiBaeTcst MOIXOJ K PEIIEHUIO 331a9l yCTONYIN-
BOCTA U CTAOUIN3aIUU CTAIMOHAPHBIX JIBUYKEHUN MEXaTPOHHBIX CHUCTEM C
HEJIMHEHHBIMU T'eOMETPUYECKUMU CBsi3siMu. lIpenmosiaraercsi, 9T1o KOHpUry-
palys CUCTEMBI ONUCBHIBAETCS IepeMeHHbIMU Jlarpam»Ka, Cpeau KOODPIAWUHAT
MMEIOTC TICeBAonuKInYeckue. VHbopManmsi 0 COCTOSHUM CUCTEMBI MOYKET
OBITH HEMOJIHOW. YIpaBJeHHe MPUKJIAABIBAETCA 10 BEKTOPY MO3UIIMOHHBIX,
U30BbITOYHBIX, WIM [UKIXIECKUX KOOPAMHAT. B KadyecTBEe OCHOBBI MTOCTPOE-
HUSI MATEMaTUIEeCKON MOJEN JUHAMUKY UCIOJIB3YIOTCsl YpaBHEHUs B (popme
M. . Hlynsruna. KosaddbunneHTs! cTaOUIN3UPYIOIIETO YIIPABIEHUS U HAOIIIO-
naTesisi MOy T ObITh HaiieHbl ynciienHo o merony H.H. Kpacosckoro mocpen-
CTBOM DeEIIIeHUsI COOTBETCTBYIOIIMUX JIMHEHHO-KBAIPATUIHBIX 3a1a4. [Ipeama-
raeMblil METO/I ITO3BOJISIET CBECTU 33/1a4y CTaOMIN3AIMK [TOJIHON HEeJINHEWHON
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CHCTEMBI B OKPECTHOCTH UCCJIEyeMOrO JIBUXKEHUsI K 3a/1a49e CTaOUIN3aI[UN JIV-
HeWHOH yIIpaBJIgeMOil IIOJCUCTEMBI, XapAKTEPUCTUIECKOE YPaBHEHNE KOTOPOM
HE MMeeT HYJIEBBIX KOpPHEil.

KoroueBble cjioBa: reoMeTrpuyecKue CBsi3M, CTaOWUIIM3alusl, yCTONYMBOCTD,
u36BITOUHbIE KOOpAUHATE, ypaBHeHus lllynapruna, nabaogaresns.

BBenenune

s MaTeMaTHIeCcKOTO MOJIEJIMPOBAHIS CUCTEM C HEJIMHEHHBIMEI T€OMeT-
PUYECKUMU CBSA3SIMH, KOTJIA sIBHOE MCKJIOYEHHE “JINIMTHUX KOOPJIMHAT
3aTPY/HATEJLHO, TPAJUIUOHHO IIPUMEHSIIOTCH ypaBHeHust Jlarpanxa c
MHOXKUTEIME CBst3eil. OTHAKO ecyTi B 3a/1a9e He MPE/IIT0JIATaeTC sl Olpe-
JIeJICHVE PeaKInii CBsi3ell, HeolpeIeJIEHHbBIe MHOYKUTEI HEOOXOIUMO UC-
kimogars. M.®. Hlynsrun B cBoeit monorpaduu [4] BeiBes popmy ypas-
HEHUI JIMHAMUKY C N30BITOYHBIMU KOOP/IMHATAME, HE COJIEPAKAIILY O MHO-
xuresiei cea3u. Ha eé ocHOBe, ¢ IpuMeHeHneM pe3yJIbTaTOB HeJTMHEHHON
TEOPHUH yCTONIMBOCTH, OBLIH ITOJIY U€HbI BayKHbIE PE3YJIbTATHI B PEIICHUN
3aJ1a9 YCTOWIUBOCTH M CTADMJIN3AINN CUCTEM C HEJIMHEHHBIMU TeoMeT-
pudecknMu cBsizamu [2]. B crarse [5] 6buia nmocrpoeHa MareMarnyeckast
MOJIEJIb IMHAMUKHU PACCMATPUBAEMBIX CUCTEM B I€peMeHHbIX Jlarpanka
U MIOJIYYIEHO JIOCTATOYHOE YCJIOBUE PA3PENIUMOCTU 38/1a91 yCTONIHNBOCTA
U CTabUIIN3AIUH CTAIIMOHAPHDIX JBUYKEHUH B CJIydae yIPaBJICHH 110 BCe-
My BEKTOPY NUKJINIECKUX KOOpamHaT. B Hacrosimeit pabore o600mmmm
[TOJIYYEHHBIN Pe3YJIbTAT JJjisi PA3JIMIHBIX CIOCODOOB yIPABJICHUS.

1. Crabuamusaiius CTAIMOHAPHBIX JBUXKEHUII MeXaTPOHHBIX
CHCTEM C I€eOMETPUYECKHMHU CBSI3IMU

PaccMOTpUM MeXaTpPOHHYIO CHCTeMY, KOH(pUrypalysa KOTOPOii OIMChIBA-
ercst m + m napamerpamu ¢ = (q1,...,Gntm), M > 1, 9UCIO KOTOPBIX
IIPEBOCXOIUT HEOOXOIUMOE 12 — YUCJIO CTEIeHe CBOBOIBI CUCTEMBI, M Ha
KOTOPYIO HAJIOXKEHO 1M HE3ABUCUMBIX HEJMHEHHBIX T€OMETPUICCKIX CBS-
3eit

F' = (Fi(@), ., Fn(@) =0, rank%e =, 1)
dq
IIycrs Takxke [ > 1 u3 n+m nmapaMerpoB SABJISIFOTCS IICEBIOIUKINIECK -
mu [1]. PaccMorpuM Tpu BOBMOXKHBIX CIIOCO0A BBEIECHUS YIDPABIISIONIIX
BO3JIEHCTBUIL: 1T0 BEKTOPY MO3UITMOHHBLIX KOOPIANHAT, 0 BEKTOPY M30bI-
TOYHBIX KOOp,ZLI/IHaT " 110 Bcel\’ly BeKTOpy IMUKJ/JINYECKUX KOOp,HI/IHaT.
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Pasznenum bazoBblii Bekrop Ha Tpu wactu ¢ = (o, B, §'), rme
! [
o =(qu,...,qx) — BEKTOD HO3UIMOHHBIX KoopAuHAT, 5 = (qk+1,---,qn);
I =n —k — mukymaeckne KOOpAmHATHL, 8" = (¢ni1,-- s qntm) — N30BI-
TOYHBIE KOODAUHATEL.
Ipomuddepenimposas ypasuenus cBaseii (1) 0 BpeMeHu, BHIPA3UM
CKOPOCTH H3OBITOYHBIX KOOPAUHAT B BUIE

§=B(s,a)d, B(s,a)=— (%—Dl : (Z—Z) . 2)

O0603HAYMM BEKTOPBI YIPABJISAIOIINX BO3LEHCTBHU: Uy, dimu, < k
— 10 HE3aBUCHUMBLIM KOODJAMHATAM C IIOCTOSAHHON MarTpuueii My
ug, dimus < m — 1m0 U3OBITOYHLIM KOOpAMHATAM ¢ Marpuieit Ms;
ug, dimug = | — mo ImuKIMYecKMM KoopamHaraM. Torma marema-
THYECKass MOMIEAb JUHAMUKHM CHUCTEMBbI, BKJIIOYAIONAA BO3MOXKHBIE
yIpaBjeHust, OyJeT UMEeTh B

d oL* oL* / oL .
EE_W—QQ + Mau(y+B (aa S) (@ + Qs + MSU'S) ’
d OL* ®)

——— =u 5= B(a, s)&
diog (a, s)a,
rne L* — dyuxmus Jlarpamka, QF, QQF — HenmoreHnnasbHbIE CHIIBL, OT-
HEeCEHHbIE K KOODJIUHATAM (¢ U §. 3BE3JI0YKOIl OTMEUYEHO, YTO U3 UX Bbl-
PaKeHUil UCKIIIOYEeHbl 3aBUCUMbIE CKOPOCTH § € IIOMOIIBIO (2).

ITpu ug = 0 cucrema (3) HOImycKaeT UKJIMYICCKHE HHTEIPAJIbl H MO-
JKET COBEPIIATDH CTAIMOHAPHBIE JBUYKCHUS:

a = ap =const, s=sy=const, [ =cg = const. (4)

Tocsie 1poBeJeHUsT AHAJIUTUYECKUX IIPEOOPA30BAHUN, IPUBOIAIINX
CHCTEMY K CIEUAJBLHOMY BUJYy T€OPUU KPUTUIECKUX CJIYYAECB, U BBIIE-
JIeHUsI IEPBOTO IIPUOIIMKEHNsI B OKPECTHOCTH JiBUxKeHusl (4), cucrema (3)
MOKeT OBbITh 3allUCAHa B BUJIE:

{ € = NE + Viug + Vaug + Vaus + Zz + XA (€, 2),

2 =BW(z, 2)i, (5)

rae & = (¢, &', w') — BeKTOp BO3MYyIlEHNUIT TADAMETPOB CUCTEMBI, IIPH-
q9EM
a=ap+x, Ss=S50+Y, 32054—10, z=y— B(0)x,
Ug = Uay + U1, Us =Usy + Uz, ug=us, B(0)= B(ao,Ss0),
BW(z,2) = B(ag + =, s0 + B(0)z + 2z) — B(0).
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Martpurnp! kosddburuentos N, V;, Z, j = 1,3, IIOCTOSIHHBI ¥ BBIPAKa-
TOTCS M3BECTHBIM 00Pa30M.

IIycTp mHpOpMAIMSA O COCTOSTHUU CUCTEMBI TTOJIYJIaeTCS B BUIE BEK-
TOpa U3MepeHuil, JuHelHoe npub/IMKeHre KOTOPOro B okpecTHocTh (4)
nmeer Bug o; = %6, tme ¥ = (B 0 0), ¥ = (0 Ep 0),
3 = (0 0 FE)). Habmogareab i OIpeesIeHnsl MOJTHOTO BEKTOPA
BO3MYIIEHUH Oy/IeM CUHTE3UPOBATH B BUJIE

€ = NE+ Vot + Vius + Vaug + Ao — 5:€), i=1,2,3,  (6)

2! A~ X7 N
rue & = (&, &, Ww') — Bekrop ouenku ¢dazosoro cocrogHus, A; —
HEKOTOPBIE [OCTOSHHbIE MATPUIBI KO3(DMUIMEHTOB CUCTEMbI OLEHUBA-
Hust. Torja cnpapejyinBa cieayIomas TeopeMa;

Teopema 1. Ecau dasn cucmem (5) u (6) napa (N,V;), j = 1,3
ynpasasema, a napa (N,¥;) nabarodaema, mo cmayuonaproe deusice-
nue (4) moorcem Goimsd cMAbUAUSUPOBAHO 00 ACUMNMOMUYECKOT Ycmoti-
YUBOCTNU NO BCEM NEPEMEHHBLM NPUNOHCERUEM O COOMBEMCMEYIOUEMY
6exmopy (NOSUUUOHNBLT, USGOUMOUHBIT UAU UYUKAUMECKUT KOOPOUHGTN,
COOMBEMCMBERHO) YNPABAEHUA BUDL Uj = —ICM{:, ede Kj i, — mnexomo-
PaA NOCTNOAHHAL MAMPUUQ.

Marpuipst Kj; 1 A; MoryT 6biTh Hajifens! 1o Meroxy H.H. Kpacoscko-
ro [3, c. 475-515] perieHrneM COOTBETCTBYIOIIMX JINHEHHO-KBAIPATHIHBIX
zaga4. HeoOXoamMo Moq9epKHy Th, 9TO ACUMIITOTHIECKAs YCTONINBOCTD
JIOCTUTAETCs, TOJBKO €CJU HadvaJbHbIE BO3MYIIEHUS YIOBJIETBOPSIOT
ypaBHeHusM cBsizeii (1).
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About One Method of Stabilization of Steady Motions
for Systems with Redundant Coordinates

A.N. Il’ina’, A.Ya. Krasinskiy'?

1 Moscow Aviation Institute, Moscow, Russia, happyday@list.ru
2 Moscow State University of Food Production, Moscow, Russia,
krasinsk@mail.ru

Abstract: The paper describes an approach to solving the problem of sta-
bility and stabilization of stationary motions for mechatronic systems with
nonlinear geometric connections. It is assumed that the configuration of the
system is described by Lagrange variables. There are pseudocyclic coordi-
nates. The information of the state is not complete. Control is applied by the
vector of positional, redundant, or cyclic coordinates. It is proposed to use
equations in the form of M.F. Shulgin as a basis for constructing a mathemat-
ical model of dynamics. The control coefficients and the estimation system
coefficients are specified numerically by solving the corresponding Krasovskii
linear-quadratic problems. The proposed method makes it possible to reduce
the problem of stabilization of a complete nonlinear system in the vicinity
of the studied motion to the problem of stabilization of a linear controlled
subsystem whose characteristic equation has no zero roots.

VIIK 517.98

CBsi3b Me2K/ly OCHOBHBIMU OIlepaTopaMu B
HeJIMHEWHBbIX JuddepeHnnaaIbHbIX UTI'Pax
npecJjeaoBaHus ¢ (PMKCUPOBAHHBIM BpPeMeHEeM

N.M. UckaunamKuen

TalKeHTCKUH XUMHUKO-TEXHOJOIMYECKUHA HHCTUTYT,
Tamkent, Y3bexkucran, iskan1960@mail.ru

Awnnoranus: Pemenne 3aa4n npeciieIoBanus B HEJTUHEHHBIX nuddepeHiu-
aJIbHBIX UI'PAaX OCHOBAHO Ha OIEPATOPHBIX KOHCTPYKIMAX. B 3T0il craTrhe pac-
CMOTPEHBI AIIIPOKCUMAIIMOHHbIE CBOWCTBA OCHOBHBIX OIIEPATOPOB HEJIMHEN-
HBIX auddepeHnnanbHbIX UID ¢ PUKCUPOBAHHBIM BpeMeHeM. B dacTrHOCTH,
[IPEJIOZKEHBI YIIPOIIEHHBIE CXEMbI TIOCTPOEHMSI HUXKHero oneparopa [ToHTpsi-
ruHa. Ha OCHOBe 3THX CXeM yCTaHOBJIEHA CBSA3b MEXKJy BEPXHHUM M HUXKHUM
omepaTopaMu B HEJIMHEWHBIX Hud@EpeHInalbHbIX Urpax ¢ PUKCUPOBAHHBIM
BpeMeHeM U MX IIPUMEeHEHUe K 3aJiade IIpeciieJOBaHUs.
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KuaroueBbie cioBa: guddepeHnuanbHas Urpa, JOINYyCTUMOE yIIpaBJIEHHE,
IIpecyeoBaTeNb, yoeramoasi, HUKHUN OIlepaTop, TEPMUHAIBHOE MHOXKECTBO.

st pelrennst 3aJa9u IpecaeIOBAHUS B HEJIHMHEHHBIX auddepen-
UAJIbHBIX UIPax ¢ (DUKCUPOBAHHBLIM BpeMeneM B pabore [1| BBemen
omeparop II' Kak ecTecTBeHHBIN O0OOOIEHHE TMOHATHE ATLTEPHUPO-
BAHHOI'O WHTerpaJja Jyist JmHefHbIX auddepeHnuanbabx urp [2].
JlaipHeiieMy pa3BUTHIO OITEPATOPHBIX KOHCTPYKIIUIl MOCBSIIIIEHBI MHO-
ro pagor. B wacrroctn, B paborax [3, 4] npe/jiozKeH HUKHUN onepaTopa
II; u ero npwIOXKeHNsT K U3YICHUIO KAYECTBEHHOW CTPYKTYPBI (DA30BOr0
pocTpancTBa AudhpepeHnuaJIbHbIX UTP IpeciefoBaHusg-yoeranns. B
JaJbHefeM, g CHMMETPHYHOCTH TOHATH, omeparop II° Gymem
Ha3bIBATH BEPXHUM, a €ro HUKHMI aHaJjor 11; — HIDKHIM 0oIlepaTopoM B
HeJIMHEHHBIX JuddepeHIuaIbHbIX UI'Pax ¢ (PUKCUPOBAHHBIM BPEMEHEM.
B nacrosimieit pabore n3ydaercst CBsI3b MEXKJIY STUMU OIIEPATOPAMHU.

Paccvorpum muddepennmanibiyio urpy

z = f(z,u,v), (1)

rie z € R%, u — mapaMerp ynpaBJieHIs IIPeCIeIOBATEIsS, U — IIApPAMETP
yIPAaBJIeHUsT yOeraomero. 3HAYEHIs 9TUX MaPAMETPOB CTECHEHBI OI'pa-
HudeHusMu u € P, v € @, time P u () — BBIIyKJIble KOMIAKTHBIE MHO-
sxecrsa; dyukmus f : R x P x Q — R? nenpepsiaa. B nasnpreiimmem
npeanoaaraercss, 9ro (pyHKIus f YAOBIETBOPSIET YCJIOBUIO CYyIECTBO-
BaHMHA M €JMHCTBEHHOCTH PENICHUS C 33 IaHHBIM HAYAJbHBIM YCJIOBHEM.
Kponme Toro, 1aHo Hemycroe 3aMKHyToe MHOKecTBO M C RY HazbIBaEMOE
TEPMUHAJIBHBIM MHOXKECTBOM.

Ecim X — moaMHOXKeCTBO eBKJIUI0BOIO IIPOCTPAHCTBA, A — IIpoMe-
KyToK B R, 10 uepe3s X[A] 0603HAYNM COBOKYITHOCTDH BCEX M3MEPUMBIX
dynkmit a(-) : A = X. B cayuae A = [o, f] numem npocro X« ).

JTrobyro dbyukuuio u(-) € Pla, 8] (coorsercrBento, v(-) € Qla, 5])
HA30BEM JIOIIyCTHMBIM YIIPaBJIeHUeM IpecienoBaresis (yberaromero). Pe-
ntenre ypasuenus (1), onpejesisieMoe JOIYCTUMBIME YIIPABICHUAME U
HAYAJIbHON TOYKOM, 06o3nadnmM uepes z(t, u(:),v(-),§).

Onpenesienune 1. Onepamop I1° (¢ > 0) cmasum 6 coomsememeue
kaorcdomy mnoocecmey X C RE mmoorcecmeo 1IEX ecex mouex, maxux
wmo das Kaosrcdozo donycmumozo ynpasaenus yoezarowezo v(-) € Q[O0, €]
natidemes donycmumoe ynpasaenue npecaedosamens u(-) € P[0, e] ma-
xoe, wmo mpaexmopus z(t) = z(t,u(-),v(-),&) cucmemwv (1), coomsem-
CMeYIwaa Hauasbhol movke & u ynpasaenuam u = u(t), v = v(t)
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nonadaem 1a mrodicecmeo X ne nosonee, uem 6 MOMENT BPEMENU &,
m.e. z(ty) € M das nexomopozo t, € [0,¢].

Onpepnenenune 2. Onepamop Il (€ > 0) cmasum 6 coomsememeue
xaoicdomy mmosicecmey A C RY mmoocecmeo TI. A 6cex mouex, ma-
KUz wmo cyuecmeyem donycmumoe ynpasaenue npecaedosamend u(-) €
P[0,¢], wmo npu arbom donycmumom ynpasaenuu yobezarowezo v(-) €
Q[0,e] coomsememeyrowan mpaexmopus z(t) = z(t,u(-),v(-),&) ¢ Ha-
wanom 6 mouxe & € R? nonadaem na mmoocecmeo A C R 6 momenm
spemenu €, m.e. z(e) € A.

Iycrb w = {70, 71,...,Tn} — pasbuenue orpeska [0, 7]. [Tomokum

I, = I, s, ... TT5, M,

riae (Si =T; — Ti—1, 1= 1,n.

Omnpepnesnenne 3. M = U, M.

Onpeyienienne oneparopa 11Y aHAJOTMYHO OUpE/IETCHUIO OIEPaTO-
pa 1L;.

Teopema 1. ITycmv M — omxpuimoe noomHosicecmeo MHOINCECTNGA
R?, f(z, P,v) u f(z,u,Q) — svnykavie mnosicecmea 0aa xasicdozo (z,v)
u (z,u), coomsememeenno. Toeda cnpasedauso pasencmeo

LM = U (M x6H).
§>0
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Connection Between the Basic Operators in Nonlinear
Differential Games with Fixed Time

I.M. Iskanadjiev

Tashkent Institute of Chemical Technology,
Tashkent, Uzbekistan, iskan1960@mail.ru

Abstract: The solution of the pursuit problem in nonlinear differential games
is based on operator constructions. In this paper, we study the approximative
properties of the basic operators of nonlinear differential games with fixed
time. In particular, simplified schemes for constructing the lower Pontryagin’s
operator are proposed. On the basis of these schemes, a connection between
the upper and lower operators in nonlinear differential games with fixed time
and its application to the pursuit problem are established.

VIK 514.174.2

O06 ymakoBKe IIapoB AByX THIOB B TPEXMEPHOM
HEEBKJINI0BOM IPOCTPAHCTBE

A.JI. Kazakos!, A.A. JIemmepr?

I MOCTY CO PAH, Upkytck, Poccus, kazakov@ice.ru
2 NJCTY CO PAH, Upkyrck, Poccusi, lempert@icc.ru

AnHoTauus: B crarbe paccMmarpuBaercst 3ajada ONTUMAJIBHONW YIIAKOBKU
ABYyX HAOOPOB IIAPOB B MHOIOCBSI3HOE MHOXKeCTBO. KomdecTBo mapos 3a/1a-
HO, a UX PaJuyChbl OJUHAKOBBI B KaKJIOM HabOpe, HO OTJIMYAIOTCS B PA3HBIX.
Tpebyercst MAKCUMU3UPOBATh PAJUYCHI IIAPOB, KOTJA UX COOTHOIIEHUE (hUK-
cupoBano. [IpobyieMa yriakOBKU OOBIMHO M3YYaETCA B CIy4dae, KOTJa PACCTOsI-
HEE MEXX/ly TOYKAMH SIBJISIETCSI €BKJIMJOBBIM, U JlaXKe TOrJa OHA OTHOCUTCH K
kitaccy NP-rpynubix 3ama4a. Mbl npemosiaraeM, 9TO PACCTOSTHUE ONIPEIEIsIeT-
Csl C ITOMOIIBIO HEKOTOPO CIIEIUAJIbHON METPUKM, KOTOpasi, BOOOIIE TOBOPsI,
He SIBJISIETCS eBKINIOBON. IIpesjiorKeH U peasn3oBaH CIENUAILHBIA YHCIIECH-
HBI aJITOPUTM, OCHOBAHHBIM Ha ONTUKO-IE€OMETPUYECKOM IOJXOJE, KOTOPBIN
ObLI pa3paboTaH ABTOPAMU M PAHEE HUCIOJIb30BAJICS TOJBKO JJIsl yIAKOBKH
IAPOB OJIMHAKOBOI'O PaUYCA.

KiroueBsbie citoBa: onrumaJsbHast YIIaKOBKa II1apoOB, HEEBKJINI0OBO IIPOCTPaH-
CTBO, OHTI/IKO—FeOI\,IeTpI/I‘-IeCKI/Iﬂ IIOAXO0J, MHOT'OCBA3HOE MHOZKECTBO, BBIYIUCJIA-
TeJIbHBINA aJIropuTM.

3ajiaua 0 MOCTPOCHUN ONTUMAJILHLIX YIAKOBOK IPUHAICKIT K YHC-
JIy KJIACCHYECKMX MaTeMaTudeckux 1npobsiem [1]. Mcropus BOHUKHOBE-
HUsI U WCCJIEJIOBAHUsI JIAHHON 3aJ1a4M MOJIPOOHO omucana B pabore [2].
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OrmernM, 4TO, XOTsI IpobJIeMa YIIAKOBKHU PABHBIX chep B GECKOHEUHOEe
[IPOCTPAHCTBO pellieHa [3], Jyist cilydasi OrpaHMYEHHOIO MHOXKECTBA OHA
JIO CHX TOP OCTaeTCsl OTKPBITON. BOJIBIMMHCTBO KHUT U CTATEH ITOCBsI-
IIEHBI MCCJIEIOBAHMIO 33129 00 yIIAKOBKE B €BKJIMJIOBOM IIPOCTPAHCTBE,
OJIHAKO B HEKOTOPBIX CJIydasiX TPeOyeTcs UCIOJIb30BATh APYTHe MeTPH-
Ku. B wacTHOCTH, HAMEU pacCMaTPHUBAETCs 3aJa4a, B KOTOPOW pauycy
mapa COOTBETCTBYET MUHUMAJILHO BO3MOXKHOE BPEMsi IEPEMENeHUs U3
[EHTPa 70 OrPAHUYUBAIOINIEi ero cdepsl.

IIycte X — tpexmepnoe merpudeckoe mpoctpanctso, P C X — 3a-
MKHYTO€ MHOI'OCBSI3HOE MHOXKECTBO, C; — Iapbl C IEHTPAMH B TOUYKAX
si = (x,9i), t = 1,...,n+m. He Hapymas obiHOCTH paccMoTpeHust, Oy-
JIEM TIPEJIoJIaraTh, YTo MePBble N MApPOB UMET pajuyc Ry, a ocTaib-
uble m — paguyc Re = Ry/k, k € RT. Paccrosnue Mexjry TOUKaMu
npocrpascTa X ONpeNesIuM CJIeLyomuM obpa3om [4]:

. dG
pla.b) = GemGl(I;,wG/ f(z,y)’ o

rie G(a, b) — MHOXKECTBO HEIIPEPBIBHBIX KPUBBIX, JIEXKAIIUX B X M COe/u-
Hsiromux Toukn a u b, 0 < a < f(z,y) < 8 — HenpepsiBHas byHKIUS,
3aJIA10IAsT MIHOBEHHYIO CKOPOCTD JIBUYKEHUS B KarKJIOW TOYKE MHOKE-
crBa P.

Heobx0iMo HARTH BEKTOD 5 = (81, ..., Spym) € R2H™) koroprit
obecrieunT pasMerienue B objactu P 3aaHHOTO 9uCjia KPYroB MaKCH-
MaJIbHOrO paauyca Ry (u Rs). Torma 3amada umeer Bug

R; — max, (2)

1
RQZERla kENa (3)
P(Si,sj) > 2R17 VZ,] = L_na Z#]v (4)
p(staS])EZRQa Vz,]:n—i—l,n—i—m, Z#]) (5)
p(si,sj) =2 Ri+ Ry, Vi=Tn, Vj=n+Ln+m, (6)
p(sjaaP)ZRQ; Vj:n—i—l,n—i—m, (8)
s; €P, Yi=1,n+m. (9)

161



Pasencreo (3) 3amaer orHomenue pajmycos. Hepasencrsa (4)—(6)
obecrieunBaloT Herepecedenue mapos, a (7)—(9) — rapanTupyror, 4ro
KazKJIbIil [Iap MOJHOCTDIO JIGKAT BHYTPH MHOXKECTBa, P.

Jlist perenust pacCMOTPEHHON 337490 aBTOPBI UCIIOJIL30BAJIA 110/
XOJI, OCHOBAHHBI Ha IBYX (bYHIAMEHTAJILHBIX IPUHIUIAX eOMeTpHuYe-
ckoit onrruku: @epma, u [oiirenca, KOTOPLIi H03BoJIAeT 3¢ PEKTUBHO BbI-
HOJTHATH pasbreHne MHOYKECTBA, Ha, 30HbI JlUpuxJIe 1 MUIPOKOro KJIacca
METPUYECKUX ITPOCTPAHCTB, BKJIIOYas U eBKINI0BO. Ha ocHOBe JaHHOrO
HOAXO0/a Pa3paboTaHbl YUCACHHBIE AJTOPUTMBI, MTO3BOJIAIONINE YCIEITHO
peraTh 3a71a9y 06 yIaKoBKe JIJIl HEOJHOCBA3HBIX MHOYKECTE, B TIEPBYIO
o4epe/ib, JIUIsl HeeBKJIMI0BOoi MeTpuknu (1).

Ha puc. 1 npeacTasieHs! IpUMEPHl YIIAKOBKA B ¢IMHUYIHDIN Ky0 JIBYX
HabopoB wapos i ciaydas f(z,y) = z+y+1 u koapdunuenra k = 1.5.
Ussectno (5], 9To mist Takoil METPUKH MAPHI COXPAHAIOT CBOIO (DOPMY,
a UX IEeHTPHI CMEMaloTCsl B HAIIPABJICHAH HAMAJIa KOODIUHAT.

©0.0)

(a) (b)

Puc. 1. YnakoBka misin =m =4 (a) u gya n = 3, m = 2 (b).

PaGora Bbimosinena npu dactudHOW dunancoBoil nogmep:kke PO®U (mpoekT
Ne 18-07-00604).
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On the Packing of Spheres of Two Types in
Three-Dimensional Non-Euclidean Space

Alexander L. Kazakov', Anna A. Lempert?

1 ISDCT SB RAS, Irkutsk, Russia, kazakov@icc.ru
2 ISDCT SB RAS, Irkutsk, Russia, lempert@icc.ru

Abstract: The paper deals with the problem of optimal packing of two sets
of spheres into a multiply-connected container. The number of spheres is
given. The radii of these spheres are equal within each set, but they differ
between sets. It is required to maximize the radii of the spheres when their
ratio is fixed. The sphere packing problem is usually studied in the case when
the distance between points is Euclidean and even then belongs to the class of
NP-hard problems. We assume that the distance is determined by means of
some special metric, which is not Euclidean. The special numerical algorithm
is suggested and implemented. It based on optical-geometric approach, which
is developed by the authors and previously used only for packing spheres of
equal radius.
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Meroa maJjioro nmapaMerpa B JIMHEIHO-KBaApPaTUIHOM
3aj/iade ONTUMAaJIbHOTO YIPABJIEHUS C JIMHEHHBIMUI
TEePMUHAJIBHBIMA OTPAHUYIEHUSIMU

AMN. Kanuuuu', JI.A. Jlappunosuy®

L BT'Y, Munuck, Benapycs, kalininai@bsu.by
2 BI'Y, Munck, Benapycs, lavrinovich@bsu.by

Amnnoranms: PaccmarpuBaercs 3a/jada MUHUMU3AIUA HHTEIPAJIBHOIO KBAJI-
paTuIHOro (PyHKINOHAJIA Ha TPACKTOPUAX JIMHEHHON CUHIYJISIPHO BO3MYIIIE€H-
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HOH CHCTeMBI, B KOTOPO#l Ha IpaBblii KOHEI] TPAeKTOPHUil HAJIOXKEHBI JIMHEeH-
Hble orpanndeHus. CTPOSITCS aCHMIITOTHIECKOE CYyOONTHMAILHOE IIPOrPAMM-
HOe yIpaBJIeHHe U aCHMIITOTUYECKH CyOOITHMaJsbHas O0OpaTHAas CBA3b B Pac-
cMmaTpuBaemoit 3anade. OCHOBHOE TOCTOMHCTBO IIPEIJIOXKEHHBIX aJTOPUTMOB
COCTOMT B TOM, YTO IIPU UX NIPUMEHEHMH HCXOJIHasd 3aJla4a OITUMAJIbHOI'O
yHIpaBJjleHUusl pacliajlaeTcsl Ha JBe HeBO3MYIIEHHbIE 3aJa9l MeHbIell pasmep-
HOCTH.

KimroueBblie cjioBa: ONTHMAaJIbHOE yIIpaBjIeHHE, OOpaTHAsl CBSI3b, JIMHEHHO-
KBaJIpaTUIHAA 3aJa4a, MaJIblil IapaMeTp, CUHTYJIIPHbIE BO3MYIIEHHUS, aCUMII-
TOTHYECKUE IPUOJINZKEHUS.

1. BsBenenue

CucreMbl OOBIKHOBEHHBIX (M (PEPEHITUABHBIX Y PABHEHU, COIEPIKAIINE
MaJible TapaMeTpPhl IIPU YacTHU IPOU3BO/IHBIX, IPUHATO Ha3bIBAThH CUHIY-
JISPHO BO3MYIIEHHBIMU. 38JIa9U ONTUMHU3AINA TAKUX CUCTEM B PA3JIHI-
HBIX [IOCTAHOBKAX MCCJIEIOBAIICH MHOIUMU aBTopamu (cM. 0630p B [1]).
WNurepec k¥ HUM BBI3BaH 3(M(DEKTUBHOCTHIO ACUMIITOTHIECKUX METOIOB
UX pEelleHusd, IIPU IIPUMEHEHNHN KOTOPBIX UCXOJHBIE 33Ja9l ONTUMAJIbHO-
r'o yIpaBJIeHns PACHaIaloTCsd HA 33J[a91 MeHbIeil pa3meprnoctu. Kpome
TOr0, ACUMIITOTHIECKUN [TOIXO/T [TO3BOJIAET M30€KATh MHTEIPUPOBAHMSA
CHHTYJISPHO BO3MYIIIEHHBIX CHCTEM, KOTOPBIE sABJISIOTCS yKecTKuMmu. Ha-
CTOSIIIMIA JTIOKJIAJ] TOCBSINEH TOCTPOEHUIO aCUMIITOTHIECKUX TPUOJIAZKe-
HUIl B BUJIE IPOrPAMMBI U OOPATHOM CBA3M K PENICHUIO CUHTYJISPHO BO3-
MYIIEHHOHN JIMHEHHO-KBaAPATUIHON 33424l ONTUMAJILHOIO yIIPDABJICHUA
C IIOJIBUZKHBIM IIPaBbIM KOHIIOM TPaeKTOPHUIl.

2. ITocranoBka 3aJa91 "u OCHOBHOI pe3yJibTaT

Pacemorpum cireyromyio 3a1ady OnNTHMAIBHOTO YIIPABJIEHUS:

y=A)y+ A2(t)z + Bi(t)u, y(ts) = yx, (1)

pz = As(t)y + As(t)z + Ba(t)u, z(ty) = 2z, (2)
Hyy(t") = g1, Haz(t") = g2, 3)

J(u) = % /t (y'M(t)y + pz'L(t)z + v P(t)u)dt — min, (4)

TJe [t — MAJIBbII [TOJIOXKUTEbHBINA apaMerp, t., t* — 3aaHHble MOMEH-
ol BpeMeHu (t, < t*), ¥y — N-BEKTODP MEJJIEHHBIX IIEPEMEHHBIX, Z —
M-BEKTOP OBICTPBIX MEPEMEHHBIX, U — T-BEKTOD YIIPABJIEHUS, §1, J2 —
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BEKTODBI pa3MepHOCTeR Ny, My cooTBeTcTBeHHO (N1 < n, my < m), Hy
u Hs — Marpunpl 0oj1HOro patra, P(t) — m0JI0XKUTeIbHO OlpeesIeHHAST
cuMMerpudeckas mMarpuna, a M (t), L(t) — neorpunaTesbHO OlpeiesieH-
Hble CUMMETPHYECKUE MATPHIBL JJIsl BCEX t € [t t*].

Bamerum, uro 3amada (1)—(4) aBigercs 000OOIIEHUEM CHHIYJISPHO
BO3MYIIECHHON JINHEHHO-KBaIPATUIHON 381291 ONTUMAJIBLHOIO yIIpaBJIe-
HUsl ¢ (PUKCHUPOBAHHBIM IPABBIM KOHIIOM, KOTOpPasi paccMoTpeHa B [2].

IIpeanosioxkenue 1. Jleticmeumenvioie wacmu 6cex coOCMEEHHbLT
anauenut mampuyoe Ay(t), t € [y, t*] ompuyamenvrios.

IIpennosioxkenue 2. IaemeHmov, 6CET MAMPUL, GOPMUPYIOUUT 3a-
dany, beckoneuno dugeperuyupyemo.

BBejsiem 1oHsITHSI, KOTOPBIE TTO3BOJISIT YTOYHUTH TO, 9TO OyI€T IIOHM-
MAaTbCs TIOJT ACUMIITOTUYIECKUMY MTPUOJIM?KEHUSIMU K PEIICHUI0 PACCMOT-
PEHHOI 3a/1a4u.

Onpenenenne 1. Vnpasaenue uN)(t, 1), t € [t.,t*], ¢ wycouno-
HENPEPBIEHBLMU KOMNOHEHMAMU HA306EM (TPOLPAMMHBIM) GCUMNINOTMU-
yecku cybonmumanvioim ynpagaenuem N-20 nopadka (N = 0,1,2...),
ECAU OHO OTNKAOHAETCA NO Kpumeputo kauecmsa (4) om onmumasvHozo
ynpasaerua na eeaununy O(uN1L), a noposicdennan um mpaexmopus
y(t,u), z(t, 1), t € [ts,t*], cucmemovs (1)~(2) ydosaemsopsem mepmu-
HAALHOIM 02paruenusm (3) ¢ MOUHOCTIBIO MO020 Jice NOPAJKE MAAO-
cmu.

Onpegnenenne 2. Bexkmop-dynsuuro — u™ (y, 2, t, 1) Ha306eM
ACUMNIMOMUNECKY,  cYGonmMumarvhol  0bpamnol ceasvio N-20 no-
pAdKaG, ecat 0asn 1106020 HAUAABHO020 COCTNOANUA (Ysy 24, by ), (Ex < tF),
umeem mecmo uN) (y., 2y, to, 1) = uN) (t,, 1), 20e uN) (¢, 1), t € [te, t*],
— acumnmomusecky cybonmumanvroe ynpasaerue N-z20 nopadka 6
3adave (1)—(4).

Iesibro ucciieoBaHmsT PACCMOTPEHHOMN 3a/Ia9H SIBJISIETCS TIOCTPOEHUE
ACHMIITOTUYIECKH CYOOITHUMAJIBHBIX YIIPABJIEHUN W OOPATHBIX CBA3€Ml.
CyThb IPUMEHSIEMOIO IO[IXOJa COCTOUT B aCHMITOTUYECKOM Pa3JjioiKe-
HUAU TI0 IEJIBIM CTEeIeHsIM MaJIoro MapaMmeTrpa MHOXKuTesei JlarpaHxa,
COOTBETCTBYIOIIUX B CHJIy IPHUHIMIA MAKCUMyMa [3] OnTuMabHOMY
yupassieanio. Crapiiue Ko3h UIMEHTHI ITUX PA3JI0KEHUN MOIYyT OBITH
HAWIEHbl B pe3yJIbTaTe PEINeHrs] JBYX 0A30BbIX HEBO3MYIIECHHBIX 3a-
Jlad ONTUMAJIBLHOTO YIPABJIEHWS C 7. U 1M (PA3OBBIMU II€PEMEHHBIMU
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COOTBETCTBEHHO. HepBOfI U3 HUX dBJIFAETCA BBIPDOZKJ/ICHHAsA 3a/ava:

y=Ao(t)y+ Bo(t)u, y(ts) =y, Hiyt")= g1,

J(u) = 3 /t (y'M(t)y + v P(t)u)dt — min,

rjae Ao(t) = Al(t)—AQ (t)AZl(t)Ag (t), Bo(t) = B1 (t)_AQ(t)AZI(t)BQ (t)

IIpennonioxxenne 3. Junamuseckas cucmeme 6 nepeot 6a3060t
3a0ane ABAALTNCA YNPABAREMOT ha ompesxe [T,t*] ommuocumenvho noo-
npocmpancmea Hiy = 0 npu aobom T € [t t*) (em. [4]).

BameTnm, ITO JJIsi CTAIMOHAPHO JUHAMIYECKON CHCTEMBI 9TO IIPE/I-
[I0JIOZKEeHNEe YKBUBAJIEHTHO TPeboBanuio [4]

rank(HlBo, HlA()B(), ceey HlAgilBo) =ni.

Bropas 6a3oBas 3amada nmeer Bu

% — Atz + Bat')u,
Hyz(0) = Ha Ay (t)(As(t)y" (") + Ba(t)u’ (")) + g2,
0
z(—00) =0, Jo(u)= %/_ u'(s)P(t*)u(s)ds — min,

rie u®(t),y°(t) (t € [ts,t*]) — cOOTBETCTBEHHO ONTHMAJLHBIE YIIPABJIC-
HHE U TPAeKTOPHUS B IepBoil 6a30BO# 3a7a1e.

IIpenmosioxkenue 4. Bunoanen xpumeputi omuocumenvrotls ynpas-
AAEMOCTVU HA NOINPOCTPAHCMBO:

rank(Hng(t*), H2A4(t*)B2(f,*), ceey HQAZLil(t*)BQ (t*)) =mj.

CrieJlaHHbBIE TIPE/IIIOJIOKEHIST TAPDAHTUPYIOT CYIIECTBOBAHUE U €IIMH-
CTBEHHOCTDH ONTHUMAJIBHBIX YIIPABJIEHUNA B 0A30BBIX 33JataX, KOTOPbIE
SABJISIIOTCS HOPMAJIBHBIMU dKCTpeMasigMu. 1Ipu 3TUX mpeanosioKeHusIx
pa3paboTaH aJropuTM, HO3BOJISIOIMA st 3amaHHoro gucjiaa N 1o-
CTPOUTH ACHUMIITOTUYIECKH CyOONTUMAJIBHOE yipaBieHue N-ro mopsiaka
B PacCMOTDEHHOI 3ajade. BorumcimrenbHas Oporeaypa ajaropuTMa
[IOMHUMO peIleHns 0Aa30BbIX 3a/1a9 BKJIOYAET B cebsd HMHTErPUPOBAHUE
cucreM JUHEHHBIX uddepeHnna bHbBIX ypPABHEHWI U HaXOXKJEHUEe
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KOpHEll HEBBIPDOXKIEHHBIX JIMHEHHBIX AJIreOpPandecKuX CUCTEM. 3aMeTUM
9TO, ACUMIITOTHIECKOE CyDONTUMAJbHOE YIIPABJIEHNE HYJIEBOIO MOPAIKA
MOXKeT OBITh IIOCTPOEHO HEMOCPEJICTBEHHO IIOCJe peIreHnsi 0Oa30BbIX
3a/1a4, IIOCKOJIbKY OHO IIPEJCTaBUMO B BHU/IE

uO(t, p) = uO(t) +u*((t =) /p), € [t t],

rue u*(s), s < 0 — onruMaabHOE yUpaBJIeHuEe BO BTOpoil 6a30B0il 3a1a4e.

Hapsay ¢ acHMITHTHYCCKUME NPHOJUKEHASIMHI K HMPOTPAMMHOMY
ONITHMAJILHOMY YIIPABJIEHUIO IIOCTPOEHA ACUMIITOTHIECKH CyOONTUMAh-
Has 0oOpaTHasl CBA3b HYJEBOrO NOPSJKa, KOTOpasl JUHEHHA 10 MeJIJIeH-
HBIM [IEPEMEHHBLIM M He 3aBUCUT OT TEKyINel MO3UIN BeKTOPa ObICTPHIX
[EPEMEHHBIX.

JINTEPATVYPA

1. JAmumpues M.I., Kypuna IA. Cunryssipable BO3SMYIIEHHS B 3aJa49aX yIIpaBJie-
Hust // ABromaruka m tenemexanmka. 2006. Ne 1. C. 3-51.

2. Kaaunun A.HU., Jlaspurnosuw JI.J. AcuMnToTuKa pelieHusl CUHTYISAPHO BO3MY-
IIEHHOH JIMHEHHO-KBaAPATHIHON 3391 ONTHUMAaJIbHOTO ynpasienust // 2K. Bbl-
qucya. mMaT. u Mar. dus. 2015. T. 55, Ne 2. C. 194-206.

3. Honwmpsazun JI1.C., Boamancxkuid B.I., I'amxpesudse P.B., Muwenkxo E.D. Ma-
TeMaTHYeCcKasl Teopusl ONTUMAaJIbHbIX poreccoB. M.: Hayka, 1983. 392 c.

4. T'abacos P., Kupuanosa P.M. KadecTBeHHAsI TEOPHS ONTHMAJILHBIX IIPOIECCOB.
M.: Hayka, 1971.

The Small Parameter Method in a Linear-Quadratic Optimal
Control Problem with Linear Terminal Constraints

A. Kalinin', L. Lavrinovich?
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Abstract: The problem of minimizing the integral quadratic functional on
the trajectories of a linear singularly perturbed system in which linear con-
straints are imposed on the right end of the trajectories is considered. Asymp-
totic suboptimal program control and asymptotically suboptimal feedback in
the considered problem are constructed. The main advantage of the proposed
algorithms is that in their application the initial optimal control problem is
divided into two unperturbed problems of smaller dimension.
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YucjieHHOE ITOCTPOEHNE MHOXKECTB Pa3penImMOCTH
B JINHENHBIX AuddepeHinaibHbIX Urpax
¢ PUKCUPOBAHHBIM MOMEHTOM OKOHYAaHUS

JI.B. KamuesBa

MM ¥VpO PAH, Exarepuntypr, Poccusi, kamneva@imm.uran.ru

Amnnoranus: PaccmarpuBaercs 3amatda MOCTPOEHIS MHOYKECTBA Pa3PEIINMO-
ctu Gy(M) nepBoro urpoka B JIMHEHHON aHTaroHucTudeckoi audddepeHnu-
aJIBbHOM Wrpe ABYX JIMI C IJIOCKUM TEPMHUHAJIBHBIM MHOXKeCTBOM M, KoTOpoe
SIBJISIETCS IPOCTBIM (B 061IeM CiIydae, HEBBIILYKJIbIM ) MHOIOYTOJIbHUKOM. MHO-
xecTBO Gy (M) crponrcest uist “sxBuBasieHTHON” nuddepeHuanbHON UIphl ¢
AByMepHOil (a3oBoil nepemMeHHON. MHOXKECTBO Pa3pelINMOCTH COBIAIAET C
CEUEHUEM B HAYaJIbHBIH MOMEHT BPEMEHH MAKCHMAJILHOIO CTAOHIBHOIO MO-
cra [3] ¢ TepMuHAIBHBIM MHOXKeCTBOM M, a TaksKe C CeIeHHEM MHOXKECTBA
YPOBHSI (DYHKIUH IIEHBI IIPH HOAXOMISIIENH [TOCTAHOBKE UI'PBHI C TEPMUHAJIBHON
dyuknueir maarel. PazpaboTran aJropuTM UHCIEHHOIO IOCTPDOEHUSI MHOXKE-
CTBa Pa3pelInMOCTH Ha OCHOBE HOIATHOM npouenyps! 1, 2]. B pamkax oxHoro
mrara HDONSITHON IIPOLELyPBI HCIOJb3yeTCs aJropuT™ [4] mocTpoenunst MaOXKe-
CTBa pa3pelmuMocTy st AuddepeHaIbHbIX UIP Ha [IJIOCKOCTH C JUHAMU-
KO IPOCTHIX ABM2KeHMi. PaboTa mporpaMMbl IPOMIIIIOCTPUPOBAHA TECTOBBIM
IPUMEPOM.

KiroueBbie cioBa: smneiinas nuddepeHuanbias urpa, 3amada commke-
HHS “B MOMEHT , MHOYKECTBO Pa3PEIINMOCTH, HOMSTHAS IPOIELyPa.

1. IlocraHoBKa 3ama4m
[ycrs auddepennnanbaast urpa 3a1aHa JMHAMAKOL
2(t) = Az(t) + Bu+Cv, =z(t)eR", t€l0,¥], veP veq. (1)

3aece A — n x n-marpuna, B u C — n x 2-marpuns;, P,Q C R? —
OrpaHUYEHUs HA YIPABJIEHUs [IEPBOrO U BTOPOro Urpokos. Kaxknoe u3
MHOXKeCTB P 1 () — IpocToiil BBILYKJIbIi MHOIOYTOJIbHUK WJIN JIMHEAHBII
OTpEe30K Ha ILIocKocTu. MoMeHT ¢ oKoHYaHus Urpbl dpukcupoBan. Ha
IJIOCKOCTHU BBIJIEJICHHBIX JIBYX KOMIOHEHT Zp,, U Zm, (HPA30BOr0 BEKTOPA
z = (21,...,2,)T 3ajano repmunanbroe muoxkecrso M C R2. Iemn
[IEPBOTO MI'POKA — ODECIIEYUTD BKJIIOYECHHE (Zpm, (V), 2m, (V) € M, nens
BTOPOIr'0 UI'POKA IPOTUBOIOJIOXKHA.
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JLJ1s1 IOCTPOEHMST OITUMAJIBLHOTO YIIPABJIEHNUsI IIEPBOTO UT'POKA, MOYKHO
UCIIOJIB30BATh POLIE/LyPY IPUIIEIUBAHUS [3] HA COOTBETCTBYIOIIME MHO-
JKECTBA Pa3pelnMocTi. MHootcecmseo paspewumocmu OIIPeIesiseTcss Kak
MHOKECTBO BCEX HAYAJbHBIX TOYEK, U3 KOTOPBLIX IEPBLI UIPOK rapaH-
Tupyer gocrukenne M B 3ajaHHbI MOoMeHT ¥. Jist 3amaum ¢ miockuM
TEePMUHAJBHBIM MHOXKECTBOM IIPUIIEJIMBAHAE MOYKET OCYIIECTBJIATHCS B
“9KBUBAJIEHTHBIX KOODAWHATAX T = (xl,xg)T Ha IJIOCKUE MHOXKECTBa
paspemuMocTu i audepeHualbHOl UIPhl ¢ IMHAMUKONR BUIA

i(t) = B*(t)u+Cr(tw, z(t)eR? te€[0,9], ueP, veQ, (2)

KoTOpast nostydaercs u3 (1) crangapTHeIM npeobpasoBanueM [3] npu mo-
MOIIM JABYX CTPOK MaTpuisl Komm.

3agaga COCTOUT B YHCJICHHOM IOCTPOCHHH MHOYKECTBA PA3PEIINMO-
CTH B 9KBUBAJEHTHBIX KOODJUHATAX CHCTEMBI (2) MPU BXOTHBIX JAHHBIX
nuddepennuanbHoit urpst (1).

2. OcHOBHOII pe3yJbTaT

Paszpaboran anropuTs IMCIEHHOTO TIOCTPOEHNUST MHOYKECTBA, PA3PEITIMO-
ctu Gy(M) Ha ocHOBe m3BeCTHOl HonsTHON mponenyps! [1, 2]. 3axan-
HBI orpe3ok Bpemenu [0,9] pasbupaercss ¢ HEKOTOPBIM IIAIOM, ¥ Ha
KarKJIOM TIPOMEKYTKE PAa30MeHNsT 3aMOPAKUBAIOTCSA KOIMDDUITNEHTHI TU-
Hamuku (2). B paMkax oiHOro mara HoIsTHON IPOLE Ly Dbl HCHOJIb3YeTCst
aJIropuTM [4] moCTpOeHUsI MHOXKECTBA Pa3PeIMMOCTH Jiiis uddbepeHIy-
AJILHBIX UI'P HA TJIOCKOCTH C JJUHAMUKON MTPOCTHIX JIBUKEHUIT 1 HEBBIITYK-
JIBIM MHOT'OYT'OJIbHBIM T€PMUHAJIBHBIM MHOXKECTBOM.

B kauecTBe TECTOBOrO TIpUMepa paccMaTPpUBAJIACH AUMPEPEHITHATIb-
Has Urpa u3 paboThl [5| ¢ HEBBILYKJILIM TEPMUHAJIBHBIM MHOYKECTBOM.
IlepBblii UTPOK yIpaB/IsgeT AefCTBUEM ABYX JOTOHSIONIAX, IETb KOTOPBIX
— MUHUMU3aIUs IPOMaxa OTHOCUTEJIBHO y6eramormero (BTOporo Urpoka)
B (DUKCUPOBAHHBIA MOMEHT BpEeMEHH U.

Hanuble s cucremsl (1) upu n = 9, noJryueHHble Ha OCHOBE JMHA~
MUKHU TpeX UIPOKOB u3 paszeia 6.5.1 B [5], umeror Bus

Ay O3xz D Bi  03x1 03x1 031
A=103x3 Ay D |,B=|03x1 By |,C=1[03x1 O3x1|;
0353 0343 A O3x1 O3x1 Bz 03x1
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0 1 0 0 -1 0
Ai=(o 0 1 |, i=1,23 D=0 0 0];
00 —1/7 0 0 0
0 0
Biz di 5 221,2, BgZ 0 5
(1_di)/Ti 1/7‘3

rae Opx; — k X [-marpuria, cocrosimas u3 HyJeil. 3aJaHbl OrPAHUIEHUsT
P = {(u1,u2) @ [ui| < iy i=1,2}, Q= {(v1,v2) : |1] <w, v2 =0}

Ha yIpaBjeHHs HUIPOKOB. lcxomHoe HeOrpaHwdeHHOE TEPMUHAILHOE
MHOXKECTBO

M. = {(21,24) : 0(21,21) < ¢}, @(21,24) = min{|z1], | 24]},
3aMEHEHO OTPAHUYEHHBIM MHOYKECTBOM B BHJIE KPeCTa:
M =M.N{(z1,24) : |71]| <7, |24] <7}

Ha puc. 1 nokasaHbl rpaHHIBLI TEPMUHAJBLHONO MHOXKeCTBa, M M MHO-
)kecrBa, pazpemumoctu Gy(M) mna ¥ = 12, v = 1, uyg = p2 = 0.9,
i =1=1/091=1d =do =05, c=2, r = 145.

Pa6ora Beinosnena npu dpunancosoii nognepxxke PODU (npoekrt Ne 18-0100410).

JINTEPATYPA

1. Bomxuw H./]. YucieHHOE ITOCTPOEHHE CEUYEHUN MHOXKECTBA IMTO3UIIMOHHOIO IIO-
IoleHus B JMHeiHON quddepennpanbaoit urpe // AJropuTMbl U IPOrpaMMbl
perienust muHeRHbIX quddepennmanbubix urp. C6. vayd. tp. (pex. A.U. Cy660-
tuH, B.C. ITanko). Cepmiosck, 1984. C. 5-38.

2. Hcaxosa E.A., Jloeywosa I'.B., Ilauyxo B.C. IlocTpoeHue cTaOUIBHBIX MOCTOB
B JIMHENHHON auddepeHnnanbHol urpe ¢ PUKCUPOBAHHBIM MOMEHTOM OKOHYAHUS
// AJropuTMBI U TPOrpaMMBbI PEIIeHHs JIUHEHHBIX aud depernmanbabrx urp. Co6.
nayd. tp. (pem. A.U. Cy66orun, B.C. ITanko). Ceepmiosck, 1984. C. 127-158.

3. Kpacosckuti H.H., Cy66omun A.H. Tlosummonnsie auddepeHiuajibHble UTrPhI.
M.: Hayka, 1974. 456 c.

4. Kamneva L. Computation of solvability set for differential games in the plane
with simple motion and non-convex terminal set // Dyn. Games Appl. 2019.
Vol. 9, no. 3. P. 724-750. DOI: 10.1007/s13235-018-00292-x

5. Kumkov S.S., Le Menec S., Patsko V.S. Zero-Sum Pursuit-Evasion Differential
Games with Many Objects: Survey of Publications // Dyn. Games Appl. 2017.
Vol. 7, no. 4. P. 609-633. DOI: 10.1007/s13235-016-0209-z

170



150

T2
100
50
M
0
-50 \
-100
T
-150
-150 -100 -50 0 50 100 150

Puc. 1. Muoxecrso paspemumoctu Gy(M) s 9 = 12.

Computation of Solvability Set
for Linear Differential Games with Fixed Terminal Time

Liudmila V. Kamneva

Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg, Russia,
kamneva@imm.uran.ru

Abstract: We consider the problem of constructing a solvability set Gy (M)
of the first player in a linear antagonistic two-person differential game with a
flat terminal set M, which is a simple (generally non-convex) polygon. The
set Gy(M) is constructed for an “equivalent” differential game with a two-
dimensional phase variable. A solvability set coincides with the section at the
initial instant of the maximal stable bridge [3] with the terminal the set M,
as well as with the section of a level set of the value function with a suitable
formulation of the game with terminal payoff function. An algorithm for nu-
merical construction of solvability set based on the backward procedure [1, 2]
is developed. In the framework of one step of the procedure, an algorithm [4]
for constructing a solvability set for differential games on a plane with the
dynamics of simple motion is used. The program is illustrated by an example.
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YucsienHoe uccieaoBanue (pyHKIMN MaKCAMAaJIbHON
neperpy3kmu B 33jia4e ONTUMAaJIbHOI'O BBIBEJIEHUS
PaKeTbI-HOCUTEJIs

N.H. Kauno6a', 1.B. Kosepmun?, E.K. Kocroycosa®

1 MM YpO PAH, Exarepun6ypr, Poccus, kandoba@imm.uran.ru
2 MM V¥YpO PAH, Exarepun6ypr, Poccusi, IKozmin@imm.uran.ru
3 UMM ¥YpO PAH, Exarepun6ypr, Poccus, kek@imm.uran.ru

Awnnortanusi: O6Cy2KIa0TCsI BOIPOCH IIOCTPOEHUS TOILYCTUMBIX YIIPABICHUHA
B OJIHOM 3ajlade ONTUMAJbHOIO yIpaBJeHHUs HeJTWHEHHOW NUHaAMUYIEeCKONH CH-
CTeMOil NpU HaJUYIUU OTPaHUYeHHI Ha ee dasoBoe cocrosHue. JuHamude-
CKag CUCTeéMa OIMUCHhIBAECT YIIpABJ/IAEMOEe ABUXKEHUE PAKETBI-HOCUTEJIA OT TOYKHN
crapra JO MOMEHTA €€ BBIXOJIa Ha 3a/IaHHYI0 OKOJIO3EMHYIO opbuty. 3ama4a 3a-
KJIIOYAETCsI B IOCTPOEHUH IIPOTPAMMHOTO YIIPABJIEHHsI, KOTOPOe 06eCrieanBaeT
BBIBOJI Ha OPOHUTY IIOJIE3HON HAIPY3KH MaKCHMAaJIbHOM MACCHI U BBIIIOJIHEHHE
JOIIOJTHUTEJIbHBIX (baSOBbIX OFpaHH‘IeHHﬁ. OCHOBHOe BHUMAaHUEC yaeJIdeTCda BO-
IIPOCY MOCTPOEHHS AOILyCTHMBIX yIIPABJICHU, IIO3BOJIAIONINX B JIIOO0H MOMEHT
BpEMEHH O0ECIIeYNTDH yCIENIHOE BO3BPAIEHUE [OJIE3HOM HArpy3Ku (KocMude-
CKOTO ammapara) Ha 3eMJIio. PaccMaTpuBaeTcs CIydail HeylpaBJIseMoro 6aJi-
JINCTUYECKOI'O CITyCKa KOCMHUYECKOI'O allapaTa OT MOMEHTa ero OTHeseHud
OT PaKeTbI-HOCUTEJIA OO0 COIIPUKOCHOBEHUA C 3EeMHOMI IIOBEPXHOCTBIO. BO3HI/I—
Kalolas IIpU TaKOM JBUXKEHHU MaKCUMaJibHasd Ieperpy3Ka Ha KOCMHYeCKuit
amnmapaTr He JOJI2KHa IIPEBBIMIATH HEKOTOPOU allpuopH 3aJaHHOH ITOPOTOBOM
Bestm4uHEBL. 1Ipu psife ynpoImaromux IpeArosIoyKeHHI OIPeNesIAoTCs Iapa-
MeTPBbI MaTeMaTUIeCKOn MOJeJIN ABUZKEHNA PaKeThbl, KOTOPbIE€ OKa3bIBaIOT 10—
MUHUDPYIOIEee BIIMSIHUE Ha 3HAYEHHE MaKCUMAJbHOU meperpysku. Orpenestsi-
ercs OYHKIHUA, OIPEAeJIAIonas 3aBUCUMOCTb MAKCUMAJILHOU IePErpy3KH OT
3HAYEHUN ITUX ImapaMeTpoB. UucieHHO uccienyioTcs ee cBoiicrBa. Ha ocrHose
YCTaHOBJICHHBIX CBOMCTB (ODYyHKINH MaKCUMAaJIbHO IIeperpy3KH IIPe1JIaraioTCs
IIOAXObI K ITIOCTPOCHUIO JOIIYCTUMBIX yl'IpaBJ'IeHI/II‘/‘I7 IIO3BOJIAIOIUX YI0OBJIETBO-
PUTH yKa3aHHOMY (Ha30BOMY OTPDAHHYEHHIO JO KaK MOYKHO OOJIbIIEHl BBICOTHI
II0JIeTa paKeTbI-HOCUTEJIA. HpI/IBO,ILHTCH pe3yapTaTbl YHUCJI€EHHOT'O MOIEJIUPO-
BaHUA.

KiroueBsbie cioBa: AnHaMu4YecKasl CuCTeMa, OIITUMaJIbHOE yIIpaBJ/IEHUE, (ba-
30Bbl€ OIr'paHUYICHUA, 6aJIIMCTUYIECKUI CIIYyCK, MaKCUMaJIbHasl IIeperpys3kKa.

BBenenune

PaccmarpuBaercs 3a/1a4a ONTUMAJIBHOTO BBIBEJICHUST PAKETBI-HOCUTEJIS
Ha 33JIaHHYIO OKOJIO3EMHYIO OPOUTY, KOTODPAasi 3aKJII0YAETCS B IIOCTPOe-
HOAU yIPaBJIEHUs, OOECIEINBAIONIETO JOCTABKY Ha OPOUTY IM0JI€3HOI Ha-
IPY3KH MaKCHMAJIbHON MACChl. DTa 3a7ada MOXKET OBITh CHOPMYIUPO-
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BaHa Kak 3aJa4a ObICTPOIEHCTBYS Il HEJMHEHHON JTUHAMUYIECKON Cu-
creMmsl [1]. B Heii nqBurKkenue neHTpa Macc pakeTbl Ha IPOMEXKYTKE [ts, te]
B HOPMAaJIbHOM I'DaBATAIIMOHHOM II0JI€ B HEKOTOPOIl CACTEeMe KOOPAUHAT
OINCBIBAETCA yPAaBHEHUSIMU

E=v, v=Wtazvdy), J=u, ©=mus, (1)

rae €,v € R3 — mojioxKenne n cKOpocTh IEHTpa Macc pakersl; 9,1 —
YIVIbI TAHTAYKa M PICKAHUS CTPOUTENLbHOIT ocu pakers; W (t, x, v, d,¢) —
YCKOpEHHE, KOTOPOE 3aJIaeTCsl CyMMON COCTABJISIONINX, OIPEIEJIsIeMbIX
PEAKTUBHBIMU, a3POJNHAMUYCCKUMA 1 I'PABUTAIIMOHHBIMU CUJIAMU; ty —
MOMEHT HaJaJla JIBUKEHUS; tf — MOMEHT BBIXOJIa PAKETHI Ha 3aJJaHHYIO
opoury.

B xavecTse ynpasiaenus u = (u1,uz)' € R? mcrmombayercs KycodHo-
HenpepbIBHAs HA [ts, tf] BEKTOP-DYHKIWMS, yO0BIETBOPSIIOIIAST

[ur ()] < u™ Jua(8)] <™, € [t . (2)

B MomenT Bpemennu ty mis cucremsl (1) 3a7a10TCs HAYATBHBIE YCIIO-
B, Ha ee¢ (a30BOe COCTOSAHUE HAKIAIBIBACTCS PAJl OTPAHUYEHUN, B TOM
qnciie u repmuHaibhbie |1, 2|. CymectByior cutyanun, Korya Tpebyercs
06ecleInThb U yCIeIlHoe BO3BpaleHue MOJIe3HOH Harpy3Ku (KOCMEIEeCKO-
ro ammapara) Ha 3eMJIIO C JII0G0H TOYKH TPAEKTOPUH PAKETHI-HOCHTEIS.
st 9TOr0 HEO6XO0AMMO, ITOOBI MAKCHMAJHHO BO3MOXKHBIE MEPErpy3KU
[IPU HEYTIPABJISIEMOM GAJTICTHIECKOM (ABAPUIHOM ) CITYCKE KOCMEIIECKO-
ro ammapaTa He IPEeBBLIIIAINd 33JaHHOTO JOMYCTHMOIO 3HAYEHUS Tipax-
Torga orpaHuYeHre Ha Heperpy3Kd MOXKeT ObITh 3allUCaHO B BHUJIE

max  max n(@(60),5(55) < e 3)
ts€[ts,te] tE[Es,te]
e Z, v € R® — mosiorkeHne u CKOpPOCTh KOCMUYECKOTO armapata [3];
ts € [ts,tr] — MOMEHT BPEMEHHU €r0 OTIEIEHNs OT PAKEThI-HOCHTEJIsT; tr —
MOMEHT BPEMEHH COIPUKOCHOBEHHH KOCMHYECKOTO AIlllapaTa ¢ 3eMHOM
nosepxuocTbio; n(E(t; 1y), 0(t; 1)) — 3nadenue neperpysku [3] B MoMenT
Bpenmenn t € [, ).

Bapaua 1. Jas ynpasasemots cucmemv, (1) ¢ 3adannvimu 6 mo-
MEHTN, BPEMENU ts HAUANDHBLMU YCAOBUAMU HATMU NPOZDAMMHOE YNPaG-
AEHUE W, MUHUMUSUPYIOWee sHavenue Pynkyuonara Ju(-)|=ts u ydo-
saemsoparowee ozpanuuenuam (2). Hpu smom doascnv, 6oims 6vmoa-
HEHBL 6CE 02PaHUNERUA Ha Padosoe cocmosanue cucmemws (1), exarouan
yeaosus (3) Ha nepeepysru NPu a8aPUliHOM CNYCKe KOCMUMECKO20 ANNa-
pama.
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1. ®yHKOUA MaKCUMAaJIBHOU Meperpy3Ku

Ompenenny GYHKIMIO MAKCAMATIBHON IEPETPY3KH Nmax = max n(Z(t;
te [, t)

ts), o(t; tAs)), iy € [ts, t¢]. IIpu HEKOTOPBIX YUPOIIAIOIIUX 33/ady IIPEJIIIO0-
JIOXKEHUSIX yIAeTcsl OUPeJeUTh IapaMeTphbl, OKA3LIBAIONIHE TOMUHUDPY-
Iolllee BJIUSIHUE HA 3HAUCHUS 3TOH (DYyHKITUH.

Teopema 1. Ilycmov a8apulHblil CNYck KOCMUYECKO20 aANNAPAMA
OCYWECNBAAETNCA 8 YEHMPAALHOM TLOAE MAZOMEHUA 8 NPEINOSONCENUL,
ymo 3emas — amo wap paduyca R, 6e3 yuema epawerus 3emau u
HAAUMUA_CUCTNEMATMUYECKOZ0 6€MPa. Toz0a Npmax = nmax(H V,a), ede

= |@(t)||-R, V = [B(t:)]l, @ — yeon meorcdy @(ts) u B(%).

IIpoBeieHO YUCIIEHHOE UCCIIeI0BAHUE CBOUCTB (DYHKIUY Ny ax (H, V, ).
B uacTHOCTH, YCTAHOBJIEHO, UTO TOYKA (ty =7 /2 ABJISETCH TOYKOU MUHU-
MyMa BYHKIIHA Nax (H, V, ) aas bukcnpopannbix snadennit H>H,
u V>0, tne H, — BBICOTA IOJIETA DPAKETHI-HOCHTENs, JIO KOTOPOii
orpanuyenue (3) BBIIOJHIETCS aBTOMATUIECKH JIJIS HEKOTOPOTo Cy6orl-
TUMAJIBHOIO B 3ajade 1 ylnpaBieHus &, alpuopu HOCTPOeHHOro [2] 6e3
y9eTa 3TOr0 OrpaHUYEHHs.

Ha ocHoBe ycraHOBJIEHHBIX CBOICTB (DYHKIUU Npmax(H,V,a) pas-
paboTan obmMil MOAXOA K IOCTPOEHHIO B 3ajJade 1 JOIyCTHMBIX
yIpaBJIeHHH, TO3BOJISIIOIIIX YOBJIETBOPUTH OIPAHUYeHHIO (3) Ha 1epe-
IPY3KH Ha BbICOTaX, mpesbimarommux H,. VckoMble ynpaBieHuss MOTyT
OBITH MOCTPOEHBI B PE3YJILTATE PENIEHUST CEPUU BCIIOMOTATETbHBIX 347144
ONITHMAJILHOTO YIIPABJIEHUS HA (PUKCUPOBAHHBIX IIPOMEXKYTKAX BPEMEHN
[t«, t*]C[ts, t5], Tye . — MOMEHT BpPEMEHH JOCTHXKEHUS DPaKeTOMH-
HocuTesNeM BLICOTBI H,, a t* — mociaemoBaTe bHO YBEIMYINBACMBII
MOMEHT BPEMEHH, J0 KOTOPOIO YIAETCd 3a CYeT BhIOOpa yIpaBJie-
HUST B COOTBETCTBYIOIIEH BCIOMOTATENBHON 3aJ1a9€ yIOBJIETBOPUTD
orpanmdenuio (3). B kaxkoit BcoMoraTesbHOM 3a/1a4€e 9T0 OrpaHnde-
HUE YYUTBHIBAETCS IIyTE€M BBEJEHUSI B MUHUMU3UPYEMbIH (DYHKIMOHAJT
CIeNUAIbHBIX CJIAraeMbIX CO ITpadaMu.

PesynbTaThl 9MCIEHHOTO MOJIEJINPOBAHAS C UCIOJb30BAHIEM Peaslb-
HBIX JAHHBIX MO3BOJISIIOT CEJATh ODIIee 3aK/IIOUEHHE O TPUMEHUMOCTH
IIPEIJIO?KEHHOTO MOJIX0/IA K TIOCTPOEHUIO B 33/1a4€ 1 JTOIYCTUMbIX yIIPaB-
JieHuii, obecrevnBaloONUX BbIIOJHEHHE OrpaHndenus (3) HA IIeperpy3Ku
JIO KaK MOYKHO OOJILIIEH BBICOTHI II0JIETa PAKETHL.
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Numerical Investigation of the Maximum G-Force Function
in a Problem of Optimal Launch of the Carrier Rocket

I.N. Kandoba!, I.V. Koz’min?, E.K. Kostousova®

L IMM UB RAS, Yekaterinburg, Russia, kandoba@imm.uran.ru
2 IMM UB RAS, Yekaterinburg, Russia, ikozmin@imm.uran.ru
3 IMM UB RAS, Yekaterinburg, Russia, kek@imm.uran.ru

Abstract: The issues of constructing admissible controls in a problem of
optimal control of a nonlinear dynamic system under state constraints are
discussed. The dynamic system under consideration describes the controlled
motion of a carrier rocket from the launching point to the time when the
carrier rocket enters a given elliptic earth orbit. The problem consists in
designing a program control for the carrier rocket that provides the maxi-
mal value of the payload mass led to the given orbit and the fulfillment of
some additional state constraints. The main attention is paid to the issue
of constructing admissible controls, which ensure the successful return of the
payload (spacecraft) to the Earth at any time. The case of uncontrolled ballis-
tic descent of a spacecraft from the moment of its separation from the carrier
rocket till the contact with the Earth surface is considered. The maximum
G-force acting upon the spacecraft arising under such motion should not ex-
ceed some a priori specified threshold value. Under a number of simplifying
assumptions in the mathematical model of motion, we determine the parame-
ters that have a dominant influence on the maximum G-force value. Then we
examine numerically properties of the maximum G-force function as a func-
tion of these parameters. On the basis of the established properties of the
maximum G-force function we propose approaches to constructing admissible
controls satisfying the specified state constraints up to the highest possible
altitude of rocket flight. The results of numerical modeling are presented.
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Opana ruOpuHas JAByXIaroBas 3aja4da
AUHAMHUYECKOro YIIPaBJIEHUsI C TPeMs yYaCTHUKAMU

A.D. KieiimeHnon

MM ¥VpO PAH, Exarepunbypr, Poccus, kleimenov@imm.uran.ru

AnHoTranums: /luHaMuKa yIpaBiisieMOi CHCTEMbI OIMCHIBAETCH yPABHEHUAMEI
MPOCTBIX JBUXKEHUI Ha 1utockoctu. Ha mepsom miare (stame) mpomecca (oT
HAYaJIbHOO MOMEHTA J0 HEKOTOPOrO 3aJaHHOI0 MOMEHTA) Ha CHCTEMY Jeii-
CTBYeT yTpaBJIEHHE TOJILKO HepBoro urpoka (P1), KoTopslii pemaer 3agady
OIITUMAJIBHOTI'O YIIpABJICHUA C 33JaHHBIM TEePMHWHAJIbBHBIM beHKLH/IOHa.J'IOIVT.
B magase Broporo mara (stama) mporecca urpok Pl pemaer, GyayT Jsin
y49acTBOBAaTh B IIPOIlEeCCe yIIPpaBJ/IEHUA Ha OCTAaBHIEMCHA IIPOMEXKYTKE BPEMEHUN
Bropoii (P2) u Tperuit (P3) urpoku, niu Her. Ecim «Ja», TO y4acTByIomue
WUIrPOKY Pa3bIIPBIBAIOT HEAHTATOHUCTUYIECKYIO IUM@EPEHINAIBHYIO UIPY
JBYX WJIM TPeX JIUI, B KOTOPOH B Ka4deCTBE DeIleHusi GepeTcs paBHOBECUE 110
Hsmy, maumyumee no Ilapero. Ecmu «mer», To mrpok Pl pemaer 3ama<y
ONTHMAJIBLHOTO YIPABJICHHsI IO MOMEHTa OKOHYaHUs mporecca. ccuemyercs
3ajaua HaWJIydIIero BeI0opa JeHCTBHIA CO CTOPOHBI Urpoka Pl.

KuaroueBsbie ciioBa: 3aa49a ONTUMAJIbBHOTIO yIpaBJICHUdA, HEAHTarOHUCTUYIEC-
CKag IMO3UINOHHAaA ,au(b(bepeﬂunanbﬁaﬂ Urpa, H3IIEBCKOE paBHOBECUE.

IlocTanoBKa 3amaun

Pabora mocssena TpUIOKEHUIO TEOPUN MO3UMMOHHDBIX Ju(depeHIn-
anpHbIX Urp [1, 2] Kk aHaIM3y OAHOrO KJjacca TUOPH/HBIX HEAHTATOHU-
CTHYECKUX Urp [3, 4] u ABIAETCS IPOJOIIKEHnEM paboTHI [5].

VYupanisiemasi CHCTeMa ONUCHIBAETCS YPABHEHUSIME [IPOCTHIX JIBHKE-
HUI Ha [UIOCKOCTU. MakcuMmasbHOe YHCIO YYACTHUKOB YIIPABJISIEMOTO
uporecca (urpokoB) pasuo Tpem (urpok P1, urpok P2 u urpok P3).
Urpoku AefiCTBYIOT B KJIACCE MO3UIMOHHBIX CTPATErUil; JIBUZKEHUsI, [O-
POZK/ICHHBIE STHUMH CTPATEIHSIME, OLPEIEIIAIOTCS AHATOIHIHO [6].

Ha nepeom mare (sTare) nporecca (0T HAYAIBHOIO MOMEHTa tg JIO
sajanHoro MomenTa T, tg < T' < o) mpaBasi 9acTh ypaBHEHUN JBUKEHUST
COJIEPYKUT ympassomee Bozeiicteue u, u(t) € P Tombko urpoka Pl,
KOTODBIii permaer 3aa1y ONTUMAJILHOTO yIPABICHAA Ha OTpe3ke [to, T
C 33/IAHHBIM TEPMUHAJIBHBIM (DYHKIMOHAJIOM BBIUTPHIIIA [7.

B mauasie Broporo mara (srama), To ecrb B MomeHT T, urpoxk P1
JIOJZKEH PelUThb, KTO U3 OCTAJIbHBIX HIPOKOB TakKe OyJeT yIacTBOBATh
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B YIPABJISIEMOM IIPOIIECCe HA OCTaBIIeMCs IpoMexyTke spemern [T, U].
Bcero y urpoka P1 umeercs 4 BapuanTa Bbibopa: 1°) y4acrByer UIpoK
P2; 2°) yyacrsyer urpok P3; 3°) yuacrByior oba urpoka P2 u P3; 4°)
HUKTO u3 UurpokoB P2, P3 me yuactByet. [Ipeamnonaraem, aro urpox P2
pacrosiaraer pecypcom ynpasiaennsa v, v(t) € Q¥ u mmeer zajaHHbBIIR
TepMUHAJIbHBIN (DYHKIIMOHAJ BRIMIpHIMa [, a urpok P3 pacmosaraer
pecypcoMm yupasienust w, w(t) € SO 1 umeer 3aaHHLIIT TEPMHUHAJIbHBIN
dyuknmnonaa Bemrpsima Is. IIpemamonraraem Tak»Ke, 9TO 3a ydacThe B
yIpaBJISIeMOM IIporiecce Ha orpeske [T',1)] BHOBDb BOIeIIne UIPOKU Bbl-
mwraanBatoT urpoky P1 miarex B pasmepe L > 0 equHuUil. 3aMeTuM, 9TO
BBIUTDBIIIA UIPOKOB SIBJISIIOTCs TpaHcdepabesbHbMu [3].

Ecsin urpox P1 BbiGpas Bapuant 4°), TO-eCTh €CjId HUKTO U3 UI'PO-
koB P2, P3 ne yuacrsyer, 1o Ha orpeske [1',9] urpok Pl unpomoskaer
peraTh 3aJ1a9y ONTUMAJIHLHOIO YIPABJIEHUs]; TIPA 9TOM €ro BBIUTPBIII,
nostyqaemblii B koneuanoit Touke °(9) onrtumasnbuoit Tpaexropun x0(-),
oboznauum uepes 9.

Ecsin urpok P1 Beibpast Bapuant 1°), To urpoku Pl u P2 Ha orpeske
[T, Y] pasbIrpblBaioT HEAHTAIOHUCTHYECKYIO HO3UIMOHHYIO nuddepen-
MHAJBHYIO UTPY JBYX JIAI, IIPUYEM B 9TOii urpe urpok P1 pacropsizkaer-
¢s1 BBIGOPOM YIIPaBJIEHNUSI U y2Ke U3 IPyroro MuoxkecTBa u(t) € P, a urpok
P2 pacnopsizkaercst BBIGopoM ynpasienus v, v(t) € QV. Ilpu sTom MHO-
skecTBo P C P° BRIGHpaeTCs TaK, UTO 1B MHOXKECTBA — BEKTOPOTIPAMMA
ypasHeHnit muHavukn auddepennuatbaoit urpl (e u € P, v € Q°) u
BEKTOPOIpAMMa yPaBHEHUH JTUHAMUKHU 339K ONTUMAJILHOTO yIIpaBJie-
mus (tae u € P°) — cosnamaror. [losaraemM, 9To HIPOKH BHIGHPAIOT OJIHO
u3 P(NE)-pemtenuit [6] urpsr, nopoxxaiomee tpaexropuio (M (-); 3na-
JeHUsl BBIUTPHINIEN UIPOKOB Ha Heil 0003HAYMM depes 11(1) JIJIST UTPOKA,

P1, u qepes 1.2(1) J1sT urpoka P2.

Amnagtornuno, ecsu urpok P1 Beibpas Bapuant 2°), o urpoku Pl u
P3 nHa orpeske [T,1] Takxke pasbIrPHIBAIOT HEAHTATOHUCTHIECKYIO I10-
BUIUOHHYI0 TudepeHIraIbHY0 UIPY JABYX JIUI; 3HAYEHWUS BBIUTPBI-
mreit nrpoxoB Ha Tpaexropun ') (-), mopoknernoit BriGpanabM P(N E)-
perrenneM 3Toi urpbl, 0003HATUM depe3 I §2) as urpoka P1l, u guepe3 I§2)
st urpoxka P3.

VYrBepxkaenue 1. Hepox Pl pewaem, wmo uepox Pi, i € {2,3}
YHACTNGYEM. 6 YNPAGAACMOM npoyecce na npomedcymxe epemeny [T, 9],
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ECAU UMENT, MECTMO HEPABEHCTMEA,

A RN ) (1)
[ -rL>1, (2)

ede I? — snauenue dynryuonana I; 6 mouxe z°(0).

Hepagsencreo (1) o3nadaer, 9410 Upu ydacTuu Urpoka Pi B yupasiis-
eMOM Tporiecce Urpok Pl mosiydaer BBIUTPHIN (¢ yIETOM IOJIYI€HHOTO
miarexka B pasmepe L) 60Jbuimii, 9eM ecjiu 9TO y4acThue He COCTOUT-
ca. Hepasencrso (2) o3nadaer, 410 UrpoKy Pi BBIFOJHO y9aCTBOBATDH B
poriecce, JaXke 3aIlJIaTUB 3a 9TO Urpoky Pl mmarex B pasmepe L.

Bagaua 1. Hatimu mpaexmopuio (), nopooicdennyro P(NE)-
pewenuem uzpv, 08yxr auy, u wucao L > 0 maxue, 4mo 6unoiHA0Omces
nepasencmea (1) u (2).

B obmmem cirygae 3agada 1 perenuii ne nmMeer.

Hakonern, eciu urpok P1 Beibpasu Bapuant 3°), To urpoku P1l, P2
u P3 ua orpeske [T, ¥] pa3blrpbIBAIOT HEAHTATOHUCTUIECKYIO O3UIMOH-
Hy0 auddepeHnuaabHy0 UIPy TPEeX JIUI, IPUYeM B 9TOH MIpe UI'POK
P1 pacnopsizkaercsi BBIGOPOM YIIPaBJIEHUsI U3 MHOXKecTBa u, u(t) € P,
urpok P2 pacriopsizaercst BbibopoM ympasyennst v, v(t) € Q¥ a mrpox
P3 pacrniopszkaercst Beibopom yrpasserns w, w(t) € S°. IIpu srom MHO-
sectBo P C P Boibupaercs Tax, 4To JBa MHOYKECTBA — BEKTOPOIPAMMA
ypaBHeHUil muHaMukn muddepentmanbroit urpsl (rae u € P, v € QY,
w € S°) u BeKTOpPOrpaMMa ypaBHeHHil IUHAMUKE 331291 OINTHMAJILHOTO
ynpasyenns (rye u € PY) — cosnanaior. B 3Toit urpe urpoku BbIGHpa-
10T onuo u3 P(N E)-pemenuil urpbl; BLIUIPBINU UIPOKOB, II0JIyYaeMble
B xomeunoit Touke z(3) (¥) Tpaekropun () (-), mopoxmenHON BHIGPaAH-

ubiM P(N E)-pemenneM, o6o3uadum depes [ fg) 11 urpoka P1, 12(3) pinict

)

urpoka P2, u yepe3 I:,E?’ Jist urpoka P3.

YrBepxkaenue 2. Hepox Pl pewaem, wmo wuepoxu P2 u P3
YHAcmsYOm 8 YnpasasemMom npovyecce na npomestcymxe spemenu [T, 9],
ECAU UMEIOM MECTNO CALIYIOULUE 068G HEPABEHCTMEA

19 4r>10 (3)
I +1 —L>1+ 1. (4)
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3ameuanue 1. Bo3amoocHa caedyowas unmepnpemayus 0etcmesull
uepokos na emopom waze (cm. maxoice pabomy [4]). Hepox P1 npodaem
wacmo ceoux axmueos 3a yenwy L aubo uepoxy P2 (sapuanm 1°)), aubo
uepory P3 (sapuanm 2°)), aubo uepoxam P2 u P3 (sapuanm 3°)), ecau
Maxas npodadrtca ABAAECMCHA 63aumo6bi200notl (0ba Hepasencmea Toms
6w, 6 000l us cucmem (1), (2), usu 6 cucmeme (3), (4) svinosnenwv).
Ecau npodasica neswvizodna (no kpatined 00no u3 Hepasercms Kax 6 cu-
cmeme (1), (2), max u 6 cucmeme (3), (4) ne svinoOANERO), MO OHA He
cocmoumes (sapuarm 4°).

s pa3inaabix HAOOPOB 3HAYEHMIT MapaMeTpoB 3aJadd IPOBEIECH
BBIYHCJIUTE/IbHBIN 9KCIEPUMEHT.
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A Hybrid Two-Step Problem of Dynamic Control
with Three Participants

Anatolii F. Kleimenov

IMM UB RAS, Yekaterinburg, Russia, kleimenov@imm.uran.ru

Abstract: The controlled system is described by the equations of simple
movements on the plane. At the first step (stage) of the process (from the
initial moment to some given moment), only the first player (P1) controls
the system, which solves the optimal control problem with the given terminal
functional. At the beginning of the second step (stage) of the process, the first
player decides whether the second (P2) and third (P3) players will participate
in the control process for the remaining period of time or not. If yes, then
all participating players play a non-antagonistic differential game of two or
three persons in which the Nash equilibrium, the best of Pareto, is taken as a
solution. If no, then the first player continues to solve the problem of optimal
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control until the end of the process. The problem of the best choice of action
by the player 1 is solved.

YIK 517.97

O 3azagyax MUHUMAKCHOTO THNA C BEKTOPHBIM
KpuTepueM

IO.A. Komapos', A.B. Kyp>kaHckuii’

L MI'Y um. M.B. Jlomonocosa, Mocksa, Poccust, ykomarov94@gmail.com
2 MT'Y um. M.B. Jlomonocosa, Mocksa, Poccusi, kurzhans@mail.ru

Annoranms: Pabora mocssiliieHa MeTOZaM pelIeHHs 3334 JUHAMIYECKOM
MHOTOKpUTepHaIbHOM omruMmusanuu. [lomobubie 3amadu TpeOyOT OmMMCAHIST
Bcell rpanunst IlapeTo MHOXeCTBa 3HAYEHHWI BEKTOPHOIO KPHUTEPHUSI M HC-
ciaenoBanus €€ nuHaMuku. OcCoObI MHTEPEC NPEACTABIISAIOT JUHAMIYECKHE
CHCTEMBI, COEprKallfieé OrPAHUYICHHYIO IIOMEXYy B yPDABHEHHH JUHAMUKH. B
CBfI3U CO CKa3aHHBIM, IIPEICTABJIAETCS MOJIE3HOH pa3paboTKa MeToJa IOCTPO-
€HUsI TAPAHTUPOBAHHLIX OIEHOK [Ist MOmOOHBIX cucreM. Ilocimenuee mpensia-
raeTcsl B JJaHHOI pabore. 37€Ch OlPEIEIEHO TOHATHE BEKTOPHBIX MUHIMAaKCa
¥ MaKCMMHA H IIPUBENEHLI OCHOBHBIE HX CBOMCTBa. Bo BTOpoil wactu pabo-
ThI IPUBOJATCHA [IOCTATOYHBIE YCJIOBUA BBIITOJHEHUSA aHAJIOTa KJIaCCUYECKOI'o
HEpPaBEeHCTBA, CBA3BIBAIOIIETO 9THU JABe 'PAHMIbI B KatecTBe mpuMepa paccMar-
puBaeTcsl JIMHEHHO-KBaIpaTUIHasl 3ajlada C OTPAHUYEHHOHN ITOMeXOM.

KuroueBsle cjioBa: BeKTOpHast onTuMusanusi, (ppout [lapero, MunnmakcHoe
HEPABEHCTBO, TAPAHTUPOBAHHOE OIIEHUBAHUE.

1. OcHoBHBIE OIpeaeIeHus
ITaperoBckmuii mopsimok. Paccmorpum orobpaxkenue F(z) : R"—RP.

Omnpenenenne 1. Bydem zosopumv, wmo eexmop r € RP domumnu-
pyemces sexkmopom y € RP 6 cmuicae Iapemo, ecau v # y u y; < Ty,
i=1,...,7. 9mo coommnowenue bydem 0603Hawamv Yy < T.

Onpepesienne 2. BeKmoproM MUNHUMYMOM MHONHCECTNBA 3HAME-
rutd omobpasicenus F(x) 6ydem nasveamo

Min F(z) = {f. € F(z)| Pz € X: F(2) < f.}.
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Omnpenenenne 3. BekmopHoiM MGKCUMYMOM 3MO20 MHOHCECTNEA,
bydem Ha3viBAMD

Max F(x) = {f* € F(z)| pr € X: f* < F(2)}.

Ilousitue BekTOpHBIX MinMax m MaxMin. Paccmorpum tenepn
0TOOpaXKeHune

F(u,v) : U xV — RP.

Bcerony manee 6yzem npenosarars, uro obpas F (U, V) ynosiersops-
€T HEKOTOPBIM YCJIOBHSAM CyIlecTBOBaHUsI obeux rpanui Ilapero — kak
MaKCUMyMa, TaK U MUHAMYyMa, HAIPUMeD, OrpaHuYeHHOCTU (B CMBICJIE
pPacCMaTpPUBAEMOrO TIOPSIIKA) MHOXKECTBA € 06EUX CTOPOH KOHCTAHTAMU:

IM., M*: M, < F(u,v) < M* YueU veV.
HoxazaresbeTBo sT0ro daxra npuBogurcs B [1].

Onpepnenenne 4. Bexmoprovim MUKUMAKCOM 3Ha%eHUT omobpadice-
nus F(u,v) na mmnoorcecmee U X V' 6ydem nasvisams

Min, Max, F(u,v) = Min{ | Max F(u, V)}.
uelU

Maxcumym snympu cxkobox bepemcsa no odnoti nepemennot u € U npu
PUKCUPOBAHHVIT BHANEHUAT V.

Onpenesienne 5. Bexmophnvim makemunom snavenut F(u,v) na
U x V 6ydem nasvieams omobpasicenue

Max, Min,, F(u,v) = Max{ U Min F(U, v)}
veV

Omnpenenenne 6. bydem 2080pums, “mMo NPouU3EOAbHBLE MHOICE-
cmea A, B C RP ydosaemsopsarom coommouweruro

AL B,
ecoufae A, be B: a<b.

OnpeﬂeneHHe 7. OcHOBHBIM MUHUMAKCHBLM HEPABEHCT BOM o
napemosckoeo nopﬂ(?%a 6y(?eM HA3v6aMHB COOMHOWEHUE

Min, Max,, F(u,v) £ Max, Min, F(u,v). (1)
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Cuerudrka BEKTOPHOTO MUHUMAKCa TAKOBA, YTO 9TO HEPABEHCTBO,
Bceria BepHoe B RY, MozkeT He BbIIOMHATHCH. Heo6XoamMoe yeIoBre ero
HADYIIEHUs] yCTAHABIUBAET CJIE/IyIOIIee yTBEPK ICHUE.

IIpennoxenune 1. ITycmv cywecmsyom maxue 3HaueHus 0mob-
pasicenus, f* = F(u*,v*) € Min,Max, F, f. = F(usxv.) €
Max, Min, F, wmo f* < f.. Toeda f = F(u*,v.) me cpashum
HU ¢ OOHUM U3 IMUT 3HAMEHU: f Z f, f% Ss-

2. IlocraHoBKa JMHENHO-KBAJAPATUYHON 3a/lauy yHOpaBJie-
HHUS C BEKTOPHBIM KPUTEPUEM

PaccMOTpEM JIMHAMAYECKYIO CHCTEMY ¢ HOMEXOMH
= B(t)u+ C(t)v, tE [to,?],
zo =2 u(t) € P(t), wv(t) € R(t),
€ BEKTOPHBLIM KPHTEPHEM
J1(9, x,u,v) (x, N1z) + (u, Mu) — (v, Pv)
T,z u,v) = =
Tp (0, z,u,v) (x, Npx) + (u, Myu) — (v, Prv)

TToce nmpumenenns: popmysrsr Ko, 70T hyHKIMOHAT MOXKET OBITH
[eperucan B BUJIE:

— = =

T[] = F(u,v) + ®(u) + ¥ (v).

=

3. Munnmakc dbyukumonamna S(u,v) = ®(u) + ¥ (v)
Ornupasich Ha HEPABEHCTBO
Min(A + B) = Min(A + Min B),

oJy4eHHoe B [1], MOXKHO JIOKa3aTh CHPABEJIMBOCTD CJIEAYIONIErO COOT-
HOIIIEHUS.

Ipemnoxenne 2. Jaa  eexmoprozo  dynxyuonara S(u,v) =
O(u) + U(v) sunoansemes ocHosHoe murumakcroe nepasercmeo (1):

Min, Max, (®(u) + ¥(v)) £ Max, Min,, ((u) + ¥(v)),

€CJI1 1 MUHUMAKC, 1 MaKCMHH JIJjIsI HETO CYIIECTBYIOT.
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4. Munnmakc dynkiponana G(u,v) = [(u, Ayv), ..., (u, A0)]7

Kak nokaszaso yucjennoe nocrpoenwue, 1y pyHKIIMOHAIOB YKA3aAHHOTO
BHa OCODEHHO XapaKTEePHO HAPYIIIEHNe OCHOBHOIO MUHUMAKCHOI'O Hepa-
BEHCTBA — HMMEIOT MECTO CJIydanl KaK IIepecedeHmsl JBYX I'DAHUI], TakK
¥ CYIIECTBOBAHHE PErYJISIPHBIX YCJIOBU, rapaHTUPYIONIUX BBIIOJIHEHUE
00paTHOIrO HEPABEHCTBA. B CBSI3M ¢ 9TUM IOJIyUEHO CJIe/IyoIlee yTBEpP-
KJIeHHeE.

Ilpennoxkenune 3. Ilycmo das ecex i,j = 1,...,7, i # j 6ce yaao-
svte munopvt, My[S] mampuyol

S = A" Al 4 Ajuv’ A

nopadka k < 2 neompuyamenvros cpady oas ecex v € (V — V), ade pas-
HOCTND MHONCECTNE NOHUMAEMCA 6 CMBICAE Padhocmu no Munkosckomy.
Toz0a umeem mecmo nepasencmso (1):

Min, Max, G(u,v) £ Max, Min,, G(u,v). (2)
CaencrBue 1. Ilycmo evinoanenv yeaosua npedaoscernus 3. Tozda
V’L?éj: 1,....,r— [Ai]kl[Aj]kl >0, Vk:l,...,n,l: 1,...,m.

3ameuanue 1. Moowcno nokaszamv, “MO 6 CAYUAE CKAAAPHOZ0
u € RY uau v € R coommowenue (2) obpawaemes 6 paserncmeo.

3akJroueHue

B xome mpoaenammHoit paboThl OB CHOPMYIUPOBAH BEKTOPHBIM aHAIOT
MHUHIMAKCA JJIsI TAPETOBCKOIO MOPSIKA, & TAKyKe AHAJOT MAKCMUHA. BbI-
JIO YCTAHOBJIEHO, YTO KJIACCUYIECKOE HEPABEHCTBO, 3a/IAI0IEe CBA3b MEXK-
JIy 9TUMH IPAHHUIIAMHU, B MHOTOMEPHOM CJIydae MOXKeT Hapyliarbcs. B
CBSI3U C 3TUM OBLIM HCCJIEIOBAHBI JIOCTATOYHBIE YCJIOBUSI CIIPABEITHBO-
CTH 9TOrO COOTHOIIEHUS HA IIPUMEpEe JIMHEHHO-KBAIPATAYHON 333491 C
OI'PAHMYEHHON ITOMEXOii.

Pa6ora Bemonnena npu dunancosoit noguepxkke POPU (npoekr Ne 16-29-04191
obu_ M).
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On the Problems of Minmax Type
under Vector-Valued Criteria
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Abstract: This paper is devoted to problems of dynamic optimization under
vector-valued criteria. Such problems require a full description of the related
Pareto boundary for the set of all values of the vector criteria and also an
investigation of the dynamics of such set. Of special interest are problems
for systems that also include a bounded disturbance in the system equation.
Hence it appears useful to develop methods of calculating guaranteed esti-
mates for possible realizations of related solution dynamics. Such estimates
are introduced in this paper. Introduced here are the notions of vector val-
ues for minmax and maxmin with the basic properties.In the second part of
this work there given are some sufficient conditions for the fulfilment of an
analogy of classical scalar inequalities that involve relations between minmax
and maxmin. An illustrative example is worked out for a linear-quadratic
type of vector-valued optimization with bounded disturbance in the system
equations.

VK 517.977.1

O BHelIHEM U BHYTPE€HHEM II0JIN3APAJIbHOM
OIl€HNBaHNNN MHO2XKECTB JOCTHU2KMMOCTHA
MHOromaroBbiX CUCTeM C MHTEerpaJIbHbIMN
OorpaHnveHudMm U HeolIpeadeJIEHHOCTbIO B MaTpulax

E.K. KocToycoBa
MM ¥VpO PAH, Exarepunbypr, Poccus, kek@imm.uran.ru
Annoraums: B jokmanme paccMarpuBaercs 3a7ada JBYCTOPOHHETO (BHEII-

HEero u BHyTpeHHeFO) OLIECHUBaHUA MHOXKECTB OOCTHU?KHMOCTU MHOT'OIIIAroBbIX
cucTeM OUJIMHEWHOTO THUIaA C HEONPEACJICHHOCTAMU B HAYaJIbHBIX YCJIOBUAX,
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MaTpullaX U aJJUTHUBHBIX Bo3zeiicTBusix. [Ipeamosaraercss, 9To BBINIEYIIO-
MSIHYyThI€ HEOIPEJEJIEHHOCTA CTECHEHBbI 3aJIaHHBIMU IapPaJlIe/IeluIIe03HAY-
HBIMH, HHTEPBAJIbHBIMUA U UHTErDAJILHBIMA HEKBa/IPATUIHBIMU OrDAHUIEHUSI-
MU COOTBETCTBEHHO. MHOXKeCTBa JOCTUXKUMOCTU PACCMATPUBAIOTCS B UCXOJI-
HOM U “pacmmpeHHOM”’ mpocTpaHcTBe. [IpemjaraioTcs ajropuTMbl IIOCTPOE-
HUSI BHEIITHUX U BHYTPEHHUX IOJIUIPAJIBHBIX OIIEHOK MHOXKECTB JOCTUZKIMO-
CTH B “paCcHIMPEHHOM’ IPOCTPAHCTBE B BHJIE IIOJIUTOIOB CIIEIUAJILHOIO THUIIA U
apaJlyIesIeIUIIe JO3HAYHBIX U IapPaJIICIOTONO3HAYHEIX OIEHOK MHOXKECTB JO-
CTUKUMOCTHU B MCXOZHOM TpocTpancTBe. OIEHKN HAXOMSTCs IO SIBHBIM (DOP-
MyJaM U3 IIapaMeTPUYECKUX CUCTEM DPEKYPPEHTHBIX COOTHOIIEHUM.

KiroueBbie cjioBa: MHOXKECTBO JAOCTUZKUMOCTHU, UHTEr'PaJIbHbIE OrpDaHN4e-
HHA, HEOIIPEAEJIEHHOCTh B MaTpHIIEe, IIOJIHU3APaJIbHbIe OIEHKH, ITapaJljieJIeIIn-
Ieapl, IapaJijiejloTOIIbI.

BBenenune

Pemenne MHOIMX 3a/a4 yIpPaBICHUS U OIICHUBAHUSA B YCJIOBUSX HEOIIpe-
JIEJIEHHOCTH OCHOBBIBAETCSI Ha, IIOCTPOCHUM MHOYKECTB JIOCTHKUMOCTH
(M) n ux anasoros [8-10]. ITockoIbpKy nX TOYHOE IOCTPOEHUE SIBJISIET-
€1, KaK IIPAaBUJIO, HEIIPOCTO 3a1a49eil, AKTUBHO PAa3BUBAIOTCS IHCJICHHBIC
METOJIbI, B TOM YHCJIC HE CJIMIIKOM TPYJOEMKHE, OCHOBAHHBLIE Ha Aall-
IPOKCUMAIMA MHOXKECTB 60Jiee IIPOCTBIME 00JIACTIME (PUKCHPOBAHHOIM
GopMBI, B 4ACTHOCTH, SJUIAIICOMIAMHE, Napajutesenumesamu [1-7, 9, 10].
Pabora npuHaIe:KUT K BHIIEYIIOMSHYTOMY HAIIPABJICHHUIO U IIOCBAIICHA,
IIOCTPOECHMIO IOJMIAPAIbHLIX omeHoK M/l B BmIe mapaJuiesenunenos,
[IaPAJIIEJIOTOIIOB ¥ [OJIMTONOB CIENUAIBHOrO THIA (OIPe/IesIeHNs CM. B
[2, 3, 6]) myrst MT citegyromiero Kjacca MHOTOIIATOBBIX CUCTEM, KOTODBIE
MOZKHO pacCMaTPHBATh KaK JUCKPETHBIE aHAJIOTY UMITYJIbLCHBIX CHCTEM.

OcHOBHBIE PE3YJIHTATHI

Pa,CCManI/IBaETCH MHOTromiaroBad CUCTEMa

zlj] = Aljlelj—1] + Bljlulj] +vlj], j=1,...,N; (1)
N

z[0] € X CR™; Z [ulf]lloc < po; (2)

ulj] € K[j]CR", j=1,...,N. (3)
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3aeck x[j] € R™ — Bekrop cocrosiHus, v[j] € R™ — usBecTHbIE BO3/I€ii-
crBus, Blj] € R™*" (r < n). Hauaasuoe cocrosiine z[0] u BXOIHBIE BO3-
neiicrBug u[j] € R™ Hen3BeCTHBI, HO CTeCHEHBI orpanndeHusmu (2), (3),
rae Xy — 3aZaHHBI BBITYKJILIH KOMIAKT, o > 0, ||u]lco = maxi<;<, |uil,
K[j] € R" — 3ajaHHble BBILYKJIble 3aMKHYThIe KOHYChbl. Marpuner A[j] €
R™ ™ 10YHO HE 3aJIAHBI, HO YJOBJIETBOPSIIOT OIPAHIIEHHSIM

MHTEPBAIBLHOIO THIIA C H3BECTHBLIME MaTpuunbivu dynkmusamu A[-], A[]
(MATPUYIHBIE HEPABEHCTBA IIOHIMAIOTCS. HOKOMIIOHEHTHO).

MmuoxecrBoM nocrukumoct X [k] cucremsr (1)—(4) B MomenT k Ha-
3BIBAETCS MHOYKECTBO BCEX TAKMX TOUYeK & € R™, st KaxKJ0i U3 KOTO-
PBIX CYIIECTBYIOT T, u[-] u A[-], yuoBierBopsitomnye orpannderusm (2)—
(4) u nopoxnatomue pemiernue z|-] cucremsr (1) rakoe, uro z[k] = x.

ITonesno paccmarpusarh Takke (mogo6HO [6]) MHOMXKECTBa JIOCTH-
x)kumoctu Z[k] cucreMbl B “paciinpeHHOM” HPOCTPAHCTBE COCTOSIHUIM

z = {z,u}y = (", u)7 € R 1tme p coorBercrByer Texkymiemy
“samacy” u, yposuersopsier p[j] = pli—1] — |[ulflllec, 5 = 1,..., N,
u dazoBpiM orpanudenusm p[j] > 0, j = 1,...,N, xoropble Ha-

KJIQJIBIBAIOTCST BMECTO WHTErDAJBHBIX OTpaHMIeHnmii HAa u u3 (2).
Yno6uo uckare MJI Z[k| B Buge obbegunenns ux p-cevennit X (u, k):
Z[k] = UOSMSM’ [k]{X(M’ k), p}. Tpu aroM, eciii HauadbHbBIE COCTOSIHAS
yaosaieropsitor z[0] = {z[0], u[0]} € Zo = Xp X [0, po], TO oKasbIBaeTCs,
aro X[k] = U{X (. k)| 0 < p < po} = X(0,k), k=1,...,N.

IIpeamnonaraercs, 4To HaYaIbHOE MHOXKECTBO Xy = Py ABJIsIeTCS a-
paJjutesienume oM, a KOHychl K[j] TAKOBBI, 9TO MapaJieenunesaMu sB-
nsoTcst Takke MuokecTBa R[j| = C N K[j], roe C — egunudnblii Ky6 B
R” ¢ nerrpom B Hyse (¢ oMot Takux K[j] MOXKHO 3a1aBaTh yCJIoBus
HEOTPHIATELHOCTH ).

B pabore mpejcTaBieHbl criocobbl mocrpoenus BHemuux 1T [k] u
Buyrpennux II ~[k] nosmmsnpasnbubix onenok MJI Z[k] B Buze noauTonos
I = O{P"0},{Ptu'}) C R"! cnemmansroro Tuma [6], ompemense-
MBIX JIByMsI CBOMMH CEUEHUSAMH, COOTBeTCTBytomuMa p = 0 u p = pu,
IOCPEJICTBOM OTICPAIIHI BBITYKJIOi 000 I0UKH, TIpIYeM 3Tu cedenns PP u
Pt — 6o napaJIesenue bl ¢ OUHAKOBBIMU MATPUIIAMU OPUEHTAIIUH,
00 OJMHAKOBBIE IIAPAJIICIOTONBI. BBIBEIEHBI PEKYPPEHTHBIE COOTHO-
wrenms gt [1E[k], onpeessionue nesble IapaMeTpUUeCKHe ceMeiicTBa
oueHoK it Z[k| u ucnosb3yiomue siBHbIe (GOPMYJIBL JJIsl 9JI€MEHTAPHBIX
HOJIM3IPAIBHBIX OIEHOK Pe3y/IbTaToB ollepaluii ¢ MHOyKecTBamMu B R™ L,
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C nomomipio noymronos I11[k] u 1T~ k] nocTpoens cemelicTBa napaJi-
JIeJIETIUIEJ03HAYHBIX BHemmHuX P (k] u napasuiesoronosHadHbIX BHYT-
pennux P~ [k] onenox juig X[k]. Ilpu srom BHemnue onenxku PH[k] no-
JIy9aercsi OTJIMYHBIME OT BBEJEHHBIX DaHee B [7], U, KaK HOKa3bIBaeT
YUCJIEHHOE MOJIEJIMPOBAHNE, MOI'YT OKa3aThes 0osiee 3(ppeKTHBHBIMMU.

Just mpumepa npusesieM onucanue oneHok P~ [k], rue dyukimn hl]
u I'*[-] cysxaT mapamMeTpamu, ompeIe IAoMIMA ceMeiicTBo oneHoK. O60-
s G740 = {T={2} € R™| [TY|<1}, [T = max casr X5y 2]

Teopema 1. ITyemw h[j] — npoussosvhvie wucaa, yooeaemeopsio-
wue yeaosusam hlj) >0, 5 =1,...,N, Zjvzl hlj] < po; J[k] — npous-
soavHbie nepecmanosku wucea {1,2,...,n}, k=1,...,N; It [k] — npo-
uzeoavnvie mampuyv, maxue wmo UL[k], T2[k],T3[k] € Gn>", T4[k] €
Gr" k=1,...,N, a napasaeasomons. P~ [k] nocmpoern, no gopmyaam

’Pli[k] = P;[k],l"l[k],l"2[k] (A[]f] o P*[k'—l])—i—v[k], k:]., ceey N;
P [k=Prapyropg (P R+RMBIKRIK),  k=1,...,N; P~[0]=P,

C NOMOULLIO INEMENMAPHHLT BHYMPEHHUT oyenox muna Pry . (P1+P?)
U P71 2 (AoP), onucarnoix 6 |2, 3]. Toeda P~ [k] asraomes enympen-

HUMU OUeHKaMmu 0as mHooicecms docmudicumocmu X [k]: P~ [k] C X[k],
k=1,...,N.

IIpenraraemblie ONEHKH MOTYT OBITH UCIOJIB30BAHBI JIJI TTOJTY ICHUST
oreHok MJI umiysibeHbIX JuddepeHnmababix cucreM [5, 9].
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On External and Internal Estimation of Reachable Sets of
Discrete-Time Systems with Integral Constraints and
Uncertain Matrices

Elena K. Kostousova

Krasovskii Institute of Mathematics and Mechanics, Ekaterinburg, Russia,
kek@imm.uran.ru

Abstract: The paper considers the problem of two-sided (external and in-
ternal) estimation of reachable sets of discrete-time systems of bilinear type
with uncertainties in initial states, matrices and additive inputs. It is assumed
that the above uncertainties are restricted by given parallelepiped-valued, in-
terval and integral constraints respectively. The reachable sets are considered
in an initial space and in an “extended” one. Algorithms are proposed for
constructing external and internal estimates for the reachable sets in the “ex-
tended” space in the form of polytopes of some special shape and for the
reachable sets in the initial space in the form of parallelepipeds and parallelo-
topes. All the estimates are calculated by explicit formulas using parametric
systems of recurrence relations.
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VK 531.36

O06 ycTOMYMBOCTHU ITPU MOCTOAHHO JIEHICTBYIOIIINX
BO3MYIIEHUSAX B HEKOTOPBIX KPUTUYECKUX CJIydasiX

A. 4. Kpacunckmnii

MI'VIIII, Mocksa, Poccust
MAM, Mocksa, Poccus, krasinsk@mail.ru

Amnnoranusi: Paccmorpeno npumenenne TteopeMbl MajikuHa 00 yCTOHRYIHBO-
CTU IIPU IOCTOAHHO JIeMCTBYIOIIUX BO3MYIIEHUAX K CUCTEMaM, XapaKTepPUCTU-
YeCKOe ypaBHEHNE KOTOPBIX 0e3 ydeTa IMOCTOSTHHO JeHCTBYOIINX BO3MYIIEHUN
UMeeT HyJeBble KOPHH M CTPYKTypa yPaBHEHMI BO3MYIIEHHOI'O JOIIyCKaeT
CBeJleHHE K OCOOEHHOMY CJIy<al0 TEOPHH KPUTHIECKUX CJIydIaeB. ACHMIITO-
TUYECKasd yCTOMYMBOCTb YyCTaHOBJIEHA 3a CYET JIONOJHUTEIbHbIX yCJIOBUIl Ha
HadaJIbHbIE BO3MYIIEHUSI KPUTUUIECKHUX IepeMeHHbIX. [lokazaHno, UTo Takoit
MIOAXOJ, IPUMEHHM K 33Ja9aM YCTONIHMBOCTH U CTAOUIN3AIUN CTAIIMOHAPHBIX
JBUKEHHI CUCTEM C F€OMETPUYIECKUMU CBA3SIMU IIPU UCIIOJb30BAHUM CBOOOI-
HBIX OT MHOXKHUTeJseH cBazeil ypasuenuit [llynsruna B nepemennnix Payca.

KiroueBblie ciioBa: yCTOf/'I“II/IBOCTI:, IIOCTOAHHO ,ZLef/'ICTByIOI_U\I/Ie BO3MYUIECHUA,

KPUTUYECKUH Cilydail, IPUHIUI CBeJIeHHUsl, TeOMEeTPUIEeCKIe CBA3H.

B cucremax ¢ mocTosiHHO AEHCTBYIONIUMA BO3MYIIEHUSIMHA JTOCTATOY-
Hasl Jyisl IpuMeHeHnH TeopeMbl Maskuna [7] acuMurorudeckas ycroii-
9UBOCTH B cuCcTeMe 06€3 BO3MYIIEHNN TPAIUIIMOHHO YCTAHABINBAETCS OT-
PHULIATEeIbHOCTBIO JeMCTBUTEJIBHBIX YacTell BceX KOPHEH XapaKTepUCTHU-
9eckoro ypaBHeHusi. Ecim xoTsi Obl OJIUH €ro KOpeHb WMeeT HYJIEBYIO
JelCTBUTEJIbHYIO YaCTh IIPU OTPUIATEIbHOCTH JIEHICTBUTEIbHBIX YacTel
OCTaJIbHBIX KOPHEl, IIoJydaeM KPUTHUYECKUH ciydall, JT0Ka3aTeJbCTBO
ACUMIITOTUYIECKON YCTONYIMBOCTH B CHUCTEeMe 0Oe3 BO3MYIIEeHuit B obIeM
cJiydae CyIECTBEHHO yCJIOXKHseTcs. [ljid crenuaabHOi KaTeropuu Kpu-
THYECKUX CJIydaeB, KOIJa XapaKTepPUCTHIeCKOe ypaBHeHNe, KpoMe KOp-
Hell ¢ HyJIEBBIMU JIECTBUTE/IbHBIME YaCTIMU, 00132 TE/IbHO IMeeT KOPHU
C OTPHUIATEIbHBIMHA JIEHCTBUTEILHBIMUA YaCTAMU, IPUHIIUIIOM CBEJIEeHUS
[1, 6, 7] ycranoBiieHBI yCJIOBUsl, IIPH KOTOPBIX 3aKJ/IOYeHHe 00 YCTOIi-
YUBOCTHU B IIOJIHOI CHCTeMe CjlejlyeT U3 PacCMOTPEHUdA TaK Ha3bIBaeMoit
YKOPOYEHHOI CHCTeMBI, coAepzKallleil TOJIBKO Te IlepeMeHHbIe, KOTOPBIM
OTBEYAIOT KPUTHYECKNEe KOPHU XapaKTEPUCTUIECKOI'O YPaBHEHU.

Pesynbrarsr npunnumna cBemenusi chOpMyIMPOBAHBI B IIEPEMEHHBIX,
CBA3AaHHBIX C JIMHEHHBIMU W HEJIMHEWMHBIMH 3aMeHaMH II€pEeMEHHBIX,
BCJIEICTBUE Y€r0 B OOIIEM CiIydae IPEe3BBIYANHO CJIOKHO Imepedopmy-
JINPOBATDH 3TU YCJIOBHS B NIEPBOHAYAJIBHBIX MEPEMEHHBLIX. B wacTHOCTH,
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JTst IpuMeHenust TeopeMbl Kamernkosa [1, ¢. 134-136] (06 ycroitunoctu
B OCOGEHHOM CJjIydae HECKOJbKHUX HYJIEBBIX W IIaD YHCTO MHUMBIX)
HEOOXOIMMa CXOIUMOCTD Psiia, OMPEIEISIIONIero HeJTMHEHHYIO 3aMEHy 10
HEKPUTHIECKUM II€PEMEHHBIM, OJIHOBPEMEHHO OOHYJISIIOILYI0 CBODOIHO
BXOJAINe KPUTUUECKNE IIepeMeHHble U B IIPUCOEIMHEHHON, U B YKOPO-
JeHHOU cucTeMax. B orimuume oT o0Imeil cuTyaruu, pasBUTHIA annapar
QHAJMTUIECKON MEeXaHWKN IMO3BOJISIET BBIJIEINTH TaKne KJIacChl 3aJad
YCTOUYINBOCTU, KOTJIAa YCJOBUS IIPUMEHNMOCTH Pe3yJIbTaTOB IIPUHITAIIA
CBeJIEHUsI MOI'YT (POPMYJIUPOBATHCS B MCXOAHBLIX IIE€PEMEHHBIX. 3a CYeT
BbIOOpa (POpPM ypaBHEHUU BUXKEHUSI U THUIIOB I[I€PEMEHHBIX, YCTAHOB-
JieHBl [2] JoCTATOYHBIE YCIOBHS HEACUMIITOTHYECKON YCTONIUBOCTH B
cUCTeMaX, B KOTOPBIX CTPYKTypa YPaBHEHUU BO3MYIIIEHHOTO JIBUKEHUST
co37aJ1a BO3MOKHOCTD BBITIOJTHEHUS BBIITIEYKA3aHHON 3aMeHBI TOJIHKO II0
JaCTH HEKPUTUIYECKUX HEPEMEHHBIX, IPUYIeM IOCIEIHUM COOTBETCTBO-
Basin i pepeHIuabHble YPaBHEHUs BTOPOIO MOPSIIKa, B TO BpPEMs,
KaK KPUTHUYECKHUM IIepEeMEeHHBIM OTBedasd YypPaBHEHHs IIEPBOTO IIOPAIKA
CITEIUAJIBHOM CTPYKTYPbI, KOT/Ia B IPABBIX YaCTsX 00s3aTeJIbHO IIPUCYT-
CTBOBAJIA B BUJI€ MHOXKUTEJISI HEKPUTUIECKNE TIePEMEHHbBIE, TTI0 KOTOPBIM
HeJIMHEHHOM 3aMeHb! He ObLIO.

Takasg cTPpyKTypa BO3HUKAET B 33JIa9aX yCTONYIMBOCTHU IOJIOYKEHUIL
PaBHOBeCUS HETOJIOHOMHBIX CHUCTEM C OJIHOPOJAHBIMU CBA3AMHU, IIPUYEM
CXOJUMOCTH Psifila B HeJIMHEHHOI 3aMeHe CYIIeCTBEHHO CBS3aHa C HEU30-
JIMPOBAHHOCTBHIO MCCJIEyeMOr0 ABUXKEHUSI, BCJIEACTBUE Y€r0 MMeJsa Me-
CTO HEACUMIITOTUYECKas YyCTOMYIUBOCTDH IO OTHOIIEHUIO K KPUTUIECKUM
epeMeHHBIM W TOU YacTW HEKPUTHIECKUX, MO0 KOTOPBHIM IIPOBOJNJIACH
yKa3aHHasl HeJIMHeHas 3aMeHa. DTO MCKJII0YaJI0 BO3MOXKHOCTH IIPUMe-
HeHHsI TeopeMbl MaJIKuHa 00 YCTOMYIUBOCTH IIPU ITOCTOSHHO JEHCTBYIO-
mux Bo3Mymenusx. OTMedeHHasl BbIIIE CIIENUAIbHASA CTPYKTYPa ypaB-
HEHUI BO3MYIIEHHOI'O JBUKCHUII BO3HUKAET U B 3a/1a49aX yCTOUYUBOCTHA
TOJIOYKEHNIT PABHOBECHSI TOJIOHOMHBIX CUCTEM C T€OMETPUIECKIMU CBI35I-
MU I[IPU UCHIOJIL30BAHUU (CBOGOIHBIX OT MHOXKUTEJIEH CBI3U) yPABHEHUI
ITynbrusa [8] ¢ npoaud depeHInpPOBaHHBIMI Y PABHEHUSIMI T€OMETPUIE-
cKkux cBsizeit. Ho orpannvenusi, HaKjabIBaeMble T€OMETPUIECKIUMHU CBsI-
3sIMU Ha HaYaJjlbHble BO3MYIIEHUs, IO3BOJIUIN JI0Ka3aTh [4] acumnroru-
YeCKYI0 YCTONYUBOCTH IPU OTPUIATEIBbHOCTUA HEUCTBATEJILHBIX YacTeil
BCEeX HEHYJIEBBIX KOPHEl XapaKTepUCTUYECKOTO YpPaBHEHUs. DTO JieJia-
€T BO3MOXKHBIM IIpUMeHeHre TeopeMbl MakuHa K 3a1a49e CTabuIn3aI[in
JIBUZKEHUIT CUCTEM C T€OMETPUYECKUMU CBA3SIMU IIPU HAJIMYUU TUKJITIe-
CKUX KOODJIMHAT, €CJIN B KQAYECTBE MOCTOTHHO AeUCTBYIONINX BO3MYIIIEHUIT
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paccCMaTpuBaThb BOSMYHIICHUS MUKJINICCKUX UHTEIrPaJioB.

PaccMOTpEM MeXaHHHYECKYIO CHCTEMYy C BEKTOPOM KOOPAMHAT ¢ =
. o n+m ~ ..
(q1,- - Gn+m), Kunernueckoit sueprueit T = 1/23 777" a,,(¢)dpGn +

ZZ:{” a,(q)dp + To(g), HA KOTOPYIO HAJIOKEHBI F€OMETPHIECKHE CBS3U

O(F,...,Fy)
(QnJrlv RN Qner)

| #0.
1)

U Ha CHUCTEMY JEHCTBYIOT, KpOMe IIOTEHIMAJILHBIX cuil ¢ sueprueit I1(q),
I HEINOTECHIUAILHBIC Qp, COOTBETCTBYIOIINE KOOPDIHHATAM (,. BBemeM
sextoper ¢ = (,8); r = (q1,-,qn)'s 8 = (Gnits- 1 Gnim); @ =
(QIa"'an)/a 6 = (qurl)"')ql); Y= (QIJrlv"'aqn)v 1<k <l<n.
IlycTs KOOpAMHATEI 5 U 7y HE BXOIAT B YPABHEHUs CBsi3eli, B BbIpayKke-

F(q):Oa F/:(Fl(Q)7"'7Fm(q))a detHa

HUsl JIJIsl KHHETUYIECKO U [OTEHINAIbHON SHEPIuil U HEIIOTEeHIMAJIbHBIX
CHJI, HEIIOTEHIMAJbHbIE CUJIBL 110 STUM KOODAMHATAM OTCYyTCTBYIOT. Bek-
Top ( Hy»KeH JyIsl BBLIEJEHNS] YyUPABIAEMbIX IUK/IXIECKUX KOODIMHAT,
€CJIM BO3HUKHET 3314494 CTa0UIN3anun, CTabUIN3HPYOIee YIPABICHUE
B KOTOPOii MOKHO ompesesnTs [3] permennem Meromom Kpacosckoro [5]
JIMHEHO-KBAIPATUIHBIX 33044 JJIsl BblIessieMoii mojcucteMsl [2]. TIpo-
muddepennupyem reomerpudeckue cssi3u (1) 110 BpeMeHH U BbIpa3uM U3
HOJIYy I€HHBIX COOTHONICHNUIT 3aBUCUMBIE CKOPOCTH.

. . OF\—-1 (0F

$ = Ba(a,s) &, Ba(a,s)= —(%> : (%) (2)
Ucxons uz dynkuun Payca R = T*(a, s,7) — (e, 3) —p’B,B -0y ps =
oT™* oT™*

— py = ——, 3anummeM ypasuenns Llyrpruna :

o6 T oy P y
d OR OR / OR ) . . .
706 0 CetBa (Qﬁa); Po=0; By=0; #=Ba-d ()

VYpasHenust (3) J0MyCKAIOT CTAIIMOHAPHOE JIBUYKEHHE

P = Ppo, Py =Dy0, Q= Qp, 5 = 50. (4)

BBenem BosMymenus pg = pgo + v, Dy =Dyo + W, @ = g+, & = T7,
s = Sp + Yy, u nocie 3amennl z = y — B, (0)z 3anumem ypasHeHnus
BO3MYIIEHHOrO JIBUKEHUSI B HOPMaJILHOM (bopme

é:N£+Vv+Ww+Zz+<I>(2)(f,v,w,z); 5
z":B((ll)(a:,z)xl; v=0; w=0; §I=($,7$/1>- (5)
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TocrosirHble MAaTPUIBl KOIMDMUIUEHTOB U3BECTHBIM 00pa3oM [3, 4] BbI-
paXKeHbl Yepe3 mapaMerpbl CucTeMbl. Kcim fmeficTBuTe IbHBIE 9aCTH BCEX
KODHEl XapaKTEePUCTUIECKOTO yPABHEHUS MATpUIbl N OTPHUIATENHHBI,
umeeM ([4], Teopema 1) aCHMITOTUYIECKYIO YCTORUIUBOCTD B IIOJICHCTEME

E=NE+Z2+ 39 (£,0,0,2); 2=BWY (x,2); (6)

HECMOTDsI Ha HaJInuue m HyJIeBbIX KopHeii. [Ipnmxkenue (4) js cucre-
Mol (5), coryacHo Teopeme Maskuma, yCTOHINBO HEACHMIITOTHIECKH, [0~
CKOJIBKY (D) MOXKET pacCMaTpHBATHCA Kak HojcucTeMa (6) Ipy HOCTOSH-
HO JefCTBYIONMX HAUAIBHBIX BO3MYIIEHUSAX UMILYJIBCOB U = Vg, W = Wy.
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On Stability under the Permanently Acting Perturbations
in Some Critical Cases

A.Ya. Krasinskiy

Moscow State University of Food Production, Moscow, Russia,
Moscow Aviation Institute, Moscow, Russia, krasinsk@mail.ru

Abstract: The application of the Malkin theorem on stability under perma-
nently acting perturbations to systems, whose characteristic equation without
perturbations has zero roots, is being developed.
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YIK 517.977

AHamm3 paBHOBECHBIX peIlleHUil B TpeXMepHO
JMHAMUYECKOIN ayKITMOHHOUN Urpe

H.A. Kpacosckuii', A.M. Tapacses?

1 MM YpO PAH, Exarepun6ypr, Poccusi, nkrasovskiy@gmail.com
2 UMM ¥YpO PAH, Yp®V, Exarepunbypr, Poccus, tam@imm.uran.ru

AmnnoTanmsa: B crarse pasBuBaeTcs MOAXOZ IS AUHAMAYECKHUX urp [1, 3, 5]
IO TOMCKY TO4YeK MakcuMyMa llapero, KoTopble 00Ja[aloT CHeluaIbHbIMU
JEKOMIIO3UIIMOHHBIMU XapaKTEPUCTUKAMU, HACJEIYIONIMMI CBOMCTBA KOHKY-
perTHOrO paBHOBecusl mo Hsmy [4]. PaccmarpmBaercss mporoTun Mozmenu mo
CHM2KEHMIO BBIOPOCOB B aTMocdepy sMHUCCHil yriieKucsioro rasa [6]. Boisegennt
dhopMyJIBI J1j151 KOHKYPEHTHOrO paBHOBecusi 1o Hamry. [Tocrpoeno MHOX)KeCTBO
Touek [lapeTo Jis1 KoomepaTUBHBIX neiicTBuil urpokoB. Ha mHoxkecTBe Ilape-
TO BBIJIEJISIETCSI TOYKA PBHIHOYHOIO PABHOBECHSI M CTAaBUTCS 3aJlada IEPEBOIA
UI'POKOB U3 KOHKYPEHTHOrO paBHOBecusi 1o Hamnry B 3Ty Touky. s sToro
IIOCTPOEH aJITOPUTM AYKIMOHHOIO THUIIA. AJITOPUTM peajin30BaH B BHUJIE CH-
crembl quddepeHIMaIbHbIX yPABHEHU, IPABbIe 9aCTH KOTOPBIX OIUCHIBAIOT
MexaHu3M (POPMHUPOBAHUS I[€H ayKIMOHA U HAWJIYyYIINX OTBETOB HUI'DOKOB Ha
THU IeHbl. TPaeKTOpUM JIMHAMUYECKONW CHUCTEMBI OMUCBIBAIOT CABUT MUTI'DPOKOB
or paBHOBecusi 1o Hamy k MuHO>KecTBY Ilapero. Pesynbrarer ajaropurva me-
MOHCTPHPYIOTCSI MOZEJBIO ayKI[OHHON UIPBI OBICTPOPACTYIINX SKOHOMUK 2.

1. Onwucanme mogen

B pabore paccmarpuBaeTcs UrpoBasi MOJENb, IEIbI0 KOTOPOIl sIBJISET-
Csl CIIBUT' UT'DOKOB OT KOHKYPEHTHOT'O DPABHOBECHUS K KOOIEPATHBHOMY
makcumyMmy. Mogeap BKIIO4YaeT B ce0s 7 UI'POKOB, KOTOPBIMU MOLYT SB-
JIITBCS CTPaHbl — YYaCTHUKHU COIJIAIIEHUS, PeNIafolue 3a/1a4y 110 CHU-
JKEHUIO SMUCCHUIl TAPHUKOBLIX ra30oB. IIpeamnosiaraercs, ITo corJiameHune
JOCTHUTAETCS B IPOIEcce MOMAroBOro ayKIMOHHOI'O IPOIEcca, KOTOPIN
yupasisercs aykimonepoM. Karknas crpana ¢ KOHTPOJMPYET COOCTBEH-
HOe KOJITYECTBO CHUKeHUe saMuccuil x; > 0, a TakyKe 3aMHTEPEeCOBaHA B
MaKCHUMU3aIuu COOCTBEHHON (DYHKITUH MTOJIE3HOCTH W) :

wi(x) = —Ci(il,'i) + B; Zajixj

Jj=1
3aecy cumBoa x = (x1,...,&,) — HOJHBIA BEKTOD CHUXKEHUS DMUC-
cuit; Cy;(x;) — dyHKuus 3arpar CTpaHbl ¢ Ha CHUXKEHHE SMUCCHUI Z;;
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B; (Z?:1 ajia:j) — (YHKIWST 9KOJOTTIECKOr0 3P deKTa, KOTOPHII MOJIy-
qaeT cTpaHa i OJarogapsi o0IIeMy CHUXKEHUIO 3arpsi3HeHUs Z?:l ;i T;
Ha ee TEPPUTOPHUH, U Gj; — KOIDOHUINEHT TPAHCTPAHUIHOIO II€PEHOCA,
T. €. 9aCTh IPOMBIINLJIEHHBIX BBIOPOCOB CTPAHBI j, [IEPEHECEHHBIX HA TepP-
putopuio crpany ¢. Ilpeamnosnaraercd, 9To a;; > 0 u Z?Zl ajir; < 1.

Mogens crierudunupyeTcs 1Jisi UTPOBO CUTYAIMHA MEK/Ty TPEMS Ul-
pokamu: Kurait, Unaus n Asumarckue crpasbl ¢ OBICTPOPACTYIIIMEI KO-
momukamu. s HUX nIeHTHOUIIPOBAHBI KBaAPATUIHbIE (DYHKINN 3a-
Tpar u jorapudMuUIecKre (PYHKINU SKOJOITIECKOro 3¢ dekra:

€; .
Ci(z;) = Emf +e (1=1,...,3);

Bi(zn:ajixj) =d;In (zn:ajixj) (i=1,...,3).
j=1 j=1

2. PasHoBecme no Hamy 1 mHO>KecTBO MakcumymoB IlapeTo

B cuity Toro, uro yHKIME 0JIE3HOCTH CTPOTO BOIHYThI, KOHKYPEHTHOE
paBuoBecus mo Hamury onpesessiercsi COOTHOIIEHUSIMU:

gwi
83%

MuoxkecTBo Touek MakcumyMa [lapero ompesesisiercs: (OpMyIIOi:

(M)=0 (i=1,...,3).

n

owy, , o
;aka—m(x)fo (i=1,...,3).

3. PbsrHOYHOe paBHOBecue

Onpenenenne 1. Hazo6em poiHOUHbLM PABHOGECUEM BEKMOP NOAO-
srcumenvnozo crusicernua smuccuti vM = (M xM)ecau das wasic-
dozo uzpora i dynxyua w;(AzM) (A > 0) docmueaem ceoezo marcumyma
npu A =1,

M = argmax{w;(Az™) : X > 0},

Umo aKeuU8aANEHTMHO

dw;(Az™)

X |)\—1 0 (Z ) an)
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@yHKHI/II/I HaI/I.HyLH_HI/IX OTBETOB UI'DOKOB OIIpEAE/IAIOTCA ypaBHeHI/IH-
MH:
(ei(a? + 2 +a) (@) +ui))
(di — eayi(2) + 1))

filw) = wi  ( ~1) (i=1...,3),
rJIe nepeMeHHasd y; obozHavYaeT CABUT' OT paBHOBeCHUA 110 H3H_Iy K TO4YKe
PBIHOYHOI'O paBHOBECHUAI.

,Z[I/IHaMI/IKa, HaWJIyIIINX OTBETOB UI'POKOB MMEET BUI:

dyi/dt = — f1(y1) —y1 + p1y1,
dyz/dt = —f2(y2) — y2 + paye, (1)
dys/dt = — f3(y3) — y3 + p3ys,

rjie UeHbl p; 33Jalbl ypapaenuamu: p; = (y1+y2+ys)/y; (i=1,...,3).

Cucrema ypasuenuii aykuuona (1) uarerpupyercs Mmerogom Pyrre —
Kyrra.

Ha puc. 1 nzobpazkensr Touka paBHoBecus mo Hamy N E, MHOXKECTBO
makcumymoB Ilapero PM u tpaekropun amropurma 1Ry, TRy, TRg,
CTAPTYIOIIE U3 PA3JIMIHBIX HAYAJIBHBIX TOYEK U CXOMSANINECT K TOUKE
PBIHOYHOI'O PaBHOBECHUSI, PACIOJIOKEHHOI Ha MHOXKecTBe [lapero.

Puc. 1. TpaeKTopI/m ANHAMUYIECKOr'o ayKIUOHa.
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The Analysis of Equilibrium Solutions
in Three-Dimensional Dynamic Auction Game
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Abstract: In the paper an approach for dynamic games is developed for
the search of maximum Pareto points which possess special decomposition
characteristics, that inherits the properties of competitive Nash equilibrium.
We consider the prototype of the model on carbon dioxide emissions reduction
in the atmosphere. Formulas are derived for competitive Nash equilibrium.
The set of Pareto points is constructed for cooperative actions of players.
On the set of Pareto there stands out a point of market equilibrium and the
problem is posed to shift players from competitive Nash equilibrium to this
point. For this shift it is required to construct an algorithm of auction type.
The algorithm is implemented as a system of differential equations, right sides
of which describe the mechanism of formation of auction prices and players’
best replies to these prices. Trajectories of this dynamic system describe the
shift of players from Nash equilibrium to Pareto maximum. The results of the
algorithm are demonstrated by the model of the auction game of fast growing
economies.
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T'eomeTpudecKmii moaxo ] K penieHuI0 OJHOTIO KJIacca
3a/1a4 ONTUMAJIBHOTO YITPABJIEHUSA

A.P. KyBimuaos

Yp®V; UMM VpO PAH, Exarepunbypr, Poccusi,
kuvshinovdr@yandex.ru

AnHoTanus: PaccmarpuBaercsi Kiace 3a7ad ONTHUMAJIBHOIO YIIPABJIEHUS C
nuHaMuKoi, 3aganuoit O/1Y, TrepmunanbHON (DyHKIMEH IaThl 1 HPA30BBIMU
OrPAHUYEHUSIMHU CJIEYIOIIErO BUIA: BIOJIb BCSKOIO JOIMYCTUMOIO JIBUXKEHUS
3aaHHas (PyHKIUs JOJXKHA TOCTUraTh MaKCUMyMa Ha IpaBoM Koure. IIpes-
JIaraeTcsl aJrOPUTM IOMCKa IJIODAJBLHOIO ONTHMyMa, OCHOBAHHBINA Ha JBO-
WYHOM IIOMCKE, B IIPOIECCE KOTOPOIrO PEIIAIOTCsS BCIIOMOTATEJIbHBbIE 3329
VIIPABJICHUS, UMEIOIINE T€OMETPUIECKUI XapaKTep.

KuroueBble ciioBa: onTuMasibHOE yIIpaBjieHre, (pa30Bble OrPAHUYEHUSI, YHAC-
JIEHHBIA METO]I.

BBenenue

PaccmarpuBaemasi B pabore 3ajiada BO3HHMKJIA KakK 00OOIIEHUE 3aa49u
quciieHHoro nocrpoenns pemennit [lltakennbepra B Kiracce MO3UIINOH-
HBIX auddepeHnnaabHbIX UT'P Ha OCHOBE (hOpMaIn3Ma TEOPUU HEAHTa-
POHUCTUYECKUX MO3UIMOHHBIX nuddepenuaibubix urp [1], koropas, B
CBOIO OYepelb, OCHOBBIBAETCH Ha (DOPMAJIU3AIUN U PE3Y/IbTaTaX TEOPUU
MO3UIMOHHBIX A depeHnnaabHbIX urp, paspadborannoit H.H. Kpacos-
CKHUM T €ro Hay9IHOIl mKoJI0i. Takum oOpa3omM, JaHHas paboTa sIBISETCS
pOJIOJIZKEeHUeM cepur pabor [2—4].

YucsreHHbIE METO/IBI OIITUMAJILHOTO YIIPABJICHUSA JUHAMIIECKAMUA CHU-
CTeMaMU COCTABJIAIOT OT/Ie/IbHOE OOIIMPHOE T10J1€ UCCJIEIOBAHMS U MOLYT
OBITH Pa30UTHI HA JIBe DOJIBIINE IPYIIIIbL: IIPSIMbIE METOJbI, OCHOBAHHBIE
HA CBEJIEHUH 331491 ONTUMAJIBHOIO YIIPABJIEHNs! K (KOHEYHOMEPHOI ) 3a-
Jade HEeJIMHEHHOTO IPOrPAMMUPOBAHUS, U METOIbI, OA3UPYIONINECH Ha
pe3yJIbTaTax TeOPUN ONTUMAJIHLHOTO yIIPABJIEHNS, TAKUX KAaK yPaBHEHUE
Tamunprona — Axobu — Bejuivana u npuniun makcumyma [loHTpsiruHA.
YHucjieHHBIM METOJaM ONTUMAJIBLHOTO YIIPABJIEHUsI ¢ (pa30BbIMEU OrPAHU-
YeHMsIMU [OCBsiIeHa KHura [5].

IIpemraraembrit B paboTe MOIX0I OA3UPyeTCs HA KOHCTPYKIIUA MHO-
JKECTBA JIOCTUKUMOCTHU U, 0 MHEHHUIO aBTOPA, MOXKET OBbITh OTHECEH K
IpsMBIM MeTogaM. VHTepec mpencTaB/isieT TOT (pakT, ITO CIIOCOOHOCTH
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IIOCTPOUTH JOCTATOYHO KAYECTBEHHYIO AIIIPOKCUMAIIIMIO MHOXKECTBA JI0-
CTHU2KMMOCTH Ja€T BO3MOXKHOCTD B IIPEJICTaBJICHHOI HUKE 3a/1aue HAlTH
[JI00AJIBHBII OIITUMY M.

1. ITocranoBKa 3amayu

Hych ANHaMUKa praB.HHeIﬂOIU/I CUCTEMBbI 3a/laHa YPaBHEHHUEM:
B(t) = f(t, 2(t),u(t)), te[0,T), x(0)= o, (1)

rae x(t) € RY ects dasoseriit Bekrop, u(t) € P C RP ecth ympabienue,
BoIbupaemoe u3 komiakra P, T' € (0, 400) ecTb 3a1aHHbBI KOHEYHBIH MO-
MeHT BpeMeHn. [Ipemonaraercst BBIIOJTHEHNE CTAHIAPTHBIX yCJIOBUHA Cy-
IIECTBOBAHMs, €/JMHCTBEHHOCTH ¥ IPOI0JRKUMOCTH pentennii (1), a Tak-
JK€ 3aMKHYTOCTH MHOXKECTBA JOCTUKUMOCTH JJIsl CIydas U3MEPUMbBIX
yhIpaBJIeHUA.

Ilycre 3anana HempepbiBHas dyukuusa (¢, x). Isuxkenue cu-
crembl (1) z(-) HasbIBaeTCH JOIyCTUMBIM, €CJIH OHO YIOBJIETBODSIET
$a30BOMY OrPAHMYEHUIO CJIELYIOIETO BUIA:

Ve 0,T] At a(t) < AT, x(T)). (2)

ITycrs 3anana HenpepbiBHas byHKnus o(z). [lokasaresns KauecTsa
olpeJiesieH Ha JIONYCTUMBIX JIBUKEHUAX U UMeeT TepMUHAJIbHBIN BUJI:

J[z()] £ @(=(T)) — max. 3)

2. IToaxom K pemnieHuIo

Iycrs 3azanbl quHamuka (1) u nokasarens (3), HO JOIyCTUMBIME 0y-

A
JIeM CUUTATH JBUKEHNUs, KOTOPBIE JJisi HEKOTOPOI'O 3aJ[aHHOTO ¢ > ¢y =
(0, zp), yZAOBIETBOPSIOT YCIIOBUSIM:

W(Tvx(T)) =g, Vte [OvT] V(ta {E(t)) <g. (4)
OnpemenuM CIeayIonyio dyHKIMIO:

™ (g) £ max o (e (7)), (5)

rue yupassenus u(-) BBIOUPAIOTCS TAKHUE, Y4TO HOPOXKIAEMble UMU JIBU-
JKeHusl yuoBseTBopsior (4) mius aprymenta g. Takum o6pa3oM, BbIYHC-
JleHVe 3HaYeHNst ¢ () SKBUBAJIEHTHO PEIIeHNIO 331891 OIITUMAJIBLHOTO
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yIpaBJIeHUs] CTAHJIAPTHOIO BHJA, & IIODAIBHBIH MakcuMyM c™?*(g) Ha

g € [9+,9%], rme ¢g* ecrb MakcuMasibHOE ¢, [JIsi KOTOPOIO MHOYKECTBO
JIOIYCTUMBIX JBUYKEHHl He IIyCTO, COOTBETCTBYET PENIeHUI0 HCXOLHOM
3aJIa4H.

PaccmorpuM Tenepb ¢pa3oBble OrpaHIYEHHUS BUIA!

p(x(T)) 2 ¢, VEel[0,T] ~(tz(t)) <g, (6)
U [OKa3aTeslb KauecTBa:

J'[z()] £ (T, 2(T)) — max. (7)

u(-)

Suauenre MakcuMmyMma Iokazaress (7) HA JBUKEHUSIX, YIOBIETBODSIO-
mux yesaosusM (6), oboznaunm dbyHKIHE 1apaMeTpoB g U ¢:

9" (g,¢) £ T%”(T’ z(T)). (8)

OnpeieinM peKyppeHTHYIO TI0CJIeI0BATEIbHOCTD:
. ‘ a
R Eg, gl 2 g™ (g o). 9)

JIemma 1. ITycmo ¢ makoso, wmo muosicecmso G = { g € [g«, 9*] |

g™ (g,c) = g} ne nyemo. Toeda lim; . g° = maxg.

JlemMma 2. ITycmo ¢ maxoso, wmo muoocecmso G, onpedesennoe 6
nemme 1, nyemo. Tozda natidemea i € N maxoe, wmo aubo g ne onpe-
deaero (mrootcecmeo deudicerutll, no KOMOPbLM BEPEMCA MAKCUMYM, Y-
cmo), aubo g& < gs.

Jlemmbl 1 1 2 O3BOJISIIOT OCTPOUTDH AJITOPUTM, IPOBEPAIONTUHT, 10~
CTHKUM JIM 3aJIAHHBIH YPOBEHb ¢ NOKa3aTess KadecTBa (3) MCXOIHOM
3a/1a41, U TAKUM 00Pa30M, OPraHU30BaTh [IOUCK TJI00AJIBHOTO OIITUMYMA,
¢ 3aJIAaHHOI TOYHOCTBHIO B (DOPME JIBOMTHOI'O ITOUCKA.

Bsemem nmeroryio reoMeTpudecKkuii XapakKTep BCIIOMOTATEIbHYIO 33~
Jlady yupasJeHus ([I0Ka3areab KadecTBa OTCTyTcrByer). B aroii 3anaue
nuHaMuka 3a1aHa (1), a das3oBble OrpaHUYeHUsT 33IaHbl YCJIOBUSMU:

(T, 2(T) >y, @) >c, Vte[0,T] ~t () <g. (10)

Ee pemenue — so6oe nsukenue, yuosiersopsiomee (10) wam dakr
OTCYTCTBHUsI TaKUX JBHrKeHWii. Vlcrmosb3ys pemarenb JaHHON 3ajadn,
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HECJIOXKHO 3aIMCATh IIPOIE/YPhl BBIUUCIEHHs C 3aJIAHHOH TOYHOCTHIO
™*(g) (5) m g™*(g,c) (8), a TakKke OOIIHIl AJTOPUTM DEIICHHS UC-
xozuoit 3amaun (1)(2)(3). Crnexyer ormernts jBa (daxra. Bo-nepBbix,
BBIUHCJIEHNE [0CIe0BaTeNbHOCTH (9) Heobs3aTebHO HAYMHATE ¢ g% —
MOXKHO HAYHMHATH C IIpeJiesia, BBIYUCIEHHOTO JJIsi HEKOTOPOI'O MEHBIIIETo
3HAYEHUs] IapaMeTpa ¢. Bo-BTOPBIX, IPU JOCTUXKEHUN MAJIbIX 3HAUEHU
gi1 — g moxmOo B3ATH M (gl) B KavecTBe cieIyIoNIel HOBOM OIeHKH
CHHU3Y MAKCHMyMa IIOKa3aTeslst KadecTsa. Jlannoe sHadeHne MoKeT ObITh
09eHb GJIM3KUM K ¢. B 9TOM Ciyuae ciemyiomee IpoBepsseMoe 3HATCHUE
¢ clleflyeT B3sTh HE NOCEPEJUMHE MeXKJy OIEHKAMH CBEPXY M CHH3Y, a
CYIIECTBEHHO OJinzKe K OIEHKE CHH3Y.
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A Geometric Approach to a Class of Optimal Control
Problems

Dmitrii R. Kuvshinov
Yeltsin Ural Federal University, Yekaterinburg, Russia;
Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg, Russia,
kuvshinovdr@yandex.ru

Abstract: A global optimum search algorithm is proposed for a class of
optimal control problems which have ODE dynamics, terminal functional and
state constraint in the following form: along any admissible motion a given
function must reach maximum at the right end. The algorithm is based upon
binary search in the course of which auxiliary control problems of geometrical
nature are being solved.
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Teopusi CKpbITBIX KOJIeOaHMIA
A YCTOMYMBOCTH CHUCTEM YIPaBJIEHUS

H.B. Ky3Heuos

Cankr-IleTepOyprckuil rocyiapcTBeHHbIN yHUBEpCUTeT, Poccust
WNucruryt npobiem mammuosenenus PAH, Caunkr-Ilerep6ypr, Poccus
n.v.kuznetsov@spbu.ru

AnsoTauusi: O630p MOCBSIINEH TEOPUHM CKPBITHIX KOJIEOAHUH, OTparKarolei
COBPEMEHHBIH Tall pa3BUTUs Teopun Kosebanuit A.A. AHIPOHOBa, U ee pu-
JIOYKEHUSIM K aHAJIU3y CUCTEM YIIPABJIEHUS, MEXaAHUIECKUX U FJIEKTPOMEXAHU-
YEeCKHUX MOJeJIeN.

KimroueBble cjioBa: TEOPHs CKPBITHIX KOJeOaHUil, KOHTPIPUMEPHI K THIIO-
Te3am Afizepmana u Kanvana 06 abCOMIOTHOR yCTOMYMBOCTA CHCTEM YIIPaB-
senns Jlypbe, Monens Kennpima nogasinenus: dpiarrepa, 3JeKTPOHHbIE [ENn
Yya, cucrema ¢$Ha30BOil aBTONOACTPONKY.

BBenenune

MareMaTudeckoe MOJIEIUPOBAHNE JUHAMUKH U OIPEJIeJIEHUe yCTONINBO-
CTU B TEXHUYIECKUX CUCTEMAX SABJIACTCSA aKTyaJbHEHINNM HAIpaBICHIEM
B HAYYHOM M TE€XHOJIOIMYIECKOM Pa3BUTHH JIFOOOT0 roCy1apcTBa, KOTOPOe
CTPEMUTCS 3aHATH JUIUPYIOIINE TO3UIUU B COBpeMeHHOM Mupe. V3yde-
HUE MPEJIEJIbHBIX JUHAMIIECKUX PEKUMOB U YCTONIUBOCTH HEOOXOIUMO
KaK B KJIACCHIECKUX TEOPETUIECKUX, TAK U B AKTYAJIbHBIX TPAKTUICCKIX
3a/1a9ax.

CucremMaTnueckoe n3ydeHue IpeIesIbHbIX Kosebannil (aTTpakTopoB)
U KPUTEPHUEB MX OTCYTCTBHUS B NPUKJIATHBIX JUHAMUYECKAX CHUCTEMAX
cBsA3aHO ¢ paboramu HaydHON mKoJgbI A.A. Annponosa. Coeuuus Ma-
TeMaTHIeCKue Uen aHAJN3a JIOKAJIbHOM ycroitanBoctu A.M. Jlsmynosa
U BO3HMKHOBeHUsi Kojiebauuii A. Ilyankape, uMm Oblia co3jana MaTeMa-
TUYeCKas TeOpusl KoJIeOaHuii, OObACHSIOMAs MOBEJIEHNE MHOIUX HHKE-
HepHBIX cucreM [1].

DTa Teopust MO3BOJIIIIA U3yIaTh BOSHUKHOBEHUE MTPEJIEIbHBIX TIEPUO-
JITIECKUX KOJIEDAHUI, & TaK¥XKe MOJIyIaTh HeOOXOIUMbBIE U JIOCTATOYHBIE
YCJIOBUST OTCYTCTBHUsI KOJIEOAHUN W TJI00AJBHON YCTOWIUBOCTH JJIsI CHU-
CTeM HEBBICOKOrO mopsiaka. OmHuM U3 apKuX pe3yabraTtoB A.A. Amj-
POHOBA B 3TOM HAIIPABJIEHUH SABJIAIOTCS CTPOrUil HEJIOKAJIBHBINA aHAJIM3
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HEJIMHEHTHOM MOJIE/IN PETYJIATOPa YaTTa C CYXUM TPEHHEM U JIOKA3aTeIb-
CTBO JIOCTATOYHOCTH yCJIOBHI JJOKAJIBHOM ycToranBoCTH BhIHerpaacko-
ro 2] mis r106asbHON YCTOYMBOCTU U OTCYTCTBUSI HEXKEJIATEbHBIX KO-
Jjiebanuii (CyImecTBOBaHNE OTPE3Ka [IOKOsl, IPUTATUBAIONIEIO TPACKTOPUN
13 JIIOOBIX HAYAJIBHBIX JIAHHBIX) [3].

Ora pabora A.A. AmjpoHOBa cTaja OTBETOM Ha IIyOJIUKAIMH, B
TOM wmcCie BblIaromerocs poccuiickoro yuenoro H.E. 2Kykosckoro [4],
KpuTukoBasiue 1moaxo N.A. BeimHerpasckoro u craBuBIime IO, CO-
MHEHUE ero BeIBOJIbI. OTMeTHM, 9TO JAaJIbHEIee PA3BUTHE PE3YIbTATOB
Buoimaerpajickoro- AHJAPOHOBA 10 CUX TOP OCTAETCA AKTYAJbHBIM JIJIst
COBPEMEHHBIX PEryISITOPOB TyPOUH, KaK MOKa3aJ/ia HeJaBHss aBapus Ha,
Casno-Ilymenckoit I'9C n anamms ee BO3MOXKHBIX Ipu4nH [5].

Sajaun aHajM3a MHOTOMEPHBIX JMHAMUYECKUX MO U MOJIyde-
HUST HEOOXOMUMBIX M JOCTATOTHBIX YCAOBUM II0OAIBLHON yCTONINBOCTH,
B TOM 4YHCJI€ TApPAHTUPYIOIMIAX OTCYTCTBHE XAOTHMIECKUX KOJIeOaHMIl,
[MOKa3aJid HeoOXOUMOCTDb JAJIbHEHIIIero pa3sBuTUsl TEOPUH KOJieDaHwmii
A.A. AugpoHoBa M CO3J@HUS HOBBIX AHAJUTUYECKUX U YHUCJEHHBIX
METOJIOB aHAJU3a YCTOUIUBOCTH U KoJsiebanmii. COBpeMEHHbBIE BBIUUCIIH-
TeJIbHbIE CPEJICTBA II03BOJIAIOT YUCICHHO aHAJN3UPOBATh BO3HUKHOBEHHIE
KoJieDaHU B JMHAMHUYECKHX CHCTeMax. B obiiem ciydae koJsiebaHue B
JUHAMUYIECKON CHCTEME MOXKET OBITh JIETKO BBIYHCJIEHO, €CJIM HAYAJIb-
Hble JIaHHBbIE U3 €r0 OKPECTHOCTU COOTBETCTBYIOT IIPUTSATABAEMBIM K
HeMy TpaeKkTopusM. Kiaccuaecknii HHKEHEPHBIH aHAJI3 YCTONINBOCTH
U TPEIeSbHBIX KOJIeOAaHWl B CHCTEME 3aKJIIOYAETCS B OIPEIesIeHUN
COCTOAHUIT pPaBHOBECUH, AHAJUTUYECKOM OIIPEJeJIeHUN HUX JIOKAJIbHOI
YCTOMYNBOCTH, & 3aTeM YUCJIEHHOM aHaJIU3e IIOBeJIEHUs TPAeKTOPHUil ¢
HavaJbHBIMHU JaHHBIMUA B OKPECTHOCTU HEYCTOMYMBBIX COCTOSIHUII paB-
noBecus. Takoil aHa/ M3 MO3BOJISET MIOKA3aTh IMPUTsIKEHIE TPACKTOPUI
U3 OKPECTHOCTU HEYCTONYUBBIX COCTOAHUI PABHOBECHUA K YCTONYMBBIM
COCTOAHUAM DABHOBECUA — TPUBHUAJILHBIM aTTPAKTOPaM, UM BbIABUTH
KoJiebaTeIbHbIE ATTPAKTOPHI.

1. OcHoBHOII pe3yJbTaT

Ognako B paMKax KJIaCCHYECKOTO HHKEHEPHOT'O IOJXO0Ja OTKPBITHIM
ocTaBaJicst BOIIPOC: MOTYT JIM CyIIECTBOBATh B CUCTEME ATTPAKTOPBI, K
KOTOPBIM He IIPUTATHBAIOTCA TPACKTOPUU U3 OKPECTHOCTEH COCTOAHMIA
pasHoBecus? B paborax [6—8] 6blia mpeijioKeHa CIeAyIomas KJIacCu-
duKaysa aTTPaAaKTOPOB JMHAMHYECKUX CHCTEM: aTTPAKTOP Ha3bIBAETCS
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CKPBITBIM, €CJIM 00JIACTH €r0 MPUTSIKEHUsI HE COIPUKACAETCS ¢ HEYCTO-
YUBBIMU COCTOSTHUSIME DPAaBHOBECHsI, B IMPOTHUBHOM CJIydae aTTPaKTOp
HA3BIBAETCST CAMOBO3OYKIAIOMIMMCS. DTa KJIACCH(DUKAIMS OTPA3UIA
9KCIIEPUMEHTAJIbHBIN TOAXO0M, K AHAJIN3Y BO3HUKHOBEHHUSI CAMOBO30YK-
JAOIUXCsT KOJIe0aHWT W YHMCJIEHHBIE METOJbl IIOWCKA ATTPAKTOPOB, &
TaK)Ke CTaJla KaTajJu3aTOPOM OTKPBITUS HOBBIX CKPBITBIX ATTPAaKTO-
POB B H3BECTHBIX CHCTEMaxX. B TO BpeMsi KaK CaMOBO30OYKIAIOIIAECS
arTpakTopbl (self-excited attractors) mMoryT ObITH JIErKO OOHADYKEHBI
U BU3YAJM3UPOBAHBI B YHCJEHHBIX IKCIEPUMEHTAX TPACKTOPUIMHU C
HaYaJbHBIMU JAHHBIMH W3 OKPECTHOCTEl HEeyCTONYUBBIX COCTOSHUIA
paBHOBecHUs, CKpbIThle arTTpakTopbl (hidden attractors) He cBsi3aHBI
C COCTOSTHUSIMA PABHOBECHUsSI W WX OOJACTU MPUTSKEHUS “CKPBITHI’ B
dazoBoM mpocTpaHcTBe cUCTeMbI. [109TOMY YHCIIEHHBIN TOMCK CKPBITHIX
ATTPAKTOPOB U OIIPE/IEJICHNE HAYAJIBHBIX JAHHBIX JJIsI UX BU3YAJU3AINAN
B 00IIEM CJlydae siBJISieTCsl HeTPUBHAJILHON 3a1adeil. AHAJIU3 CyIIeCTBO-
BaHUsI CKPBITHIX ATTPAKTOPOB ITO3BOJISET OIPEJIEJIsiTh TOUHbIE I'PAHUIIBI
rI00aJIBHOM yCTOWYMBOCTH COCTOSIHUN PABHOBECHSI U OIEHUBATH 3a-
30p MEXKJy HEOOXOJMMBIMH U JIOCTATOYHBIMHU YCJIOBHUSIMU TJI0HAIHHO
ycroitausoctu [9-11].

CKpBITBIE ATTPAKTOPBI CBSI3aHBI C HCCIeIOoBaHUsIMEU dpderTa 30-
MMepdesbia 3aCTPEBAHNS] 9aCTOTHI BPAIEHUsT POTOPA, JIUHAMIIECKUAX
MojIesiell 6YPOBBIX YCTAHOBOK, HOJaBjeHus djarrepa B Mojessx Kej-
apima, runores Aitzepmana n Kaamana 06 abCOIIOTHON ycToHYMBOCTH
HEJIMHEHHBIX CHCTEM yIIPABJICHNS, CHCTEM yIIPABJICHIs TeHEPATOPAMHU Ha,
ocHoBe (ha30BOIl aBTONOJCTPONKY, SJIEKTPOHHBIX TeHeparopos Uya, 16-
oit mpobsiembr I'myibbepra, a TakyKe MHOIUX JAPYTrUX (DYHIAMEHTAJIBHBIX
U IPUKJIAJHBIX 3a7a9 [12-16].

Pabora nogpepxxkana rpanrom Cosera mo rpantam lIpesupenrta Poccuiickoit @e-

Jlepanuu Jisi TOCYJJapCTBEHHON MOJIepKKKM Beaymux HaydHbIX Ko Poccuiickoii
Denepanun Ha 2018-2019 roger (HITI-2858.2018.1).
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Theory of Hidden Oscillations and Stability
of Control Systems

Nikolay V. Kuznetsov
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Sciences (IPME RAS), St. Petersburg, Russia,
n.v.kuznetsov@spbu.ru

Abstract: The need to study stability and limiting dynamic regimes (limit-
ing oscillations) arises in various classical theoretical and practical problems.
This report is devoted to the theory of hidden oscillations, which represents
the genesis of the modern era of Andronov’s theory of oscillations, and its
applications to classical problems and applied problems.
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BeckondmkTHOE ciusiHUE
IIOTOKOB CAMOJIETOB B aBaPUMHBIX CUTYaIASIX

M. Kymkos', C.1. llaTrko”, .M. OBUYNHHUKOB
C.1. K Ler 2, M.M. O !

IYIMM VYpO PAH, Exarepun6ypr, Poccus,
2000 «®upma HUTA», Canxr-Ilerepbypr, Poccus
kumkov@imm.uran.ru

Annotanus: PaccMaTpuBaloTCsl aJITOPUTMBI YIIPABJIEHUS] OYEPEIHIO BO3LY I
HBIX Cy,ILOB npu CJINAHNU UX IIOTOKOB Ha BeeprIX cxXeMax B 30HaX IMOAXOJa u
3aX0/ja Ha IMOCAJKY B YCJIOBUSX IOSIBJICHNs aBAPUIHOrO (UM BHEOYEPEIHOIO)
cyaHa. Takoe cyaHO HEOOXOOMMO 0€3 JOMOJHUTEIBHONW 3aJE€PXKKUA — MAaKCH-
MaJIbHO OBICTPO — [IOBECTHU 10 TOYKH CJIMAHUS MOTOKOB. IIpM 9TOM BO3MOK-
HO HaBeJleHUe KOH(MJIMKTHBIX CUTyaruil (OmacHBIX COJMPKEHUi) 3TOTO CyIHA
¢ JIPyTUMU BO3/yIIHBIMU CyJlaMu. Pa3paboTaHHbIE aJrOPUTMbI OGECIIEYMBAIOT
6eCKOHMIIMKTHOE U ONTUMAJIbHOE [0 MUHUMYMY BPDEMEHU 3aJIEPKKHU yIIPaB-
JIeHHuEe CJIMdHUEM IIOTOKOB KaK B HOpI\IaHbHOﬁ BOB,ELyH_IHOfI OGCTaHOBKe7 TaK
U [IpU TIOSIBJIEHUU OJIHOTO WJIM HECKOJIbKMX BHEOYEPEJHBIX CYJOB OJIHOBDE-
MmeHHO. BeckondimkrHOoe BrmchbiBanue apapuiinoro BC peanusyercsi ycrpa-
HEHHMEM €ro BO3MOXKHBIX KOH(MIIMKTHBIX CUTYAIUI C JAPDYTUMHU CyJaMU IIyTEM
3aepKKI WM YCKOPEHHSI 9TUX KOHQUIMKTYIOIINX CyHOB. B ciyduae HeBO3-
MOKHOCTH paspeleHnsi KOHMIIUKTOB («TyINKOBbIE» CUTYAIUH) OCYIIECTBIIsA-
€TCsl HAIPaBJIEHHE OJHOIO WJIM IABYX OOBIYHBIX CyJOB B 30HY 3aJ€pPXKKH. Pe-
3yJIbTaThl PAOOTHI AJITOPUTMOB IIPEJOCTABIISIIOTCS JUCHETIEPY B (opme pe-
KOMEHJaIuu JJjis 0OOCHOBAHHOIO NPHUHATHUS UM PELIeHUI IO BblIade KOMaH[,
praBJ’IeHHH IKHUIIAZKaM Cy,ILOB. AJ'[FOpI/IT]\IbI Hpe,ILHa3Ha‘IeHLI JJIdd UCIIOJIB30Ba-
HHUS B JMCIETUYEPCKUX TPEHAXKepaxX M MEePCHEKTUBHBIX aBTOMATU3UPOBAHHBIX
cucreMax praBJIeHI/IH BO3,I(y]_HHbIM JBU>KEHUEM. HpI/IBO;LI/ITCH KOI\IHLIOTepHaH
aHMMAaIMsl TIPOIECCOB YIIPABJIEHUS.

KiroueBsbie cioBa: BO3AYyLIHbIE CyJa, aBapm?IHoe CyaHO, 6eCKOH®JII/IKTHOe
C/IUAHNE IIOTOKOB, OIITUMAJIbBHOE yIIpaBJ/IEHUE, aJI'OPUTMBbI.

1. IlocTranoBka 3agauun

IIpunsara [2, 3| ciaemyiomas HIEONOrHs OPraHU3AIMH U PEATH3AIINH
YIDPABJIEHAS OYEPEIBIO IIPH NOSBICHAN ABAPUIHOrO (WM BHEOYEPEIHO-
ro) BozymmHoro cyaua (BC).

1) ITonaraercst, uro apapuiinoe BC 1osiBisieTcsi Ha KOHTPOJIE BO BXOJI-
HO}i TOUKe OCHOBHO} TPAEKTOPHUH CBOETO MOTOKA.

2) Dro cynuo 6e3 3a0epKKI MAKCUMAILHO OBICTPO JOBOAUTCS J0 TOU-
KI CJIMSIHUS BEEPHOI CXeMBI 9TOro moroka [4-6].
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3) BbIgBAAIOTCH BO3MOXKHBIE KOH(DJIMKTHBIE CUTYAIUU ABAPUNHOIO
BC ¢ napoii 6umeKkaitimux (110 nporHo3upyeMbIM MOMEHTAM BBIXOA B TOY-
KY CJIMsIHUsI) CYJOB OYepPeJId: [epell U [Oc/e IPOrHO3UPYEMOro MOMEHTA
BBIXO/Ia ABAPUITHOIO CY/IHA B TOYKY CJIMSTHHSI.

4) VYerpanenue 0OHAPYKEHHBIX KOHMJIMKTHBIX CHTYAIUil BBIIOJIHSI-
ercsi HeoOXOIMMOI 33 I€PXKKOI WM YCKOPEHUEeM BIIEPEIU UIYINEero WUIn
3ajep:kKoii czaau uaymero BC. B ciiydae HEBOZMOXKHOCTU peasin3allin
HEeOOXOIMMOM BEJIMUNHBI «OKHA» [JIsi aBAPUITHOrO CyIHA, BIEPEIU ULY-
mee BC mwim czamu uayniee BC BbIBOASATCH U3 OUepeIn U HAIPABJIAIOTCS
B 30HY IIPeIBAPUTEIbLHON 3aJ1ePKKU.

5) AJIrOpUTMbI TAPAHTUPYIOT BBLIIOJIHEHHE CJICLYIOMNX TEXHUIECKUX
TpeGosanmii [2, 3]:

— IIPOJOJILHOE BPEMEHHOE 3IIEJJOHUPOBAHUE CyJI0B HaJ TOYKON CIANSHUS
BEEpPHOIl CXeMbl BBIIEPXKUBAETCS HE MeHee 6€30I1aCHOI0 BPEMEHHOI'O MH-
TEPBAJIA Toes)

— IIPU BIUCBHIBAHUK B MIOCAJI0YHYIO OYepeh aBAPUNHOTO Cy/IHA BEJIMIN-
HBI 38JIEP2KEK CYJI0B BCEX OCTAJIbHBIX IIOTOKOB PEAJIM3YIOTCsI MUHIMAJIBHO
HEOOXOINMbBIMH.

VipasiisieMoe JBUXKEHNE BO3LYIIHBIX CYIOB OIMCHIBAETCI CTAHIAPT-
HO#t cucTeMoil nuddbepeHIaNbHbIX ypaBHEeHHIl 11ecToro nopsigka [1]

=Vcost cosp+ Wy, 2=VcosOsinyy +W,; ., y=Vsind +W,,,

0=p1/Vus, ¥=p/Vus, V=a,
lus| <1, Jus| <1, Gmin < @ < Gmax,  Gmin <0, Gmax > 0.

3aecs © — opauuara nosoxenus BC mo ocu OX (M), ocbh HalpasieHa
na Cesep; z — abcrucca nosoxkenust BC o ocu OZ (M), och Hampas-
seHa Ha BocTok; y — BbicoTa (M), amumkara nojoxenust BC mo ocu
OY, och HampaBJjieHa 0 BepTuKaJn; I0cKoCcTh X OZ ropu30oHTAJIBHA;
mwrockoctb X OY BepTukasabHa; V — OIpOCTpaHCTBEHHAS TPUOOPHAST CKO-
pocts (M/c); Wy o, Wy 2, Wy y — KOMIIOHEHTBI BEKTOPa CKOPOCTH BETPA
[0 KaKJION M3 KOOPJMHATHBIX oceli; 6 — cKopocTHOIt yroi (pajy), yrod
BEKTOpa MPUOOPHON CKOPOCTU OTHOCUTEIHBHO TOPU30HTAJBHON IJIOCKO-
cru X OZ, HatipaBJieHre OTCUéTa yrya — BBepx oT miockoctu X 0Z; 1 —
KYPCOBOii yroJi (paJ), yroJl Mexky IpoeKIyeii BEKTOpa IPOCTPAHCTBEH-
HOI MPUOOPHON CKOPOCTH HA TOPU30HTAJILHYIO ILIOCKOCTh U 0Chio OX
YTOJI OTCYUTHIBAETCS B TOPU30HTAILHON TiockocTr X OZ 10 4acoBO
crpenke or ocu OX; (1, f2 — MaKCUMAJIbHBIE BEJIMIUHBI JIOMYCTHMBIX
BEPTHKAJILHOTO U GOKOBOTO ycKopenuii cymana (M/c?). Yipas/isronummMu
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dakTOpaMu SBJSIIOTCS TPOJOJIBHOE @, BEPTHKAJBHOE U; U OOKOBOE Ug
YCKODEHHsI, Ha BEJIMUNHBI KOTOPBIX HAJOXKEHBI COOTBETCTBYIOIINE OTPa-
HUYIEeHUS.

3ajiava COCTOUT B CO3/[AHNU AJTOPUTMOB, 0DECIIEUNBAIOINX Oe301ac-
HOe «OKHO» JijIsI IpoJiera apapuitHoro BC myTem 3a1ep»KKu WiIn yCKOpe-
HUsI CYI0B, KOH(IUKTYIOIUX C aBapPUIHBIM.

2. PesynbTaThl MOAeSUpOBaHNSA pabOThI aJIrOPUTMOB

Ha puc. 1 nokazan upuMep OpraHu3aliy BO3LYIIHOIO IBUXKEHUS B a/1I
BuykoBo MockoBckoit Bo3mymiHoit 30HbI. 1 aHagm3a 0OCTAHOBKU U
000CHOBAHHOIO IIPUHSITHSI PEIICHUS 110 YIIPABJIEHUIO CYIaMu BCsT HHGOP-
Mallysl BBIBOJIUTCS JIUCIETIEPY B U300PAKEHHOM JIMAJIOTOBOM OKHe. OT1-
MEYEHBI: MAPIIPYTHI MOJIETHBIX [JIAHOB TPEX MOTOKOB, UX 30HBI IIPEIBa-
PUTELHOTO OXKUAHNUS, BeePHAs CXeMa TOYHOTO yIIPABJICHUS 3a/1€PXKKON
CYJIOB, TOYKa OOIIEro cusiHust TOTOKOB. OTAeIbHO yKa3aH MAPIIPYT CKO-
pefiiero ABUKeHUsT AaBAPUIHOIO CY/IHA B TOUKY CJIMSIHUST TOTOKOB. L[Ber-
HBIMU JIMHUSIMU YCJIOBHO yKa3aHbl TPACKTOPUU JBUKEHUs CYIOB IIOCJIE
BBINIOJIHEHUS VMK 3aJePyKEeK Ha 30HAX OXKUJIAHUS U JIyrax OXKHJIAHHUs
BeepHOi cxeMbl. HamnpaBijieHust JIBUKEHUST CyJIOB OTMEUYEHBI MapKepaMu
«camouieTuk». Ha Bcraske (puc. 1) upuseien npumep: a) BO3HUKIIUX
KOHMJIMKTHBIX cuTyaruii Mex iy aBapuitibiM BC n o0bI9HBIME CyaMu
BC; u BC;11 B yxe chopMupoBanHOil odepeay; 6) paspelieHus 3Tux
curyanuii HanpasienrneM BC; B 30Hy 3a/epkKu u 3a1epxkkoil BC; 11 Ha
HEOOXOJUMYIO BEJIHYUHY Ts.

Pabora aaroput™MoB ciusiHUs BCEX MOTOKOB IPU MTOSIBJIEHUHN aBapuii-
HBIX CyJO0B WJLIIOCTPUpPYeETCHd IIporpaMMoii Alarm_b.

Pab6ora Bbinosinena npu nojuepxke Kommiekcuoit [Tporpammer ¥YpO PAH 18-1-
1-10.
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Non-Conflict Merging Aircraft Flows
under Alarm Situations

S.I. Kumkov!, S.G. Pyatko?, M.M. Ovchinnikov’

MM UrB RAS, Ekaterinburg, Russian Federation,
2NITA, Llc., St. Petersburg, Russian Federation
kumkov@imm.uran.ru

Abstract: The paper deals with algorithms for control of merging the flows of
aircrafts on the point-merge schemes in zones of approach and ones of landing
preparation under situations of appearing the aircrafts with alarm signals or
ones demanding out-of-queue landing. Such aircrafts have to be directed just
to the point of landing beginning for the minimal time, i.e., without delay.
Such direction of the aircraft can cause conflict situations (danger closing)
with other aircrafts. The elaborated algorithms provide the non-conflict and
time-optimal (with the minimal necessary delay of all the aircrafts) control
both in the normal situations and under presence of one or several aircrafts
with the alarm signals. The non-conflict merging the alarm aircraft is im-
plemented by resolving possible conflict situations by delay or acceleration of
other aircrafts. If such techniques do not resolve the conflict situations (the
dead-lock ones), then aircrafts making the conflict with the alarm one are
directed by controlling operator to the waiting zone. Under this, maximum
two such aircrafts are exposed to such directions. Results of the algorithms’
operation are presented to the air traffic controller as recommendations for
making verified decision on commands for all aircrafts. The algorithms are
aimed for application in perspective automated air traffic control systems and
trainer-simulators. Computer animation of control processes is presented.

YVIK 517.954

MapkepbI ICEBAOBEPIINH KPAaeBOro MHOXKECTBA B
3amade Jlupuxie /jig OQHOrO KJjacca ypaBHEHU
T'amunbrona — Ylkobu
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I MM VYpO PAH, Ekarepun6ypr, Poccusi, pleb@yandex.ru
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Annoranms: PasBuBaiorcst aHaIUTHYECKIE U YUCIEHHbIE ITOJIXObI K IIOCTPO-
€HUIO CHHTYJISPHBIX MHOYKECTB MUHHUMAKCHBIX PENIeHUil III0CKoi 3amaiu Ju-
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pUXJIe IJIsT OGHOrO Kjacca ypaBHeHuil I'amunsrona — fxobu. Ilogxonst 6asu-
PYIOTCA Ha BbIABJICEHUU IICEBJOBEPIINH — OCO6BIX TOYEK KPpaeBOrO MHOXKeCTBa,
ONPENEAIOMX HAIUYNe CUHIYJISIDHOCTH y pelneHnst. Kaxkoii 1cesoBep-
HIMHE I'PAHUIIBI KPACBOIO MHOXKECTBA COOTBETCTBYET YMCJIOBOM MapKep — CKa-
JIsipHasi BEJIMYMHA, XapaKTepUsylolast MOPSIO0K IVIaJIKOCTH IPAHUIBI B TOM
TOYKE, W OIPEeAESIAIonias I'€OMEeTPUIO BETBU CHHIYJISAPHOII KPHUBOM — OFHO-
MEPHOro MHOroo6pasusi, Ha KOTOPOM <«PBETCsS» I'DajUeHT pelleHusi. IIpuso-
JIATCs 3HAYCHUsI MapKepoB [IJIs1 PsAJa CIydaeB, OTJIMYAIOIUXC APYT OT JApyra
IIOPAIKOM IVIAAKOCTU I'PAHUIBI KPaeBOI'O MHOXKeCTBa. Hpeﬂ'bﬂBJ’IEHOTCH npu-
MepBI PEIeHNs] 3a/1a4 YIPABJIEHUs 110 OBICTPOJENCTBUIO, IEMOHCTPHUPYIOIIHE
BO3MOZKHOCTU Pa3BUBAECMBbIX IIOAXOJO0B.

KurouyeBble cioBa: ynpaBieHue, ObICTPONIENCTBHe, ypaBHeHHE aMHIbTO-
Ha — ¢lkoOmu, Mapkep, IICEBIOBEPIINHA, KPA€BOE MHOXKECTBO, CHHIYJISIPHOE
MHOKECTBO.

BBenenue

HeobxomumocTs co3manust TEOPETHIECKUX MPOIEAYP U BHIYUCIUTEIHHBIX
AJITOPUTMOB IIOCTPOEHUS PENIeHUl KPAeBbIX 3aJad JJjis yPABHEHUI B
YACTHBIX [POM3BOAHBIX nepsBoro nopsiyka (YUIIIIII) u ypasuenuii Ta-
MuwibToHa — fko6u (YI'S1) npogukToBaHa MOTPEGHOCTSIMU MEXAHWK,
reOMETPUYECKO ONTHUKU, TEOPUHU OINTHMAJBHOIO yIpaBJjeHus, audde-
PEHINAIBHBIX UTD, CEHCMOJIOTAN, SKOHOMUKH U APYTHUX OTPAC/eil 3Ha-
uus. [Ipobiiema mocTpoeHns HeJIOKAJIBHOM TEOPUH I TAKUX Y PABHEHUI,
peIleHnsT KOTOPBIX B OOIINEM CJIydae He SIBISIOTCS TVIAIKUMU (DyHKIUSI-
MM, CHIMAETCsI BBEJIEHHEM COOTBETCTBYIOINIEH KOHIENIUU 0000IIEHHOrO
perierus [5, 7, 14]. Konnenus MUHIMAKCHOTO pentenust 7] 6asupyercst
Ha KOHCTPYKIUSIX TEOPUH MO3UIMOHHBIX juddepeHnuanbabix urp [4] n
mokasaJja CBOIO 3P(PEKTUBHOCTD NP Pas3spabOTKe TEOPETUIECKUX METO-
JIOB 7 AIIIPOKCUMAIIMOHHBIX IIPOIIE/LYD HOCTPOEHUS PEIEHII PA3INIHBIX
KJ1accoB KpaeBbIx 3asad g ¥ I u YI'd, B wactHOCTH, TIDU pelIie-
HUAU TIPUKJIAJIHBIX 33129 yIpaBjeHus U B JudepeHnualbHbIX Urpax
(cM., Hanpumep, [6]).

OpHol M3 TAKUX 3329 ABJIAETCS 33/1a9a ONTUMAJILHOTO YIIPABJICHUSI
110 OBICTPOJIENCTBUIO, KOTOPAsi PACCMATPUBAETCH B KOHTEKCTE KPAEBOMA
zagaun dupuxite qus YI'd:

ou ou
i — — 1=0 1
u:rﬁll}ﬁl@ g M oy + ’ (1)

Bnecw ||v|| = /v +v2 — mopma BexTopa v = (v1,15) € R2. Kpae-
Boe ycsiosue (2) onpezesneno Ha rpanune I' = M 3aMKHyTOro MHO-
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wectsa M C RZ Tlpu stom I' = 7(t), rne v: T — R? — mempepsis-
Hoe orobpazkenue uncyioporo orpeska T = (i,1), —oo < t < < +o0,
v(t) = ~(f), ma mrockocts. Kpupas I' He mMeeT TOUYEK caMomepecetenus,
MOKET COJEpXKATh KOHEUHOE YUC/I0 TOYEK HErJIaJKON CKIeHKu u sBJisd-
eTCsl PeryJIsipHOil B Toukax juddepennupyemoctu. MUHUMAKCHOE periie-
ure u = u(z,y) 3amaun (1), (2) copuaiaer ¢ GyHKIMEH ONTUMAIBLHOTO
pEe3yJIbTaTa JJisti COOTBETCTBYIONICH 31249 yIIPABJICHUS IO OBICTPOIETi-
crBuio [12].

1. MeToanl penieHusi KpaeBoi 3aga4u

PaszpabaTsiBaroTcst Iponeaypbl BLIABJICHHS U IOCTPOCHUS CHHTYJISPHBIX
MHOXKecTB pemenuii Y9I, ucrosbsyomue anmapar 9acTHIHBIX IPee-
JIOB MHOTOTOYEYHBIX JubdepeHIMadbHbIX OTHOIIEHU! [8], mucKpumMu-
HAHTHBIE peobpazoBanus (1], allIPOKCUMATUBHYIO TEXHUKY CTDPYil [2],
MHOXKECTBA CUMMETPHHU [3], KOHCTPYKIMU Teopur aJjibdha-MHOKECTB [3].
B paMkax pasBHBaeMOH TEOPHM HPEIIOJATAETCS CYIECTBOBAHUE CKAa-
JISSPHOTO JIOKaJbHOTO JuddeomopdusmMa Kak perienust ypaBHeHH, CBsI-
sbiBatomiero quddepennuanbaelil oneparop kpaesoit 3agaun (1), (2) un
reOMeTPHUIO TPAHUIIBI KPAEBOTO MHOXKECTBA, IIPU 3TOM Y/I0BJIETBOPSIOINIEe-
ro csoiicrBaM (nogpobuee, cm. [10, 11]):

(Al) tQ((to — (51,t0)) = (to,to + 52), 01 > 0, 0o > 0,

(A2)  lm ‘t5(t1) = to,
dto

. Eg}_o ar (t1) mcesnoBEpIIH-

L

(A3) cymecryer mapxep c(y(to))

ubl Y(to) € T

HeBBIyKJII0CTh KPAeBOTO MHOYKECTBA BJIETET HETJIAIKOCTH DEIIEHUST
zagauan (1), (2). Orbickanue NCEBIOBEPIINH KPACBOTO MHOXKECTBA U UX
MapKepOB — HEOOXOIUMOE 3BEHO MMOCTPOEHUS CUHTYJIIPHOIO MHOXKECTBA..
TTokaspIBAETCST, ITO 3HATMMBII TUATIA30H 3HAMEHUH MOPSATIKA T IKOCTH,
BJIMSAIONIMIT Ha BEJUYUHY MapKepa IICeBIOBEDINUHbI, u3MeHsercs or 0
210 3. D10 03HAYAET, B YACTHOCTH, YTO IICEBIOBEPIIMHA ITDAHUIIBI MHOXKE-
CTBa C HOPSIKOM IVIAJIKOCTHU BBIIIE 3 BBIABJISIETCHA TAKIKE, KAK U B CJIY4ae
IICEBIOBEPIINHBI € TOPSIKOM TIAIKOCTH 3. B yKasaHHOI cuTyanuu 3Ha-
YeHMsI MAPKEPOB IICEeBJIOBEPIINH He MeHsoTCs (eM. [10]):

c(y(to)) = -1,

3uech nceBgoBepinuna y(to) € I' uMeer OpsJIOK IIAJIKOCTH HE MEHBIIIE 3.
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IIpescraBisier HHTEpEC ONpeieeHNne 3HAYEHNsI MapKepa IICeBI0BEep-
mmubl ¥(tp) € I' jys coydas, Korja Kiaccmdeckas KpuBusHa k(to) B
rouke Y(tog) € I' onpejiesiena, HO P ITOM He ABJIAECTCA IVIAJKOM ByHK-
mueil oT mapamerpa, 3aJalONIero IPAHUIY IIeJIEBOI0 MHOXKECTBA. YKa-
3aHHBI cilydall, KOrja IOPsOK IJIaJIKOCTH B IICEBJIOBEPIINHE PaBeH 2,
[[eHeH YCTAHOBJIEHHOI CBSI3bIO 3314 PA3JIMUHBIX PA3J/IEJI0B MATEMATU-
KA — paccMaTpuBaeMoil KpaeBoit 3amaun st Y1 u 3amaqn anrebpot
MHOT'OYJICHOB.

Teopema 1. Ecau y(to) = (zo,yo) — ncesdosepuuna niockol pe-
eyaaprot kpusot I' = y(t), oepanunusaroweti xpaesoe mmoocecmeo M
6 sadave Hupuzae (1), (2), onpedeserv. odnocmoponnue npouseodrvie
kpueusnu k' (to — 0) u k' (tg +0), k'(to — 0) # k' (to +0), k' (to +0) # 0,
mo wucaoeoti mapkep c(y(to)) pasen nenonosrcumervHOMY KOPHIO YPasc-
HeHUA

K (to 4+ 0)c® — 3K (to + 0)c® + 3K (tg — 0)c — k' (to — 0) = 0.

Pa6ora BbinosiHena npu ¢duHancoBoi mnomggep:kke PPDPU, npoekrsr Ne 18-01-
00264 a u 18-31-00018 mom_ a.

JINTEPATYPA

1. Apnoawvd B.H. Ocobennoctu KaycTUK U BOIHOBBEIX (ppouToB. M.: «Dazucs, 1996.
334 c.

2. Bpexep T, Jlandep JI. [Iuddepennupyempie poctku u karactpodsl. M.: Mup,
1977. 206 c.

3. Bpyc ortc., Horcubaun 1. Kpusble u ocobennoctu. M.: Mup, 1988. 262 c.

4. Kpacoscxuti H.H., Cyb6bomun A.H. Tlosummonusie muddepennnaabHble UIPHL.
M.: Hayka, 1974. 456 c.

5. Kpyowcxoe C.H. O6o01ienHble pelniennst ypaBaenuii ['amuiabrona—kobu Tuma sit-
konaJsa, I // Marem. cGopuuk. 1975. T. 98, Ne 3. C. 450-493.

6. ITanaxos I'.B., Tapacves A.M., Ycenenckuti A.A. HucineHnHble anmnpoKcuMaIiu
060011IeHHbIX pertennii ypasuennii lamusbrona — fdxobu // Ilpuki. maremaTuka
u mexanuka. 1996. T. 60, Ne 4. C. 570-581.

7. Cybbomun A.H. OGOOIIEHHBIE DEIICHUsI YPABHEHHUI B UACTHBIX IIPOU3BOMHBIX
epBoro nopsijka. IlepcnekTusel nuHaMundeckoil ontumusanuu. Mocksa-V>keBek:
WHcTuTyT KOMIBIOTEPHBIX TexHoJoruit, 2003. 336 c.

8. Yenencxut A.A. Ilpoussopubie B cuny auddeoMOpdU3MOB U UX IPHUIOKEHUS
B TEOpUU yTpaBJeHUsi U reomerpudeckoit ontuke // Tp. Wu-Ta MaremaTukn u
mexanukn YpO PAH. 2015. T. 21, Ne 2. C. 252-266.

9. Venencxut A.A., Jlebedes I1./]. YcnoBusi TPAHCBEPCAILHOCTH BETBEH DEIICHUS
HEJINHEHHOrO ypaBHEHUsI B 3aJiade OBICTPOJEHCTBUsS ¢ KPYrOBOH WHIUKATPUCOM
// Tp. Un-ta matemaruku n mexaauku ¥YpO PAH. 2008. T. 14, Ne 4. C. 82-100.

212



10.

11.

12.

13.

14.

Venenexut A.A., Jlebedes I1./]. O MHOXKECTBE NPEIEJIBHBIX 3HAYEHUNM JIOKAJIb-
HbIX AuddeoMopdu3MOB TP SBOJIIONUU BOJIHOBBIX dbpouToB // Tp. Un-Ta Ma-
remaTuku U mexanuku YpO PAH. 2010. T. 16, Ne 1. C. 171-186.

Venenexuti A.A., Jle6edes I1./]. BoisiBieHrne CUHTYISAPHOCTU OOOOIIEHHOTO perte-
Hus 3a7a9u Jlupuxiie s ypaBHEHUI THIA SWKOHAJIA B YCIOBHUAX MUHUMAJIBHOMN
IVIaIKOCTH TPAaHUIBI KpaeBoro MHoxkecTBa // Becrn. YaMmyprck. yH-Ta. Matem.
Mex. Kommnbior. nayku. 2018. T. 28, Ne 1. C. 59-73.

Vwaxose B.H., Yenenckuti A.A., Jle6edes I1./]. TlocTpoeHne MUHUMAKCHOTO pe-
[IeHus] ypaBHeHus Tuna diikonauaa // Tp. VH-Ta Mmaremaruku u Mexanuku YpO
PAH. 2008. T. 14, Ne 2. C. 182-191.

Vwaxos B.H., Yenencxkuti A.A. Anbda-MHOXKECTBa B KOHETHOMEPHBIX €BKJIUIO-
BBIX IIPOCTPAHCTBax W MX cBoiicrBa // Bectn. Yamyprck. yu-ta. Marem. Mex.
Kowmmnbior. mayku. 2016. T. 26. Ne 1. C. 95-120.

Crandall M.G., Lions P.L. Viscosity solutions of Hamilton—Jacobi equations //
Trans. Amer. Math. Soc. 1983. Vol. 277, no. 1. P. 1-42.

Markers of Pseudo-Vertices of a Boundary Set
in the Dirichlet Problem for One Class
of Hamilton—Jacobi Equations

Pavel D. Lebedev', Alexandr A. Uspenskii?

1 IMM UB RAS, Ekaterinburg, Russia, pleb@yandex.ru
2 IMM UB RAS, Ekaterinburg, Russia, uspen@imm.uran.ru

Abstract: Analytical and numerical approaches are developed for construct-
ing singular sets of minimax solutions of the plane Dirichlet problem for one
class of Hamilton—Jacobi equations. The approaches are based on identify-
ing pseudo-vertices—singular points of the boundary set that determine the
presence of a singularity in the solution. Each pseudo-vertex of the boundary
of the boundary set corresponds to a numerical marker—a scalar quantity
characterizing the order of smoothness of the boundary at this point, and
defining the geometry of the branch of a singular curve—a one-dimensional
manifold on which the gradient of the solution “breaks”. The values of mark-
ers are given for a number of cases that differ from each other in the order of
smoothness of the boundary of the boundary set. Examples are presented of
solving performance control problems, demonstrating the capabilities of the
approaches being developed.
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VK 514.174.2

HNrepammnonnasi mmporeaypa nHOCTPOEHUS
ONTUMAaJIbHBIX YIIAKOBOK B HEBBIMYKJIbIE
mIockue purypbl

II.1. JIe6enen', A.A. Ycnenckmii’, B.H. Ymakos®

I IMM VpO PAH, Exkarepun6ypr, Poccusi, pleb@yandex.ru
2 UMM ¥YpO PAH, Exarepuntypr, Poccus, uspen@imm.uran.ru
3 UMM V¥YpO PAH, Exarepuu6ypr, Poccus, ushak@imm.uran.ru

Annoranms: l3yyaercss 3asa4da O HOCTPOEHUM ONTUMAJIBHBIX YIIAKOBOK U3
3aJaHHOTIO YHCJIa KOHI'PYIHTHBIX KPYTOB B IVIOCKYIO HEBBIIYKIYIO Gurypy M.
Kpurepuem onTtuMasbHOCTH CUMTAeTCAd MHUHHUMH3AIUSA PaJHyca T KpPYTOB.
Ilpennoxken m peaM30BaH aJjrOPUTM YHCJIEHHOIO IIOCTPOEHUS YIIAKOBKH,
OCHOBY KOTOPOT'O COCTaBJISI€T UTEPAIMOHHAST MUHIMU3AIUs DYHKINN, 380210~
IUX MaKCUMaJIbHbBII paJuyC 3JIeMeHTa YIIaKOBKU C IIEHTPOM B TeKyIleil TOUKe
npu (PUKCHPOBAHHBIX KOOPAWHATAX BCEX OCTAJIbHBIX. JlokasaHa Teopema O
CyIIECTBOBAHUU HAIIPABJIEHUS MaKCHMAJIBHOTO POCTa STUX (DyHKIIUIL.

KurouyeBple ciioBa: ymakoBKa, MakKcHMu3alus, cynepauddepenipa, Bbl-
IMyKJIOE MHOXKECTBO.

BBenenune

IIpu pemennn 3a1a9 yupasienus [2] yacto Tpebyercst BBIIOJIHSATH 10/
MEHY IeJIEBBIX MHOYKECTB UJIM CBI3aHHBIX ¢ HUMU KOHCTPYKIIHIA, HAIIPH-
Mep, MHOXKECTB JOCTIKMMOCTH, HAOOpaMu 13 yHUMDHUIUPOBAHHLIX dJIe-
MeHTOB. OJTHUM U3 BAPUAHTOB BHYTPEHHE AIIMTPOKCUMAIIAH CJIYKUT TaK
Ha3blBaeMas yIakoBKa MHOxkecTBa [4]. Panee aBropbl msydasnu eé 1o-
CTPOEHUE JIJIsI BBITYKJIBIX (DUTYDP, HO OCOOCHHO CJIOXKHOI U B TO K€ Bpe-
Ml AKTYaJIbHOI, SIBJISIETCH 3a/a4a JJIsl HEBBIILYKJIbIX MHOYKECTB CJIOZKHON
reoMeTpuu, M. Hanpumep, [7].

Hazosem ymakoskoit U, mrockoro muoxkecrsa M uabop mz3 n € N
kpyros O(s;,r) = {x € R?: ||x—s;|| < r}, 7 > 0, KoTOpBIe BIOXKEHBI B M
U TIONAPHO He IepecekaroTcsi (KpoMe, MOKET ObITh, B TOUKAX [PAHUIIBI).
Tpebyercs HaiiTu onTHMAaJbHYIO yIakoBKy U MHOXKecTBa M, TO eCThb
Ty, JJIsl KOTOPOI pajuyc r* mapoB ObLI Obl MAKCHMAJIBLHO BO3MOXKHBIM.
Bynem cumrars mannyio 3aady pemréHHoil, ecjan HaiigeH XoTs Obl OuH
nabop. B obmem ciydae mx MoKeT OBITH O0JIee OHOTO.

O6ozmaunm S, = {s;}" | MHOIKECTBO TIEHTPOB KPYTOB yIAKOBKH. Ec-
au n > 1, To MakcuMasbHBIA paguyc Ry (Sy) Kpyros ynakosku (¢ IieH-
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TpaMu B TOYKax u3 S,) paBeH

Rar(S,) = min @ (s;), (1)

i=1,n

rie
(000 =min{ 3o (x.50)pxoM ). i=Tm )

— MAKCHMAJIbHBIE PaJyChl KPYI'OB, KOTODBIE MOI'YT DACIOJAraThCS C
LEHTPAMH B TOYKAX X, HE IEPECEKAasICh C JIPYIMMH KPYTaMH TOTO 2Ke pa-
Jwyca ¢ nenTpaMu B Toukax m3 S5 2 S, \ {si} 10 BHYTpeHHUM TOUKAM
U He BBIXOJA 3a Ipejesbl MHOXKecTBa M. 3neck OM — rpaHuna MHOKe-
crBa M, p(x, M) £ min{|[x — m|: m € M} — eskmu10B0 paccrosHme
OT X JI0 3aMKHYTOr0 MHOXKecTBa, M.

1. Metoanl penieHusi 3aga49u

ABTOpPBI IPUMEHSTIOT METOBI, OCHOBAHHDIE Ha NTEPAIMOHHOM H3MEHEHHUN
KOOpAMHAT TEKyInero Habopa To4ek S, C IeJbl0 MUHUMAZAINA BEeJINI-
ubl (1). IIpu srOM HEKOTOPOE HAYAJILHOE IIOJIOKEHHE S [EHTPOB KPY-
r'OB T€HEPUPYETCs CTOXACTUIECKH. VX KOOPJMHATHI PABHBI CyMMe CJIy-
JaiiHBIX BEKTOPOB U Y3JI0B TeKCArOHAJIBHBIX peréTok [5]. Kaxknas rouka
us S HOJIyJalOTCS KaK CyMMa 3JIEMEHTa PEIIETKY, HAJOXKeHHOU Ha M
CO CJIyJaliHBIM BEKTOPOM.

IIpu mocTpoeHNn HOBOTO 3HAYEHNSI MACCUBA TOYEK BBITIOJIHSIETCSI TIAK-
JITIECKUH 11epebop SJIEMEHTOB, U I KaXKJI0H TOYKN S; CTPOUTCS HOBOE
suadenne 8;, Taxoe, uro () (8;) < ¢! (s;). HoBerit maGop meHTpos yia-
KOBOK IIOJIy9aeTcsl IIyTéM 3aMeHbl TOUYKHU S; Ha, S;.

B pa6orax [3, 6] nokasano, uro dbyukuus o) (x) asngiores cynep-
nuddepennupyemoii [1] Ha MHOKecTBe M \ (8M U S,(f)), TO €CThb BO BCEX
ToYKax KoMmakTa M, B KOTOPBIX OHA OTJIMYHA OT Hysad. Eé cymepand-
depennman paBeH

D¥ 9 (x) = co (@(x, 5, M)) (3)
rae

o (1= (81 N O(x,209(x)))

- U
4o (x)

d(x, S, M)
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{x} — (OM N O (x,9(x)))
@ (x) ’
co(M) — BeinyKjas 060j109Ka MHOXKeCTBa M.

Jis ymenbinenus 3uadenus QyHKIui (2) npuMeHsieTcs mpouemsypa
ATEPAIMOHHOIO M3MeHeHns: Koopaunat. Jjist eé obocHOoBaHMS HOKA3aHA

Teopema 1. Ecau das mouku X* € M gvinosnsemcs ycaosue
x* ¢ co ( (SS) Nno(x*, 230(i)(x*))) U (8M N O(x*,go(i) (x*))) ), (4)

mo cpedu ecex sexkmopos u3 oxpystchocmu 00(0, 1) ecmv posro odun g*,
maxot, 4mo

dp' (x) dp'V (x)

Tg* S — max T N 1 ge ('90(0, ].) > 0, (5)
pasuo g* = d*/||d*||, ede d* — naumenvwuld no nwopme sexmop u3
D (x*).

B pa6orax [3, 6] mokasano, uro eciau BbioiHsercs (4), To cyuep-
nuddepentman (3) B Touke X* onpeneséH u He COUepKUT BekTopa 0.
ITockonbKy cynepauddepeHnuan — BhITyKJIOe MHOKECTBO, TO HAUMEHb-
MIMiA 110 HOPME BEKTOP B HEM TOJIBKO OJWH.

SameruM, 910 eciau ycjosue (4) He BBINOJHSETCH, TO B TOYKe X*
bymkmus @) (x) MOXkeT I0CTHTAThH JOKAIBHOIO MAKCHMYMA, HO IS
yCTaHOBJIeHUs JAHHOTO hbakTa TpebyeTcs IONOJHUTEIHHOE UCCIIEI0Ba-
Hue.

2. Ilpumep pelneHus 3aja4u

IIycTh 3a7aH0 HEBBITYKJIO€ MHOXKECTBO M, orpaHUteHHOE KPUBOi
2 2\2 2 2 2 4 4
(" +y7)" —2c° (2 —y”) =a" — ¢, (6)

npu 3Hadenusix napamerpoB a = 1.05,¢ = 1. Tpebyercs nocTpouTs o1I-
TUMAJIBHYIO yHAKOBKY Uio MHOXKecTBa M 0ObemuHenneM 12 Kpyros.
Kpusast (6) siBisiercst uacTHbIM ciydaeM opasa Kaccunu. Perenne
3a/1a9u OBLIO OCYIIECTBJIEHO IIyTEM MHOIOKPATHOI'O 3aILyCKa IIPOrPAMM-
HOTO KOMILJIEKCa, OCHOBAHHOTO HA HONIATOBOM CIBHTE TOUEK S;, i = 1,n
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B CTOPOHY BeKTopa g*, 3ajatomero mo dpopmyie (5) B COOTBETCTBHU C

TeopeMoil 1 HampaB/ieHHE MAKCHMAJIHHOTO POCTa (DbyHKIAN go(l) (x). Io-
JIy4EHHBI!I MacCUB IIEHTPOB

S1a = {(0.719,0.334), (1.124, 0.248), (0.145, —0.131), (—1.174,0.2),

(0.832, —0.345), (—0.791,0.344), (—0.17,0.137), (1.201, —0.158),
(—0.56,0.004), (—0.778, —0.344), (0.549, —0.043), (—1.166, —0.21)}.

Paguyc kpyros ynakosku r = 0.205. ILioraocTs ynakoBku (oTHOIIE-

HEE CyMMBbI ILIOIIa el KPyroB K moniaau dburypsl) pasba o = 0.62.
PesynbraTsr MogempoBanus mpecTaBICHBI HA pHC. 1.

Puc. 1. Annpokcumaliust OITHMAJIBHON yIakoBKK 12 Kpyros B durypy M.

Uccnenosauue Jlebenesa I1./0. u Ymakosa B.H. nogaepzkano rpanrom PH®, npo-
ekt Ne 19-11-00105.
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An Iterative Procedure
for Constructing of Optimal Packings
in Non-Convex Flat Shapes
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Abstract: We study the problem of constructing optimal packings from
a given number of congruent circles into a flat nonconvex figure M. The
minimization radius of r circles is considered to be the optimality criterion.
An algorithm for the numerical construction of a package is proposed and
implemented, the basis of which is iterative minimization of functions that
define the maximum radius of a package element with its center at the current
point at fixed coordinates of all others. A theorem on the existence of a
direction of maximum growth of these functions is proved.
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UccaenoBanme yCcTOMYNBOCTA CTOXACTUIECKUX
nuddepeHnaIbHbIX BKJIIOYEeHU
MmeToaoM (yHKIumil JIamyHoBa

A.A. JIeBakos', M.M. BacbkoBckuii?, 5I.B. 3anBopHslii®

L BI'Y, Munuck, Benapycs, levakov@tut.by
2 BI'Y, Munck, Benapycs, vaskovskii@bsu.by
3 BI'Y, Munck, Berapycs, yaraslau.zadvorny@yandex.ru

AnHoTauus: PaccmarpuBaercst Bompoc 0O riiobajibHOM YCTORYMBOCTU HyJIe-
BOIO PEIIEHUs] CTOXACTUYIECKOro auddepeHnnaabHoro BKiadenus. s uc-
CJIeZIOBaHUs yCTONYUBOCTH IpUMeHeH MeTof dpyHkuuil JIsmyHosa.

KuroueBbie cJiioBa: croxacTudeckoe audpepeHnaibHoe BKIIOYEHHUE,
yCTORYUBOCTD, MeToH, byHKIwmit JIsmyHoBa.

H.H. Kpacosckuii u 1.4. Kan [1], Jx.9. Beprpam u I1.9. Capa-
ik [2] nepBbiMu ucCHOIB30BaM MeTox MyHKIuii JIsmyHnosa mis ucce-
JIOBaHUsI yCTOWYMBOCTH CTOXacTUIecKux cucreM. [lepeeimu MoHOrpadu-
SIMH, [IOCBSINEHHBIME 9TO# TeMme, 6buin Kuurn P.3. Xacemunckoro [3] n
I.JIx. Kymmnepa [4].

Hacrosmas pabora mocssiena 0600IIEHIIO XOPOIITO U3BECTHBIX TEO0-
peM [3] 06 ycroiiuuBocru croxacTudeckux audepeHnuaibHbIX ypaBHe-
HUl Ha cToxXacTudeckue nuddepeHIuajbHble BKIIOUeHNs, B YACTHOCTH,
JIOKa3aTebCTBY aHaJora reopembl bapbamuna — Kpacosckoro [5] s
CTOXaCTUIECKUX b depeHnnaabHbIX BKIIOYEHI.

Ilycrts  3asaHbl  OrpaHUYeHHBIE MHOTO3HAYHBIE — OTOOPAKEHUS
f:RY = c(RY, G: R* — cl(R™), 0 € £(0), 0 € G(0) (cI(R™) —
MHOKECTBO HEILyCTBIX 3aMKHYTBIX NOAMHOXKecTB n3 R™). Paccmorpum
croxacTudeckoe auddepeHnuaabHOe BKIIOUeHNe

da(t) € f(x(t))dt + G(a(t))dW (t).

Tocrpoum MHOTO3HAUHBIE OTOGpaxkenust © — F(x) nu x — A(x), rie
F(z) u A(z) — HauMeHbIIIHe BBILYKJIbIE 3AMKHYThIE MHOXKECTBA, COZEP-
JKallie COOTBETCTBEHHO BCE BEKTOPHI M3 MHOXKecTBa f(Z)) U MaTpHUIbI
a(r) w3 muoxectsa Ag = {bb' : b € G(x)} u cooTBeTCTBEHHO BCe Mpe-
nmenbable Toukn quist f(z') m Ag(x’) mpm 2’ — .

Beezem onpejesienus ciaaboro penienus Biodenus ( cjaaboro perie-
Hust Ha R u ciaboro perenns: Ha npoMexxyTke (—oo, 0]).
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Onpegnenenne 1. [Tycms x(t) — npouece, nenpepusrvill Ha Npo-
meorcymre t € [0,00) (na R, na npomestcymxe t € (—o0,0]), sadanmouil
Ha HeKomopom eeposmuocmmom npocmpancmee (0, F, P) u nycmo (Fy)
— NOMoK o-anzelp Ha IMOM NPOCMPAHCINEE, NOPOAHCICHHBIT, NPOUECCOM
x(t). Ecau npoyece x(t) ydosaemeopaem ycro8uim:

1) dan tg = 0 (das xasrcdozo ty € (—o0,0]) cywecmeyrom pacwupe-
nue (Q, F, P) npocmpancmea (Q, F, P) u nomox (F;), t € [to, +o0), na
IMOM PACWUPEHUU MAKUE, HMO HE (Q, F, ]5) ¢ (Fi) moorcro onpedeaumo
(F)-6poynoscroe deuicenue Wi, (t), t € [to,+00) (t € [to, +o0),t €
[to,0]) ¢ W(tg) =0 n. n.;

2) cywecmeyrom npoveccuiv € LY uwu € LY, xomopuie das (jux P)-
nowmu ecex (t,w) € [0,+00) ((t,w) € (—o0,+00) xQ, (t,w) € (—00,0] x
Q) ydosaemeopsrom era0weHUAM

v(t,w) € Fx(t,w)),
u(t,w)u' (t,w) € A(z(t,w)),
20e L%"C — MHO2HCECMB0 BCeT USMEPUMBLE (F})-CO2AACO8AHHBIT NPOUEC-
cos Y(t), t € R, maxux, wmo oas Kadcoox to > t1 > 0 (dasn xaorcvir
to > t1, dan Kaocdwx t1 < to < 0) :12 lv(s,w)||ids < oo n. n.,
i€ {1,2);

3) ¢ sepoamnocmoio 1 das ecex t € [tg,+00) (t € R, t € [to,0])

UMEEM, MECTNO PAGEHCINGO

t

t
a:(t)za:(to)—i—/ v(s)ds+/ w(s)dWey (5),
to to
mo z(t) Hasweaem caabvim peweruem skA0ueHUA (CAAObM PEWEHUEM
na R, caabvim pewenuem na npomescymre (—oo, 0]).

Onpegnenienne 2. Hyaesoe pewenue Ha3vu6aom ycmoluuevim
no 6EPOAMHOCTIU, €CAlU Oan amobwx €1 > 0, e2 > 0 cywecmsy-
em d(e1,e2) > 0 maxoe, wmo daa awboeo caabozo pewenus x(t)
¢ |z(0)]] <6 n. 1. umeem P{sup ||z(t)| > e1} < ea.

>0

Omnpenenenune 3. Hyaresoe pewenue nHasvieaemca  2a00a461H0
ACUMNMOMUNECKY,  YCMOTHUBHM N0 BEPOAMHOCINU, €CAU: ) OHO
yemotivueo no eepoammnocmu; 6) das aobozo K > 0, daa aobozo
caabozo pewerus x(t), das xomopozo ||x(0)]] < K n.n., swnosnsemca

a(t), i 0.
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Onpegnenenne 4. Hyiesoe pewienue Ha3vu6aemces to-yemoliusoim,
ecau 0as aobozo € > 0 cywecmeyem 6 > 0 makoe, wmo das 4100020 caa-
6020 pewenua x(t) ypasnenus, das womopozo ||z(0)|| < & n.n., umeem
E(lz@®)||7) <e Vt > 0.

Omnpenenenne 5. Hyarecoe pewenue Hazvieaemcsa  2400a.45H0
acumnmomuuecky (to, i FYcmoiuusim, ecau: a) oHo w-ycmolinueo; 6)
ons mobozo K > 0, das 106020 caabozo pewenus x(t), 0as xomopoeo
[(0)]| < K n.n., swnoansemca tiigrnoo E(||z(t)]|*) = 0.

Onpenesienne 6. Hysecoe peuwenue masvi6aemes acumnmomuie-
cxu (W, w1 FYcmotuusoim, ecau: a) ono -ycmotuuso; 6) cywecmeyem
K >0, das aobozo caaboeo pewenus x(t), daa xomopoeo ||x(0)] < K
N. M., BLINOAHACTNCH tEeroo E(|lz(t)]|®) = 0.

Beenem ciemytorue ycioBus.
VYcaosue L). Cymecrsyer nBaxipl HenpepblBHO auddepenimpye-
mas bynxnua V @ R? — R, rtaxas, uro Vo € R?

oV (z) 1 (82‘/(3:) )
DV (x) = su b+ sup =tr al <O0.
( ) bepl()x) ox (LEAI()x) 2 8:52

Tomozxum

Ny ={z € R*: DV(z) = 0},ny = {z € R*: V(x) = 0}.

CkazkeMm, 4ro ciaboe perenne x(t) Ha R (Ha npomexxyTke (—oo, 0]) npu-
HaJUIeXKUT MHOXKeCTBY Ny (MHOXKECTBY Ny ), eciu

aV (x(t)) 19V (x(t)) _
Tv(t) + §tf(Tu(t)uT(t)) =0

anst (p x Pynourn Beex (f,w) € R x Q ( mpn xaxzgom ¢t € (—o0,0]
BBIIIOJIHsETCsL paBeHcTBo ny (z(t)) = 0 m. u.).

Ycaosue M). CymiecrByior nocrosiaabie 7 > 1, 0 > 0 u K > 0 Ta-
KHe, 9T0 JyIsl JII060ro ¢aaboro pemenus Z(t), yAOBIETBODSIONIETO YCI0-
suto ||2(0)]] < o, BbIIOIHSIETCST HEPABEHCTBO

E((l@)[") < K vt =0. (1)
VYciaosue N). Cucrema He nMeeT HEHYJIEBBIX CJIa0bIX pemeHuil x(t)

rakux, 4ro (0) = 0 n. H.
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Teopema 1. ITycmv das ekatouenus evinoansemcs ycaosue L) u
nycmo gynrkyus V(T) 8 9mom Ycaoeuu nosoAHCUMEsbHO OnpedeseHHas.
Tozda nyaesoe pewenue KA0OUEHUS YcMOTHUBO No epoamuocmu. Ecau,
kpome mozo, V(x) — oo npu ||z|| = oo u mmoocecmeo Ny He codep-
2HCUM HEHYAEBHIT CAAOVT pewenut na R, mo nyaesoe pewenue 2400046~
HO ACUMNMOMUYECKY, YCMOUHUBO NO BEPOAMHOCTU.

Teopema 2. ITycmv 0das ekmouerus wnoansemcs yeaosue L)
u pynruyus V(x) 6 smom ycaosuu Yyodosaemeopaem HepaseHCcmeam:
klz=r < Vi(z) Vo, |zl = a; k=l|® < V(z) Vo, |zf] < b, ede
w, w1, k, k1,a,b — nosootrcumenvhoie nocmoannvie. Ecau ne cyuecmey-
M HEHYAEBVT CAabbr pewenull exaovenus na R, npunadaesicaugux
Mmuootcecmey Ny, Mo HYAeB0e DEWEHUE ABAACNCA 2A00GALHO ACUMN-
momuyecky (w, w1 FYcmotHussim.

B crenyromeit Teopeme He npeanosaraercs, 4o dpyHkius V sgBiser-
CsI TIOJIO?KUTEILHO OIPEJIeJICHHOA.

Teopema 3. ITycmo exarouenue ydosaemsopsem ycaosusm L), M),
N) u nyemo 0 < s < r. Ecau cywecmeyem nocmosnnas a > 0 maxas,
UMO 6KAOUENUE HE UMEET HEHYAESUT cAabux pewerut T(t) Hna npome-
orcymre (—o0, 0], obaadarwux ceoticmeamu: x(t) € ny; E(||z(t)]|*) < a
Vi € (—00,0], mo nyaesoe pewenue exaouerus s-yemotvuso. Ecau,
Kpome mozo, cywecmeyem nocmosnnas b > 0 makas, wmo exatoue-
HUE HE UMeEm HeHnyAeeuT caabux pewenud x(t) na R maxuz, wmo
z(t) € My, E(lx(¥)]|*) < b Vt € R, mo nyaesoe pewierue aCUMN-
momuuecky (8, $)-ycmotuuso.
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Research of Stability of Stochastic Differential Inclusions by
the Lyapunov Functions Method
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Abstract: We study the global stability of the zero solution of stochastic
differential inclusions. For stability research we apply the Lyapunov functions
method.
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dyHKIIMOHANIOB OTHOCUTEIBbHO AuddepeHITnaTIbHBIX
BKJIIOYEHUI HeNTpaJIbHOro THUIIA

H.FO. Jlykosuos', A.P. Ilnakcumn®

I MM VpO PAH, Exarepun6ypr, Poccusi, nyul@imm.uran.ru
2 MM YpO PAH, Exarepun6ypr, Poccusi, a.r.plaksin@gmail.com

Annoranusi: PaccMmaTpuBaeTcs nuHaMu4ecKasl CUCTEMa, IBUYKEHHUS KOTO-
POl ONUCHIBAIOTCS (DYHKIIMOHAJIBLHO- UG (DEPEHIINAIBHBIM BKJIIOUYEHUEM Hei-
TpajbHOoro tuna B ¢popme k. Xeita. PyHKIHOHAT OT UCTOPUM JIBUXKEHUS
SIBJISIETCS] CTAOUJIBHBIM OTHOCHTEJIBHO DTON CHCTEMBI, €CJIU ISl BCSIKOM Ha-
YaJbHOM HMCTOPUH CYIIECTBYET IBUYKEHHE, BIIOJb KOTOPOrO OH MOHOTOHEH.
Tlosyuen kpurepuii Takoil CTaOMILHOCTH B TEPMUHAX IMOAXOSIINX IPOU3-
BOJIHBIX II0 HAIIPABJIEHUSIM.

KiroueBbie ciioBa: yHKIUOHAILHO-IUMEPEHINATIBHBIE CUCTEMbI HEMi-
TPaJIbHOIO THIIA, CTaOUIIbHBIE (DYHKIHMOHAIBI, IPOU3BOJHBIE 110 HAIIPABJIEHHIO.

Pacemorpum  ciiepyromee  byHKIMOHAIBHO- 1M MEPEHITUATBHOE
BKJIIOYEHIE HEHTPAIHHOTO THUIIA:

d
77 (@) —g(r,2(r = h))) € F(r,2(7),2(r — 1)), (1)
z(r) €R", T €ty,d], h=const>D0.
Bcerony nuxke apoiinbiMu ckobkamu || - || 6ymem 0603HaYATD €BKIIUIO-

Boy HOpMY; Lip([a,b],R™) — npocTpaHCTBO JMIIIHUIEBLIX QYHKIMA 13
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[a,b] B R™, cHaGx)eHnHoe paBHOMepHOIT HopMmoit; Lip = Lip([—h, 0], R™);
G = [tg, 9] x Lip.

Tosaraem, uro dbyukuus [to,¥] X R® 3 (1,z) — g = g(1,2) € R”
SABJIAeTCs JIOKAJILHO JUIIIUIEBOH, T.e. JIJIsl JII0OOr0 OTPAHMYEHHOIO MHO-
xecrBa S C R™ cymecrByer Takast Konctanta A > 0, 9TO JJjIsT BCex
(1,2), (t,y) € [to,¥] x S cupaBeyuBa orneHka

lg(t.y) = g(r. )l < ([t = 7| + lly — 2I]).

Muorosuaunoe orobpazkenue [tg, V] x R" x R" 3 (1,z,y) — F =
F(r,z,y) C R™ BBILYK/IO-KOMIAKTHO-3HAYHO, HEIIPEPBIBHO B METPHKE
Xaycopda u yI0BIETBOPSET CJAEHAYIONEMY YCIOBUIO MOJINHEHHOTO PO-
cra: CyIIecTByeT Takasi KOHCTaHTa « > 0, 910

sup { ||| f € F(r,z,9)} < a1+l + [lyll).

Paccvorpum dynrimonadt

G 3 (t,w(-) = ¢ =t w() € R

O6o3HauMM
= {a(-) € Lip([t — h, 9],R"™): z(t + &) = w(§), £ € [~h,0]}.

Onpenesnenne 1. Pynxyuonan © HA3616aEMCH CMABUNLHBIM OTHO-
cumenvno sxaovernus (1), ecau das mobwx (t,w(-)) € G, t <V, cywe-
cmeyem makas gynkyus x(-) € X (t,w(-)), xomopas, ydosaemeopss npu
nowmu ecex T € [t, V] exarouenuio (1), ydosaemesopsem nepasercmey

90(7—7 xT()) < w(tvw('))a TE [ta 19]7

2de x. (&) = x(t + &), £ € [-h,0].

Crabuibable GYHKINUA U (DYHKIIMOHAJIBI UI'PAIOT BaXKHY POJIb B pe-
[IEHNN 3324 [MO3UIMOHHOTO YIIPaBJIeHusl U JuddepeHnnaabHbIX Urp, B
Teopun OOODITEHHBIX pernrennit ypasuennit [amuabrona — Axobu. Pas-
JITIHBIE KPUTEPUU CTaAOMILHOCTH OTHOCUTEIHHO OOBIKHOBEHHBIX Tud de-
PEHIUAIBHBIX CUCTEM U (DYHKIIMOHAJIBHO-IU(MMDEPEHITHATBHBIX CUCTEM
3aI1a3/BIBAIOIIETr0 THIIA U3Y9aJUCh BO MHOIUX paborax (CM., HAIpUMED,
[1-3, 5, 7, 8], u npuseennyo TaM 6ubiauorpaduio). CTabuIbHOCTD OT-
HOCHUTEJILHO JBHXKEHUH CHCTEM HEHTPAJIbHOIO THIIA PACCMATPUBAJIACD
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B [4, 6]. B npomo/okenne 3THX UCCIEIOBAHMIT HUXKE MOJTydeH MH(MUHU-
TE3UMAJbHBINH KPUTEpHil CTAabHIBHOCTH (DYHKIMOHAIA (0 OTHOCUTEIHHO
mudbdepertmanbroro BKmovenns (1) B TepMUHAX IIPOU3BOJHBIX MO Ha-
NPABJICHUSIM.

Iycrs (t,w(-)) € G, t <V, z(-) € X (¢, w(-)). Obozuauum

- (s () — et w()
d™{e(t w())[2(-)} = lim inf p— :
Iycrs z(-) € Lip([t,¥],R™) u L — Hemycroii BBILyKJbII KOMIAKT
B R". ITosoxkum

D7{e(t, w())[2(), L} = lim - inf - d™{p(t, w()[z()}, (2)

e—0 a:() Q.

rie

Q. = {a() € X(t.w()): diT (2(r) — 2(r)) € (L mpu s 7  [1,]}.
3aech [L]° obosnauaeT e-okpecTHOCTH MHOXKecTBa L B R™. OT™MernM,
9T0 (DOPMYJIBI JIJIsl BBIYHMCJIEHUS TTPOU3BOJHBIX 110 HANPABJICHUIO (2) B
TUIMYHBIX YACTHBIX CJIy9asX MOXKHO Haiitu B [4].
Iycrs dyuxmusa T(-) € X (¢, w(-)) rakosa, uro T(T) = w(0), T € [t,V].
O6o3nax M

Z(T | tvw(')) = g(Ta E(T - h))a TE [ta 19]

Teopema 1. Jlas Henpepvienozo GYHKUUOHAAG © CMAOUABHOCTD
ommuocumenvro exaovenus (1) oxeusasenmua Juddeperyuanvromy
Hepasercmey

D™ {o(t,w() | 2(-[t,w()), F(t,w(0),w(=h))} <0,
(tw(-)eG, t<v.

Pa6ora BbinosiHeHa 1nipu (bUHAHCOBOIN moijiep:kke rpanTa lIpesumenta Poccuiickoit
Denepanuu JJjisi TOCYAAPCTBEHHON IOJJIEP>KKU MOJIOJBIX pOoccUiickux yderbrx MK-
3566.2019.1.
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Abstract: A dynamical system is considered which motions are described
by neutral-type differential inclusion in the form of J. Hale. A functional
of the motion history is stable with respect to this system if, for any initial
history, there exists a motion along which it is monotonous. A criterion of
such stability is obtained in terms of appropriate directional derivatives.

YIK 517.977.5

YpaBieHne ABuKeHueM (pazoBOro BEKTopa
Mo 33JIaHHOU TIJIOCKOU KPUBOU JJi MOJeJn
KoHKypeH1uu JIlotku — BosbTeppsl

JIL.LH. JIykbsiHOBa

MTI'Y um. M.B.Jlomonocosa, Mocksa, Poccusi, lln@cs.msu.ru
Amnnoranusi: PaccmarpuBaercst 3a1a9a ypaBIsieMOCTH B 3aJaHHOE TTOJIOXKE-
HUE TIPU J(BUKEHUU TPAEKTOPUil B OKPECTHOCTH 3aJaHHOI KPUBOIi, 1151 cuCTe-

Mbl JIoTku — BosbTepphl ¢ MyJIBTUIIIIMKATUBHBIM BEKTODHBIM yIIPABJIEHHEM.
Haiineno ympasienue pemraromiee 3afatdy Ha OCHOBE METOAA CTPYKTYPHOIO
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CHHTEe3a HeJIMHEHHBbIX cucTeM. [IpecTaBiieHbl pe3yIbTaThl AHAJTUTUIECKOTO U
YHUCJIEHHOI'O pacdeTa TEPMUHAJIBHOI'O YIPABJIEHUS [Jjisl BapUaHTa 33 aHHON
KPUBOIA.

KiroueBbie cjioBa: HeuHelHAs YiipaBJideMad CUCTeMa, 3aJda4a yIIpaBJjide-
MOCTH, TEpMHUHAJIbBHOE YyIIpaBJIEHUE, IIO3UITUOHHOE yIIpaBJICHUE.

BBenenune

JJtst onrcaHusl KOHIIEHTPAITUU HE3JIOPOBBIX U 3J0POBBIX KJETOK B IIPO-
recce JiedeHusl TaKUX 3a00JieBaHmil, Kak JuMdoMa, MUEJIOMa U JielKe-
MHUSsI, UCIIOJIb3yeTcsad MOJiesib KoHKypeHiunu Jlotku — Bosabreppnr. s
aHaJIN3a BO3MOXKHBIX CTpaTernil jiedeHus HCIOJIb3yeTCd Teopud yIIpaB-
senus [1]. B pabore onucan mouck ynpasiieHusl, OCY IECTBIIAOIIErO JIBU-
»keHue (ha30BOr0 BEKTOPA B OKPECTHOCTHU 3aJIaHHOW KPUBOIl Ha OCHOBE
MeTo/Ia CTPYKTYPHOIO CHHTe3a HeJIMHEHHbIX cucreM [2]. PopmMasnusanust
IIO3UITMOHHOI'O yIIPABJIEHUS J1j1s1 HEJIMHEIHOI CUCTEMBI OIMPAETCs Ha Pa-

Gory [3].

1. 3agaua ynpasJieHus asu>kKeHmem (pa3oBOro BeKTopa IO
3a/IaHHO TJIOCKOI KPUBOii

Pacemorpum mozmens koukypenrun Jlorku — Bosbreppst ¢ dhazoBbiMu
[lepeMEHHBIME &, Y U YIIPaBJIsieMbIMH apamMeTpaMu w, u [1], npu orcyr-
CTBUU OFPAHUYEHUI HA YIIPABJIEHUS:

() = r(1—kw®))fi(z(t),y@)zt) — miut)z(t),
j (1 = kaw(t)) f2(2(t), y(1))y(t) — mau(t)y(t), (1)
zo, Y(0) =vo; wo,y0 >0,

8 <@
==
SN—
I

fi(z,y)=1—x(t)—a12y(t), fa(z,y)=1—anz(t)=y(t), ai2,a2 > 0.

B kadecTBe 11€/1€BOro MHOXKECTBA PACCMATPUBAETCSI OKPECTHOCTH TOY-
ku 1 = 1,y; = 0. IBmkenne K Heil n3 HAYAIHHON TOYKH HEOOXOIMMO
OCYIIECTBUTH B OKPECTHOCTU KPHUBOH, 3ajaBaeMoit guddepeHimpyemMoit
dyukIueit

F(z,y)=0, F(1,0)=0. (2)

Heobxomumo naiitu ynpasiaenne cucremoii (1) st KoToporo TpaeKTopust
cucrembl (1) ymosierBopsier (2) u JBUZKEHUE OCYIIECTBJISIETCH B 3a/aH-
HOM HAIIPABJIEHUN.
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2. Ilo3umnmoHHOE ynmpaBJIeHUE

Beezem omubky BbinosiHenus paseHcrsa (2) ¢ = F(xz,y), u norpebyem,
4T0 6b1 OIMOKa yoBJeTBOpsisia ypasuenuto 1 - dy/ds+ ¢ = 0. Ilepexou-
HOH IIpOoIecC 3aJaeM OTHOCUTEIBbHO IIEPEMEHHON S, CBA3aHHOI CO BpeMe-
HeM cooTHomenueM ds/dt = § > 0. U3 quddepennnanbHoOro ypasHeHust
JIst (PYHKIUU (O TOJIY TUM

oF OF

F1¢+F2ZJ:—§F, rie F1:%, FQ:(‘)_y’

WJIM C y9E€TOM CUCTeMbl ypasHenuii (1)

F [mr(l—klw)fl (, y)—mlux} +Fy [y(l—kgw)fg(a:, y)—mguy} :—éF.

(3)
O6ozuaunm ®1 = —Fiarky f1(z,y) — Fayka fo(z,y), P2 = —Fymiz —
Fomoy, O3 = Fiarfi(z,y) + Fayfa(z,y). Torga, (3) nepenuiiem B Buje

¢1w+¢2u:—§F—¢3. (4)

s HaXOXKIeHUusl ABYX YIPaBJIAIOIINX IIEPEMEHHBIX HMEEM OIHO yYpPaB-
uenue. Cuenyst pabore [2| npezcraBuM ynpasisioniue IIepeMeHHbIEe KaK
nuHeitHbe Gyarmun O n Po:

w=c11P1 +c12P2, u=co1P1 + c22Po, (5)

KosddunuenTsl B 3TuX ypaBHEHHSX HaliJleM M3 yCIOBHs OOpalleHust
ypasaerust (4) B toxnecrso. Iloxcrapus (5) B ypasHenue (4) nmeem
c119? + (c12 + c21)P1 Py + c02®3 + B/T - F + ®3 = 0. D10 ypasHenme
[IpeBpalaeTca B TOXKIECTBO, €C/Id IIPUHSTH, HAIPUMep

T F+®
c11 =0, co= —%, Ci12 = —C21 = C, (6)
2

8= ‘I)% JJ1s1 YIPOIIEHUS Coo WU
_B/T - F+ %

c11 = T, co2 =0, c12=—co1 =g, (7)

B = ®?2 ns ynpomenus cy1. [Ipn Beibpanasx F(x,y), 29, Yo aHaTI3HpPY-
torcst pyukiun O, o Ha Hamame HyJeit B obactul > x> 0,1 >y >0
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U BLIOMpaeTCst ONUH U3 BapaHToB Kodduimentos (6) wiu (7). Eciu, Ha-
upumep, dyukuusa $o > 0, To Boibupaercs Bapuaut (6). B aTrom ciyuae
HCKOMAsI CTPYKTYPa yIIPABJICHUS

_B/T-F+®s

w=cPy, u=—cd; 3 ,
2

(8)
rue ¢(x,y) # 0 — muddepennupymas dbyuxims. [Ipu paszauaabx Bapu-
aHTaxX PYKIUH 3 PEHIEHUIO MOT'YT OBITH IIPUIAHLI HOBBIE CBOMCTBA.

Ipu yupassienuu (8) Touka (Z,y) CTPEeMUTHC HONACTb U3 JIEOOOTO
HAYaJbHOTO IOJIOXKEHHUA Ha 3aJaHHYI0 JMHUIO U OCTaThCA Ha Heil, Tak
KaK Mepexo/IHbIi mponece 110 omubke ycroituns. CKOpoCTh IIepeMeIeHus
[0 3aJIaHHON JMHUK oupejesisiercst GyHKIwmed ¢. 3Hak c(z,y) # 0 omnpe-
JleJIseT HAIPABJICHHE, a €€ BeJUYHHA — CKOPOCTh MEPEMEIICHAS TOYKN
(2,9).

Ha puc. 1-3 npuBemeHbI Pe3yabTAThl YUCICHHOTO MOJIEIUPOBAHUS
TpaekTopuii u yupasjenuii cucrembl (1) mug byukuun F(zr,y) = y —
a1(z—1)? (myHKTUpHAs JUHUA) U TApaAMeTpoB a1 =1, a1z = 1.5, as; = 1,
T = 0.9, k?l = 0.2, kJQ = 0.5, my = 0.3, mo = 1.4, T = 6, c = —T.
Ha puc. 1 npuBeseHBl TPACKTOPUU It CJCAYIOMHUX HAYAJbHBIX YCJIO-
Buit (zo,70) @ (1,0.3), (1,0.4), (1,0.5), (1,0.7), (1,0.8), (0.1,0.91), ma
puc. 2, 3 upusejienbl rpadukn ynpasienuii (9), (10) npu HauadbLHOM
ycaosuu (1,1).

20 40 60 80 100
20 40 60 80 100 t
t -1

x

Puc. 1. y(z) Puc. 2. w(t) Puc. 3. u(t)

3. CkopocTb nepemeriieHust TO9KHu (z,y) BAoab guaun F' = 0

3amamuM CKOPOCTh TIEpEMEIeHusl TOUKK (X,y) BHoab jquann F = 0:
#? + 9% = v¥(z,y), v(x,y) — HenpepbiBHAg bYHKIHSA, U U3 ITOrO
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ycioBusi Haiiziem 3Havenue c(x,y). Obosnaunm A= — rk1Pofi(z,y) +
m1®y; B=rfi(z,y)+m1/P2(8/T - F+®3); Aj=—ko®s fo(x,y)+ma®y;
Bi=fa(x,y)+ma/®o(B/T-F+®3). Uz (8) mmeem c? Ay+cBa+Se = 0, T1e
Ay = A%2? 4+ A2y, By = 2(ABa? + A1B1y?); Se = B%2? + B?y? —v?;
Cnenosarenbho, mpu F = 0: ¢ = (= By 4+ /B3 — 4A4555)/2A5. Takum
006pa30M, CTPYKTypa yIpaBJIeHUs, HEOOXOAUMAs JIJIsl yCTONYUBOrO JBU-
»Kenus Touku (z,y) Buosb guaun F(x,y) = 0 co ckopocrbio v(x,y):

—By &+ B% — 4A252

w=>o , 9
? 24, ©)

_ —BQi\/B§—4A252 ﬂ/T'F-i-(I)B
u = q)l 2A2 4)2 . (10)

npu yesosuu Ay # 0, @y # 0, ¢ # 0. Ilycrs KearesbHas CKOPOCTD JIBH-
»kenus pa30Boil Touku cucremsl (1) (3azannas Bpadem) vo(x,y). Ilouck
ee npubsnxkenus v(z,y), upu koropom As # 0, P2 # 0, ¢ # 0 u u,w
UMEIOT 33 IAHHbIE OIPAHUIEHHUSI, IPOBOJIUIOCH C UCIIOIHb30BAHUEM [IAKETA
YUCJIEHHOTO PEIICHUs 330491 HEJIMHEHHOrO TPOrPAMMUPOBAHMUS.
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Motion Control of the Phase Vector Along Given Flat Curve
for Model Competition Lotka—Volterra

Lilia N. Lukianova

MSU, Moscow, Russia, lln@cs.msu.ru

Abstract: We consider the problem of controllability at a given position as
the trajectory moves in the neighborhood of a given curve, for the system of
Lotka—Volterra with multiplicative vector control. A control is found to solve
the problem based on the method of structural synthesis of nonlinear systems.
The results of the analytical and numerical calculation of the terminal control
for the variant of a given curve are presented.
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YIK 517.977

IToaunnauHeliHbIE AIIIIPOKCUMAIIUA B CE€TOYHBIX
MeToJaX HAXO0XKJAeHHsI 000OIIEeHHOro peIlleHus
ypaBHeHusi l'amusibrona — HAxkobu

H.B. Mysnn!, C.C. Kymkos?

I MM VYpO PAH, Exarepunbypr, Poccusi, natalymunts@gmail.com,
2 UMM YpO PAH, Exarepun6ypr, Poccus, sskumk@gmail.com

AnHoTtamusi: B jokiaze obcy)aarorcsi mpoOJieMbl YHCJIEHHOTO METOA,
KOHCTPYUDYIOIIETO (DYHKIUIO IIEHBbl 3aJa9id ObICTPONEWCTBHUS C JIUHUEH
Ku3HU. J[aHHBIN UTEPAIMOHHBINA CETOYHBIA METOJ HAXOAUT (DYHKIUIO IIEHBI
KaK BA3KOCTHOE PEIIEHHE COOTBETCTBYIOIIEH KpAaeBON 3aJadyu sl ypaBHe-
vust Namuiabrona — fAxkobu. IlpeioykeHHbIN paHee METOJ AlPOKCUMAaIU
HApYyIIaeT CUMMETPUYHOCTb Pe3yJbTUPYIONell (DyHKIMN B 3aaadax, CHUM-
METPHYHBIX OTHOCHUTEJILHO BBIODAHHON CETKHM (CHMMETPUYHOCTb JMHAMHKH,
TEPMHUHAJIBHOTO MHOYKECTBA W MHOXKECTB OTDAHUYEHMIl HA yIpaBJIEHUs] UTDO-
KOB). Bo-11epBbIX, HECUMMETPUYIHOCTb BO3HUKAET BO3JI€ IDAHUIIBI MHOXKECTBA
urpbl. Bo-BTOpBIX, HA pE3yJIbTAT BJIUSET HECUMMETPUYHOCTH Da3esIeHuUsI
SYEeHKU CEeTKM Ha CHMIUIEKCHI I IOCTPOEHMS KyCOYHO-JIMHEHHON —arl-
IPOKCHMAaIUU HUCKOMOI yHKIMH. B IoKIaze paccMaTpUBAIOTCA METOIbI
YCTpaHEHUsI yKA3aHHBIX HEJIOCTATKOB, OCHOBAHHBIX HA WHBIX METOJaX IIO-
CTPOEHMs aNnpoKcuMaruu. TakxKe OyAyT HPUBEIEHBI PA3IUYHbIE ITPUMEPBI
urp OBICTPOJEHCTBUSI C JIMHUEH >KU3HU, B KOTOPBIX CTapbIii METOJ [1aeT
HECUMMETPHUYHBINA DPe3yJIbTAT, UCIPABJIAEMbId IPUMEHEHHEM HOBBIX METOIOB
AIMPOKCUMAIUN BBIYUCISIEMON (DYHKIIAH.

KiroueBbie cioBa: nuddepeHnuaibable UIPhl OBICTPONEHCTBHS C JIMHHUEH
2Kn3HH, PYyHKIMS [eHbl, ypaBHeHus: [amMuiibrona — Skobu, 4ncieHHblil MeTox

1. IlocTranoBka 3amga4yun
PaccMoTpuM KOH(MDIIMKTHO-yIIPABIISIEMYIO CUCTEMY C JUHAMUKOM [1, 5]
j::f(x7paQ)7 t>o7 J)(O):J)Q, pEPa qEQa

e € R™ — da30Bblil BEKTOP CUCTEMBL; P U ¢ — yIPABJIEHUS [IEPBOTO
¥ BTOPOTO UI'POKOB, coorBeTcTBenHo. Orpannydenus P u () Ha ympasJie-
HUsI CIUTAIOTCS KOMIIAKTHBIMUA MHOYKECTBAMH B CBOUX €BKJIMJIOBBIX IIPO-
CTpaHCTBaxX. 3a/IaHO KOMIIAKTHOE TEPMUHAJIBHOE MHOXKECTBO 7 M OTKPBI-
Toe MHOKecTBO W Takoe, uro 7 C W u rpanuna 0V aBiseTcs OrpaHu-
gennoit. Obosuatmm G := W\T u F := R"\W. Muozxkecrso 7 sBiseTcs
[IEJIEBBIM; B MHOXKECTBe G MPOMCXOIUT Wrpa; MHOXKecTBO OF = W —
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9TO JIMHWSI YKU3HU, [IPU BBIXOJE CUCTEMBI Ha KOTOPYIO BTOPOI UI'DOK
6e30roBOPOYHO BRIMTPHIBAET. LIesh IepBOTro Uurpoka, pacropszKaromerocst
yIpaBJIeHUEeM p, — IIPUBECTU CUCTEMY W3 COCTOsiHUS To € clG Ha MHO-
2KeCTBO 7 KakK MOXKHO CKOpee, yJIePXKHUBasl [IPU 3TOM TPAEKTOPUIO BHE F;
I1eJIb BTOPOr0O UI'POKA, PACIIOPSIZKAIOIIEr0OCs YIIPABJIEHUEM ¢, — IIPUBECTH
CHCTEMY Ha MHOXKECTBO J, WJIM, €CJIN 9TO HEBO3MOXKHO, YJIEPXKATDH Tpa-
€KTOPHIO BHYTPH MHOXKECTBa § HABCErJia, UJIH, €CJIU U 9TO HEBO3MOXKHO,
MaKCUMAJIbHO OTCPOYHTH JIOCTHXKEHUE CUCTEMO MHOXKecTBa T .

Ilean urpokoB MOTYT OBITH (POPMATUBOBAHDI CJEAYIOMIIM OOPA3OM.
Iycrs 2(+;x9) — 9TO TPAEKTOPUS CUCTEMBI, BBIIYIIEHHAS U3 HAYAJIbHON
TOYKU Tg. JjIsi Hee paccMOTPUM JIBE BEJIMIMHBL:

te =ty (x(, a:o)) = min{t cx(t; ) € T},
t* =t*(z(-;20)) = min{t : x(t;z0) € F},

KOTODBIE ABJISAIOTCSI MOMEHTAME BPEMEHH, B KOTOPBIE TPACKTOPHS Z(+; T )
B IIEPBbII pa3 momnajaer Ha MHoxecrBa 7 u F, cooTBeTcTBEHHO. Ecim
TpaeKTOpUs He IPUXOJUT Ha MHOXKecTBO T (F), To 3Hadenue . (t*)
[OJIOZKUM DABHBIM +00. Pe3yabrar urpsl Ha TpaekTopmuu (- To) Ompe-
JIEJTIM CJIEJLYIOIIUM 0OPa3OM:

400, ecmu t, = +o0 wnn t* < t,

T({E(';xo)) =

t, UHa4e.

B [2] mokazaHo, 9TO JIsl TAKOM 3a/a41 CyIIecTByeT (DYHKIMS II€HBI,
B [3] mokazaHo cynecTBOBaHNE MUHMMAKCHOT'O DEIIeHUs] COOTBETCTBYO-
1iefi KpaeBoit 3aja4u Jisl ypaBHeHus: Lamuiabrona — Sko6u, B [4] onn-
CcaHa YUCJEHHAS CXeMa, TO3BOJISIONIAS TPUOIUKEHHO BBITUCIAThH (DYHK-
[IUIO [EHBbI OIMUCAHHON 3a1a9i U JOKA3aHAa €€ CXOIUMOCTb.

2. IIpobGJsieMbl YMCIEHHOTO METOOA

YHucjieHHBIN METOJI, CTPOUT ITPUOJIMKeHe (DYHKITUH [IEHBI KaK 0000IeH-
HOe (BSI3KOCTHOE) PeIlleHre COOTBETCTBYIONIEH KpaeBoii 3a1a41 JJIsi ypas-
venusi amuibrona — ZAkobu. CeTouHblll METOH IpeaCcTaBjseT CODO
UTEPAIMOHHBII MTPOIIECC, B KOTOPOM 3HaUYeHUsT (DYHKIIUU BHE y3JI0B CETKU
BBIUUCJIAIOTCS € MOMOIIBIO KYyCOTHO-JIMHEHHOM AIlllIPOKCUMAIIHHN.
OKa3aJ10Ch, YTO ITOT METO/I AIIMPOKCUMAIINU HAPYIIAeT CHMMETPIY-
HOCTb Pe3y/IbTUPYIONEll (MYHKIMN B 33/a9aX, CHMMETPUYHBIX OTHOCH-
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TeJIbHO BBIOPAHHON CeTKHU (TO €CTh NMEOIIUX CUMMETPHYHOCTD JUHAMA-
KM, TEPMHUHAJIBHOI'O MHOXKECTBa U MHOKECTB OIDaHMYEHUI Ha yIIpaBJe-
HUsl UIPOKOB OTHOCUTEJIBHO ITOM CeTKN).
Bo-nepBbIxX, HECUMMETPUIHOCTH BO3HUKAET BO3JI€ I'PDAHUIIBI MHOYKE-
crBa . DTOT HEJIOCTATOK MJLIIOCTPUPYETCSI CJIEJLYIONUM IIPUMEPOM.
Mamepuaavraa mouxa. IlycTb paccMaTprBaeTcs 3a/1a9a yIIPaBICHIS
C JIMHAMUKOH CJIeIYyIONIero Buja:

(Jannas 3azada, KOHEYHO, HE sBJISETCS UIPOH, HO MOXKET OBbITH pac-
CMOTpEHa KaK Ur'pa ¢ (DUKTUBHBIM BTOPBIM HI'POKOM, Ub€ YIIPaBJIEHUE
BXOJMT B JUHAMUKY &JJIATUBHO U OIPAHUYEHO OJHOTOYETHBIM MHOXKE-
CcTBOM — HavajoM Koopaunat.) Ha puc. 1 npecraBiieHbl JIUHAA YPOBHSI
GbYHKIMY TIEHBI [IJ1s1 9TOU 3312491, BLIYUCJIEHHBIE C UCIIOJIH30BaAHIEM 0a30-
BOW MJIen KyCOTHO-JTMHEHHONW AITPOKCUMAITIN (DYHKIIMH MEXKIY Y3JIaMI
cerku. [IpuBeieH KpyIHBII IIJIaH HECUMMETPUYHBIX YIaCTKOB, KOTOPBIE
XOTeJIOCh Obl IMETh CUMMETPUIHBIMUA.

Bropast mpuduHa BOSHUKHOBEHUsI HECUMMETPUIHOCTH B CUMMETPUY-
HBIX 33J2a9aX — HECHMMETPUYHOCTD PA3eJIeHUs [aPAJIIeJIOTONa HAa
CHMILIEKCHI, BHYTPU KOTOPBIX IPOU3BOIUTCH KYCOUHAS AITPOKCHMAIINS
BorancisieMoit dyuxumn. st ciaydas mpocrpancTsa R? o1y mpobiemy
MOXKHO TIPOMJUTIOCTPUPOBATH CJIEJyIomeil cxeMoit (cMm. puc 2).

Ha npuseeHHOM pUCYHKE 1JIsi ABYX CUMMETPUYHBIX Y3JI0B YKA3AHbI
ONTUMAJIbHBIE IBUKEHUs HA [IAre BPEMEHH, IPUXOISAINNE B CUMMETPII-

Puc. 1. Hecummerpuunble yIacTKu QYHKIIUY [IEHDI
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Puc. 2. Cxema pazjesieHusi nmapaJjuiesioTona Ha CUMILIEKChI

Hble TOYKHU, KOTOpPbIE IIOIIa/1al0T B HECHUMMeTPUYHbIe CHUMIIJIEKCHI, 4TO,
BOOOIIE TOBOPSI, IPUBOAUT K HAXOXKIEHHUIO PA3JIMIHBIX AIIPOKCHMUDPY-
IONUX 3HAYEHUH B 9TUX TOYKaX.

B noknaze Oymer 0b6cyKIaThCsl YTy dIlIeHHAsT AlllIPOKCUMAIUsi (DYyHK-
UM TIEHBI, KOTOPas IOMOraeT M30aBUTHCS OT yKA3AHHBIX BBIIIE HEJO-
craTkoB. OHa, B 9aCTHOCTU, CTPOUTCS HA OCHOBE ITOJIUINHENHBIX aIllIPOK-
cuManuii QyHKIINKY B A9eKax CETKU.
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Polylinear Approximations in Grid Methods for Constructing
Generalized Solution of Hamilton—Jacobi Equation

Nataly V. Munts’, Sergey S. Kumkov?®

L IMM UB RAS, Ekaterinburg, Russia, natalymunts@gmail.com,
2 IMM UB RAS, Ekaterinburg, Russia, sskumk@gmail.com

Abstract: This talk discusses problems of numerical method constructing
the value function of a time-optimal game with lifeline. The iterational grid
method constructs the value function as a viscosity solution of the correspond-
ing boundary value problem for Hamilton—Jacobi equation. The concerned
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approximation method breaks the symmetry of the result function in prob-
lems, which are symmetrical with respect to a chosen grid (symmetry of dy-
namics, a terminal set and control sets). Firstly, unsymmetry arises close to
the border of the game set. Secondly, unsymmetry in dividing a parallelotope
cell of the grid into simplices affects the result. The talk deals with methods
to avoid specified problems based on the algorithm improvement. Also, differ-
ent examples of time-optimal games with lifeline with unsymmetrical result
(with the use of an old version of the algorithm) and with symmetrical one
(by the use of the advanced one) are considered.

VK 517.977.5

ITocTpoenne MHO>»KeCcTBa pa3perInmMoOCTH B 3a/a4e
XUMHUOTEPAIINN 3JIOKAYEeCTBEHHOM OITyXOJIH,
pactyineii mo o000HIEHHOMY JIOTUCTUYIECKOMY 3aKOHY

H.T'. HoBoceJjioBa

MM ¥VpO PAH, Exarepunbypr, Poccus,
Yp®YV, Exarepuntbypr, Poccus,
n.g.novoselova@gmail.com

Amnnvoranusi: PaccmarpuBaercst 3afada XUMHOTEPANNH 3JI0KAYECTBEHHON
OILyXOJIM, PACTyIeil 1o OOOOIIEHHOMY JIOTUCTUYECKOMY 3aKOHy. Maremaru-
TecKasi MOZEJb HMEET BHJ CHCTEMBI, COCTOSINEH U3 IBYX OOBIKHOBEHHBIX
nuddepeHInaIbHbIX ypaBHeHuil. Vccirenyercs 3aja4a ONTUMAIBHOIO yIIPaB-
JieHnst (ONTUMAaJIbHON Tepanuu), HeJbI0 KOTOPOH SBJISIeTCA MUHUMU3AIUS
3JI0KA9eCTBEHHBIX KJIETOK B OPraHu3Me B 3aJaHHBIN (DUHAJILHBIA MOMEHT
BpeMenn 1. B paboTe IOCTPOEHO MHOXKECTBO PAa3PEIIMMOCTH [0 MOMEHTa
T, T.e. MHO’KECTBO HAYaJIbHBIX COCTOSHHI Mogeau (00beMa OIyXOJIH U KO-
JINYECTBa JIEKApCTBA B OPraHu3Me), JJisi KOTOPBIX OIITUMAJIbHOE yIPaBJIECHUE
rapaHTUpyeT JAUHAMUKY 3JI0KA4eCTBEHHOM OIIyXOJI! BILJIOTH JO MOMEHTa
BpeMeHn 1’ B 0O'beMe, He IPEBBIIAIONIEM IIPEJIEIbHBIN 00beM, COBMECTUMBIN
C >KHU3HBIO.

KiroueBsbie caoBa: guddepeHuagibHble yPaBHEHIST, TEOPUsI OIITHMAILHOIO
VIIPABJICHUSI, MHOXKECTBO BBIXKHBAEMOCTH.
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BBenenue

B nannoii pabore paccMaTpuBaeTCs MaTeMaTHIECKasi MOJIEIb, KOTOPast
HOSIBJISIETCS TIPU XUMUOTEPAIINY 3JI0Ka4ecTBeHHOM omyxoun [1, 2[:

C;_T =g(m) —ymf(h), m(ty) =mg, -~ — const> 0,
C;_]Z = —ah+u(t), h(to) =ho, «—const> 0,

3/1ECh 1M — YUCJIO 3JIOKAYMECTBEHHBIX KJIETOK, I — KOJIMIECTBO JIEKAPCTBA,
crocobuoro ybusars Kierku omyxosu, f(h) — DyHKIUA Tepanuu, omnu-
CBIBAIOIIAs BO3/ENHCTBHE JIeKapCTBa Ha KJIeTKU OIyxoud, u(t) — yupas-
JIEHHE KOJIMYECTBOM JIEKAPCTBA B €IUHUILY BPEMEHH.

Wccnenyercest coydail, KOrjia CKOPOCTb POCTA 3JI0KAYECTBEHHBIX KJIe-
TOK g(m) onpejessieTcst 0GOBIEHHBIM JOTUCTUIECKIM 3aKOHOM:

m B

glm)=rm|1— ) , 1,0,8— const > 0.
IIpeamoaraercsi, YTO BBITOJHEHDI CJIELYIONAE OTPAHUIECHUS:
1. mosa BBOmmMOro Jiekapcrsa orpanumdena: 0 < wu(t) < @, rume @ —
MaKCHMAJILHO JIOIyCTAMAs 1034,
2.0<m< M, tne M — MakCUMaJILHOE KOJUIECTBO 3J0KAYECTBEeHHbBIX
KJIETOK B OPTaHU3ME, COBMECTHMOE C JKU3HBIO,
3.0< h < L, e L — MakcuMaJibHOE JOIyCTUMOE KOJIMIECTBO JIEKAD-
CTBa B OpPraHU3Me.

1. IlocTranoBka 3amgadyun

CraBuTcs 3a/1a1a OITUMAJIBHOTO YIIPABJIEHHUS IPOIIECCOM TEPAIIUH 1Ty TEM
Bo3geiicTBus u(t) TaK, 9T06BI MUHIMU3UPOBATH B 33 IaHHbIH (DUHAILHBI
MOMEHT BpeMeHHU 1’ KOIMIeCTBO 3JI0KaUYECTBEHHBIX KJIETOK B OpPraHu3Me,
T.e. MUHIMHU3UPOBATh TEPMUHAJIBHYIO (DYHKITUIO IIJIaThI:

o(m(T)) = m?(T;to, mo, ho, u(-)) — 11(11;7

rie ynpasiyenue u(-) : [to, T] — [0, Q] — Kyco4Ho mocTossHHBIE (DyHKIHHA.
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2. DyHKNUS IIEHBbI

B nmaunoii pabore u pabore [3| paccMorpen ciy4aii, Korga GyHKIMs Te-
pammu f(-) : [0, M] — [0, F] (F — makcumym dynkiun repanun f(h)),
OIIUCHIBAIONIAS BJIUSHUE JIEKAPCTBA HA CKOPOCTH POCTa KJIETOK, HElpe-
peiBHO aud depenimupyemas KycOUHO MOHOTOHHAS (DYHKIIUS, UMEIOMAST
JIBa MAKCUMyMa.

Jljist 3TOrO CIy4as MOCTPOEHA AHATMTHICCKH (PYHKIHUA IEHBI, KOTO-
pasi KaK/IOMy HadaJbHOMY COCTOSHUIO (to, Mo, ho)€[0,T] % [0, M] x [0, L]
CTABUT B COOTBETCTBHE ONTUMAJBHBINA PE3YJIbTAT PACCMATPUBACMON 3a-
Jladu ONTHMAJIbHOTO yupasienust Val(to, mo, ho).

Teopema 1. Pynruyus uyenve Val(to, mo, ho) 6 uccaedyemots sadave
umeem cAedyruull 6uod:

Val(to, ho) =
gﬁmge—ﬁ’ﬂ/(tmho)

T )
08 —B((T—t0) 4 Bmfr / e~ POtV (mA () g7
to

20e V(to,hg) — onmumasvhol pesysvmam 6 caedyrouel] 8Cnomo2a-
meavHol 3a0ae ONMUMAALHOZ0 YNPABAECHUS:

T
V(to, ho) = Sl(llf; f(h(7s5to, ho, u(T)))dT;
u(- to

dh(r)
dr

= —ah(1) +u(r), h(to) =ho, 0<u<Q.
ITony4ennas KOHCTPYKIMS OLUPAETCS HA PE3yJIbTAaThl pabor [4-7).

3. MHo2kecTBO pa3permMoCcT

ﬂaHHaH pa60Ta IIOCB4IIEeHa ITOCTPOCHUIO MHOXKECTBa Ppa3peInuMOCTHU 3a-
Ja491 OIITUMAJIBHOI'O YIIPpaBJICHUA I paCCManHBaeMOﬁ MOJeJIn:

W = {(to, mo, ho) € [0,T] x [0, M] x [0, L] : Val(to, mo, ho) € [0, M]}.

D10 MHOXKECTBO COCTOMT W3 TaKuxX ToueK (tg, Mg, ho), 4TO, CTApTysd U3
HUX TIpu t = to, B Tedenme Bcero mpomecca jedennsa hl(t) BIIOTH 10
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3aJ1aHHOT0 (PUHAIBHOrO MOMenTa t = T onTuMasbHble TpaexTopuu m' (1)
0CTAIOTCSI B 9TOM MHOYKECTBE, T.e. KOJUYEeCTBO 3JI0KaUYeCTBeHHbBIX KJIeTOK
B OpraHu3Me OCTaeTCsl HUXKe KPUTUIEeCKOro yposus M.

Bee ontumasbubie Tpaektopuu mU(t;tg, mo, ho), craprylomue u3
roukn (tg,mo,ho) ¢ W He BbDKHBAOT 10 (DUHAJIBHOIO MOMEHTA
BpeMenu T', TaK KaK OHM YJIOBJICTBOPSIOT YCJIOBUIO:

mo(t*; to, Mo, ho) > M

JIIst HeKOTOPBIX t* € (to,T).

KOHCTpYKIMsT MHOXKECTBA PA3PENIMMOCTH CTPOUTCS 110 AHAJIOTHU C
KOHCTDYKIMEH MHOYXKECTBA Pa3pPENINMOCTH IS MOJEIN XUMHOTEPAIny
OLLyXOJIH, pacry1eii o 3akoHy [oMmeplia, npencrasieHHoi B padore [8].

Pabora BbIlIOSIHEHA B paMKaX IIPOEKTa "Hogseiiiue MeTOAbl MaTEeMaTHUIE€CKOI'o MO-
JAeJINPpOBaHNA B U3Yy1YE€HUU HeJIUHENHbBIX AVNHAMHUYIECKUX cucreM "o IIPOBEIECHUTIO (byH-
JAaMEHTAJIbHBIX HAaYIHBIX I/ICCJ'Ie,ELOBaHI/Iﬁ II0 IIPUOPUTETHBIM HaIIpaBJICHUAM, OIIpee-
JIAEMBIM IIPDE3UTUYMOM Poccuiickoii aKaJIeMuu HayK.
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Construction of the Viability Set
in a Chemotherapy Problem for Malignan Tumor
Growing According to a Generalized Logistic Law

N.G. Novoselova

N.N. Krasovsky Institute of Mathematics and Mechanics UB RAS,
Ural Federal University named after the first president of Russia B.N. Yeltsin,
Ekaterinburg, Russia
n.g.novoselova@gmail.com

Abstract: The problem of chemotherapy of a malignant tumor growing
according to the logistic law is considered. The mathematical model has the
form of a system consisting of two ordinary differential equations. We study
the optimal control problem (optimal therapy), the purpose of which is to
minimize the malignant cells in the body at a given final instant 7". In this
paper, a viability set up to the moment T is constructed, the set of initial
states of the model (tumor volume and amount of drug in the body), for
which optimal control guarantees the dynamics of a malignant tumor up to
time 7" in a volume not exceeding the maximum volume compatible with life.

YIK 517.911.5, 517.972.4

Hpouecc BbIMETaHUsA C Pa3pPbIBHbIM JBU2KYIIIUMCA
MHO2>KEeCTBOM

Cg.C. Opaos', O.H. CamcoHOK>

L UACTY CO PAH, Upkyrck, Poccus, s.orlov@ice.ru
2 IACTY CO PAH, Upkyrck, Poccusi, olga.samsonyuk@icc.ru

AnHoTanus: PaccMarpuBaeTcss IpoIece BbIMETAHUsI C PEIIEHUsIMU U3 IIPO-
cTpaHcTBa momnojiHeHnit rpadukos BV -dyukuumit. Takue mporneccbl BO3HUKA-
IOT NP PEJIAKCAIMOHHOM PACIIUPEHUU BBIPOXKIEHHBIX 33J]1a9 OINTHMAJIbHO-
O yIpAaBJIEHUsI CUCTEMAaMU C TUCTEPE3NCHBIMU HEJIMHEHHOCTsIMU. B 1mokjame
OyZeT BBEMIEHO IMOHSITUE DPEIIEHUs, U3YUEHO CBONCTBO HENPEPBLIBHOCTU COOT-
BETCTBYIOIIETO OIEPATOPa PEIIeHUsI U NOKa3aHa TeOpeMa CyIIeCTBOBAHUS U
€JIMHCTBEHHOCTH IIPOIECCa BBIMETAHUSI.

KirroueBble cjioBa: IIpolecc BbIMETAHHS, TUCTEPE3UC, PELICHHUS OrPAHUIECH-
HOH BapHaIli, IIOIOJIHEHNE I'PadUKa, HEIPEPHIBHOCTL OEPATOPa PEIICHUSI.

B noksazne n3ydarorcs CBOICTBa OIE€pPATOpPA PEIIEHUs JJIst IPOIECCa

BBIMETAHUS, 33JaHHOTO B MPOCTPAHCTBE MOIMOJHEHNI rpaduKoB (yHK-
nuit orpanuyenHoit Bapuanuu. [Iporiecc BbIMeTaHUs 3aJaH Ha OTPE3KE
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Bpemenu T = [tg, t1] pPaspbIBHBIM JABUKYIIUMCsT MHOKeCTBOM C (t, w(t)),
e w € BV™(T). Yepes BV (T') o603Ha4€HO HIPOCTPAHCTBO (DyHKIIHI
orpanuvennoii Bapuaruu w : T — R™ (BV-dbyHKuuii), HelpepbIBHBIX
cupaBa Ha (tg,t1]. IIpeamosaraem, uro orobpaxenne C : T x R™ —
comp(R"), rme comp(R") — MHOXKECTBO BCEX HENMYCTHIX KOMIIAKTHBIX
MIOJIMHOYKECTB IIpocTpancTBa R, yI0BIETBOPSET yCIOBHIM:

1) C(t,w) — BBIIyKIOE MHOXKECTBO st Beex (t,w) € T x R™,

2) orobpazkenue C' JIOKAJIBHO JIUIIIHUIEBO OTHOCUTEIHHO METPUKY Xa-
ycaopda, T.e. st joboro kommakta (@ C R™ maligercs qucio
Lg > 0 rakoe, 410 mj1g Beex (s1,w1), (S2,w2) € T X Q

d (C(s1,w1),C(s2,w2)) < Lo (|s1 — sa| + [Jwi — wal]).

uecw dy (A, B) — paccrosuue Xaycuopda mexay A, B € comp(R").
Iycre w(-) € Wl’l(T, Rm). Paccmorpum mporiece BbIMeTaHUSs, 3a-
JaHHBIH 1uddepeHraIbHbIM BKIOICHIEM:

—§(t) € Nowe) (U(t),  y(to) = yo € C(to, w(to))- (1)

3aecs Ne(y) — HOpPMAJIBHBIN KOHYC (B CMBIC/IE BBIIYKJIOTO aHAIH3a) K
muoxkecTBy C' B Touke y. [Iponecc Beimeranus (1) Xopomio u3ydeH, ume-
eT eJIMHCTBEHHOe abCOJIIOTHO HeIpephIBHOE perieHne y(+) IpH KarxKJoM
3aJIaHHOM BXOJie w(+) U HAYAJLHOM YCJIOBUM Yo (CM., HApumep, 0630p
B [9]). B wacrnocru, npu C(t,w) = w + Z, rae Z — 3aMKHYTOE BBIILYK-
Joe nogmuoxkectso R” (mwiu, B Gosiee obieM cirydae, JefiCTBUTEILHOIO
rwIb6epTOBa IPOCTPAHCTBA H ), OLEPATOD pellleHus IIPUHATO HA3bIBATH
play omepaTopoM, OH sIBJIsIeTCs OIIEpATOPOM IrUcTepesuca Tuma Jrodr [1].
B srom ciyuae quddepennuanbHoe Briaoderne (1) paBHOCHIBHO aud-
depeHnuaIbHOMY BAPUAIUOHHOMY HEPABEHCTBY

(¢—w®) +yt),y(t) <0 pmaseex (€ Z, mnsc.nmaT, (2)
w(t)—yt)eZ nmuascex te€T, y(to) = Yo. (3)

B  jokjiaze paccMarpuBaercst mporecc BeiMeraHust (1) mpwm
w € BV™(T). B arom ciyuae gpuxkymeecst muoxkectso ¢ — C(t,w(t))
HMeeT OrPaHUYCHHYIO MMOJIHYIO BaPHUAIUIO OTHOCHTEILHO METPUKH Xay-
cropda, mputieM i BeeX tg < s <t < t1 BBIIOJIHSIETCS HEPABEHCTBO

N
Faﬁc = supZdH (C(Ti,l,w(n,l)), C(Ti,w(n))) < varw,
st Poi=1

[s,t]
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rje CylupeMyM B JIEBOI YaCTU HEPABEHCTBA GEPETCsl M0 BCEM KOHEYHBIM
pasbuenusim p = {s = 79,71,...,7N = t} orpe3ka [s,t]. Byuer cdop-
MyJIUPOBAHO MMOHATUE PEIIEHUsI, KOTOPOE OTJIUIAETCST OT KJIACCAIECKOTO
BV -pemenusi, gansoro B [4, 5|. Ormernm Takxke [10], rue jokasaHa Teo-
peMa CyIeCTBOBAHUA U €JUHCTBEHHOCTH BV -perienus Jjist ¢Iydas orpa-
HuueHHOH ycedennoii perpakuuu (bounded truncated retraction) oro6-
paxenust C' B rwiibbeproBoM npocrpancrse H, u [2, 3, 6], rae usydeno
paclIpeHne BapualnuoHHOro HepaseHcTsa (2), (3) (1 coorBercrByIONMIEro
nporecca BhIMeTanus1) Ha Bxoasl w € BV (T, H).

O uH M3 MOTHBOB PaCHIUPEHHs KJIACCUIECKOro mousTus BV -perre-
HUSI CBSI3AH C BBLIPOXKICHHBIMU 3aJa9aMHU ONTHMAJILHOIO yIIPABJICHUS
CHCTEMAMU C TUCTEPESUCHBIMU HEJTMHEHHOCTSME. 3AMETHM, UTO PEIaK-
CAIMOHHOE PACIIUPEHNE TAKHMX 3a/a9 ¢ TPACKTOPUSMHU OrPAHMYEHHOMN
BapHaluu HEIb3sl OIMCATH Yepe3 Kiaccuueckue BV -permenus cooTserT-
CTBYIOIIUX IIPOIECCOB BbIMeTaHusl. B [7, 8] npejioxKeHo 1pyroe moHsiTue
BV -pemenusi BapuanmoHHoro HepaseHctsa (2), (3), paccmarpuBaeMo-
ro Ha OTJEJIbHBIX HONOJHeHUsX rpadura dbyukuuun w € BV™(T), n
NIPUEBEIEHBI IPUMEDHI MOSIBJIEHUsT play Oomeparopa ¢ paspbIBHBIME BXO-
JIAMP OTPAHUYEHHOM BapHAIMU B ONTHMU3AIMOHHBIX MOJEIAX MATEMAa-
THYECKOI SKOHOMUKH. B JIOKJIa/e MBI pacIpOCTPaHUM 3TOT IIOIXOJ Ha
nporiecc BbiveTanust (1).

Tononuenre rpaduka st w € BV™(T') onpeensiercs: Ciiery oM
obpazom. Ilycts 71 > 0. Bymem masbiBarh mapamerpusaiiueil Bpeme-
uu dyuxuuo 7 : [0,71] — [to,t1], ecam OHA yIOBIETBODSIET YCJIOBHSIM:
a) n(-) — HeyObIBaromas summmnesas dyuxims, 6) 7(0) = to, (1) = 1.

Omupenenum ticeproobparayo dbyukmuio 0 : [to,t1] — [0,71] upa-
swiom: O(t) = inf{r € [0,7] | n(r) > t}, t € (to,t1), 0(to) = O,
0(t1) = 7. Jna saganneix 7)(-) u 0(-) BBenem obosuadenus: S7 = Sq(6),
d? =0(s) — 6(s—), rae Sq(f) — MHOKeCTBO TOYEK CKadKa, 6.

Iycre 2° : [0,d7] — R™, s € S — ceMelicTBO JUIIIUANEBBIX DYHKIHH

C COOTBETCTBYIOIMMHU KOHCTaHTaMI L(zs), npudeM sup L(zs) < +00.
sesn

Bynem nasesarb w, = (w(-),{2°(-)}scsn) nononnennem rpaduxa
dbyuknun w € BV™(T), a n(-) corsacoBanHOil napamerpusalpeil Bpe-
MEHH, €CJIM BBIIOJIHAIOTCA CIIEILYIONHE YCIOBUI:

o Sq(w) C 8" 25(0) = w(s™), 2°(d]) = w(s) aug Beex s € ST,

S
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o dyuknus € : [0,71] — R™, 3amanHast IpaBIIOM

§(r) =w(n(r)) mmaseex 7€ [0,7)\ | Asr A = [0(s—),0(s)],

seSn
&(r) = 2°(t — 0(s—)) mns Beex 7 € A, mBeex s € 57,

SIBJISIETCS aDCOJIFOTHO HEITPEPBIBHOIA.

Ob6ozHadynM [epes 7;,([0,71],T) MHOYKECTBO BCEX IMapaMeTpU3aIuii
BDeMeHH, Coryiacopannbix ¢ w(+). Onpenemnm muoxectso BV (T) Beex
nonoJiHeHuii rpadukos, coorsercrayomee BV,™(T), T.e.

BVHT) = {wy, | we BV™(T), n€ Tu([0,m],T), m >t1 —to}.

B moknaje Oymer BBeIeHO MOHSITHE DEINeHUs U J0Ka3aHa TeopeMa ero

CYIIECTBOBAHMSI ¥ €JMHCTBEHHOCTH JJIsi mporecca BeiMeranusi (1) mpu
m

wy € BV (T'), a TakXKe J0OKa3aHA HENPEPBIBHOCTH COOTBETCTBYIOIIE-

ro oleparopa pelleHusI B TOIOJIOIMH, 3aJaHHONi MeTpukoii Xaycaopda

mex ity rpacdukamvu saementos BV (T).

PaGora Bbimosinena npu dunancoBol nomgepxkke PPPU (mpoekr Ne 18-01-
00026).
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A Sweeping Process with a Discontinuous Moving Set

Svyatoslav S. Orlov!, Olga N. Samsonyuk?

I Matrosov Institute for System Dynamics and Control Theory of SB RAS,
Irkutsk, Russia, s.orlov@icc.ru
2 Matrosov Institute for System Dynamics and Control Theory of SB RAS,
Irkutsk, Russia, olga.samsonyuk@icc.ru

Abstract: A sweeping process whose solutions are graph completions of
BV -functions is considered. Such processes arise from a relaxation of singu-
lar optimal control problems for systems with hysteresis nonlinearities. We
introduce a solution concept for this sweeping process, study the continuity
property of the corresponding solution operator, and prove the existence and
uniqueness theorem for the sweeping process.

VK 519.83

Hosplii moaxona K onpenejieHUI0 XapaKTepUCTUIeCKO

dyHKIIU B CTOXaCTUYECKUX UTPaAX

E.M. Iapnaunal, JI.A. Ilerpocsan?

1 CII6I'Y, Camxr-Ilerep6ypr, Poccus, e.parilina@spbu.ru
2 CII6eI'Y, Cankt-Ilerep6ypr, Poccus, 1.petrosyan@spbu.ru

Annoranms: B pabore mpeiiaraercst MeTOZ, IIOCTPOEHHSI KOOIIEPATUBHOM
CTOXACTHYECKOH UIPbI B (POPME XapaKTEPUCTHIECKON (PyHKIMU 10 N3HAYAIIb-
HO 33JaHHON HEKOOIIEPATHUBHON CTOXAaCTHYECKOM WUIPE C KOHEIHBIM MHOXKE-
CTBOM COCTOSIHMH ¥ KOHEYHBIMHM MHOXKECTBAMU CTPATErHil MIPOKOB B 3TUX
cocrostHuAX. IlocTpoeHne XapaKTEPUCTUIECKON (DYHKIIME OCHOBAHO Ha BbI-
YUCJIEHUU MaKCHMMHHBIX 3HAYEHWH UIPHl KOAJHMIMU IIPOTHB AHTH-KOAJIUIUN
IJIsT KaXKIOrO COCTOSIHHS UIPEHL. IIpemyoxkennass xapakTepucTHIeCKast DYyHK-
nusi obsiaZaeT psIIOM IOJIOXKHUTENIBHBIX CBOWCTB, BKJIIOYasi IPOCTOTY BBIYMC-
JIEHUS] U CUJIBHYIO MTO3UIHOHHYIO COCTOSITEJIBHOCTB C-$1/Ipa, IOCTPOEHHOrO II0
IaHHOW (DYHKINH.

KirroueBple cjioBa: KoolepaTHBHasl CTOXaCTUYECKas UIPA, CUIbHAs IIO3H-
[IMOHHAST COCTOSATELHOCTD, XapaKTEPUCTUIeCKast (DYHKIN, C-SaPO.
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BBenenue

ITocTpoenne KOOEPATUBHOIO BAPUAHTA CTOXACTUIECKUX UTD, BIIEPBbIE
olpeJieseHHbIX B padore [9], siBisiercsi akTyasbHON 3ajadeil, Koropas
HMeeT MHOKeCTBO pemennii. K pemmennio sToii 3aa4m MOy T ObITH IIPH-
MEHEHBI KJIACCUIECKHE MOXO/IbI K OIPeIeIeHII0 KOOIIEPATHBHON CTOXa-
CTUIECKOM UTPBI, 33/1aB 3HAYECHUE XaPAKTEPUCTUIECKONH (DYHKINN B BUIE
3HAQYEHUA CTOXACTUYECKOU UIPBI C HYJAEBOU CyMMON MeEXKIy KOAJUIIU-
eit u anru-koasunueil [4]. B macrosieii pabore npemiaraercs m0OIxo,
peJiCTaBeHHbI B padore [2| mis auHaMuueckux urp. JaHHBIA cno-
€00 IIOCTPOEHNS XapaKTePUCTUIECKOH (DyHKIINY OCHOBAH HA BBIUUCJICHUN
HU2KHUX 3HAYCHUI UIp MeXKJIy KOaJuIueidl U aHTH-KOAJIUIUEll BO BCEX
cocTostHusX urpbl. OH IIO3BOJISET YMEHBINIUTD BBIYUCIUTENBHYIO CJIOK-
HOCTBH AJTOPUTMA MOCTPOEHUS XAPAKTEPUCTUIECKON (DYHKIMHU, TIPEIIO-
skeHHOii B [4]. CTouT TaKKe OTMETHUTD aJIbTePHATHBHBIE CIIOCOOBI ITOCTPO-
eHUs XapakTepucTuieckux GyHKui Jyuist auddepeHimaibHbx urp [6,
7], KoTOpBIE MOI'YT GBITH TAKKE aJANTHPOBAHBI JIJISI CTOXACTUIECKHUX UID.
Jlpyroe moyio;KuTEeNbHOE CBORCTBO, BBHITEKAIONIEE M3 MMOCTPOEHHST HOBO
XapaKTepUCTHIECKON (DYHKINU, — CHJIbHAS TO3UIMOHHAS COCTOSATE b~
HOCTBb C-sizipa [1]. DTo cBOWCTBO siBisieTcs: GoJlee «CHIBHBIM» 10 CPaB-
HEHMIO C IO3UIMOHHON COCTOSITENBHOCTHIO C-sizipa (cM. [5]) m Tpebyer
BBINIOJTHEHUS JIONOJHUTEIbHBIX YCJIOBUiL. J{0CTaTOUHbIE YCIOBUSI CUJIb-
HOM TIO3UIUOHHOM COCTOSTENBHOCTH C-s/Ipa ObLIM MOJIyYeHBl B paboTax
[3] u [8] a1t cTOXACTHYECKUX ¥ MHOI'OIIATOBBIX UID COOTBETCTBEHHO.

1. CroxacTn4deckme Urpbl ¢ KOHEYHbIM MHO>KECTBOM COCTO-
STHUN

OrnpefesiuMm croxacTudeckyto urpy G Habopom

<N795 {F(w)}w€977T0a {p(wﬂlw,?aw,)} w'w'eQ 75>a
a“’IGHiGN A:J’

rae N ={1,...,n} — KoHeYHOE MHOXKeCTBO UIrPOKOB; ) = {w1,...,wk}
— KOHEYHOe MHOXKeCTBO cocrosiHuil; ['(w) — urpa B HOpMaJsIbHO# dopMme,
pasbirpaBaeMasi urpokaMu u3 N B COCTOSIHUU W, OIIPEJIe/IsieMast MHOYKe-
. o eAW
CTBaMU CTPaTEruil NTPOKOB U (YHKIUAME BBIUIPbImei: AY — konedHoe
MHOKECTBO cTpaTeruii urpoka ¢ € N B cocTosHun w € {2, 3JIeMeHT KOTO-
poro af € AY Ha3bIBaeTCs crparerneit Urpoka ¢ € N B 9TOM COCTOSIHNY;
w . w o .
Ky : HjeN A% — R — xomeunas ¢pyHKuus BbIArpbIIA Urpoka ¢ € N
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B cocrosiunu w; p(-lw,a”) : Q x AY — A(Q) — dbyHKuus nepexona u3
cocrosius w € 0 u curyamun a® € [,y AY, A(Q2) — seposTHOCTHOE
pacupeseenne Ha MHOXKecTBe §); w9 = (757, ..., 75 ") — HAYAIBLHOE CO-
CTOSIHHUE UI'DBI, OIPEIEIIEHHOE BEPOITHOCTHBIM PACIPEIEJICHIEM, TAe TE
— BEpOSITHOCTB TOTO, YTO COCTOSIHUE W PEATIM3yeTCsl B MEePBbI Mepuo/,
Y wea TG = 1; 0 — auckonTupyomuil pakTop.

CranuoHapHoil crpaTerueif UrpoKa ¢ HA3bIBAETCS OTOOpaXKeHUe
ni+ Q= [lueq Ay Obosnaunmm gepes H; HaGOp CTAIMOHAPHBIX CTpa-
teruii urpoka i. Curyarnmeit B urpe G Ha3bBaeTcs HADOp CTpATEruit
n=(n;:i€N).

Paccmorpum KoonepaTUBHBIA BAPUAHT UIPHI, IPEIIOIOXKUB, YTO UI-
POKHU OOBEIMHSIOTC W MAKCUMHU3UPYIOT CyMMAPHBIH BBIUTPBIII, KOTO-
pBIii PaBEH MATEMATHYECKOMY OXKUJIAHWIO JUCKOHTHPOBAHHOM CyMMBI
[OITATOBBIX BhIMrphIiei. HaGop KOOMEpATUBHBIX CTPATEruii — 3TO CHU-
Tyanus

vae Ei(n) = (B (n),..., B (n) u EP(n) = mf (L-611(n) " Ki(a),

T§ — eMHUYIHBIN BEKTOP PA3MEPHOCTH k € €JIMHUIIEN, COOTBETCTBYIOIIEH

cocrosiunio w, K;(a) = (K; (a*1),..., K (a**)) n ni(w) = a¥, w € Q.
OrnpesiesinM HECKOJIBKO XapaKTEPUCTUIECKUX (DYHKITHI:

1. Jlns kaxkj10#f urpsl B HOpMaJjbHO# dopme 'Y, w € (), onpenesinm
XapaKTEPUCTUIECKYIO (DYHKIUIO KaK HUKHEE 3HAYEHUE UTPHI C HY-
JieBoit cymMmoit Mexkiy koasmruamu S C N (MakCUMU3UPY IO
urpok) u N \ S (MUHUMUBUDYIOIIUIT UTPOK), T. €.

v(w, §) = max min » K;(ag,aj ) (1)
48NS ies

Hiist kaxxmoit koasumuu S C N HaiijleM MakKCHMaJbHOE 3HAUYEHE
dbynkuun (1) Ha MHOXKECTBE cocTostHMi

w(S) zr(ileagv(w,S). (2)

2. JlJist KarXKJ0ro COCTOSTHUS w € ) oIpee/inM XapaKTepPUCTUIECKY O
dbysrmo w(w, S) no npasuiy:

e ccm S =N, ro w(w,S) =) g Ki'(a);
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e ecyiu S C N, S # N, 10 w(w, S) = w(S), 3anannoe Gopmy-
Joit (2).

O6oznaunm vepes C'(w) c-g1po COCTOsIHMS W, HOCTPOCHHOE O Xa-
pakrepuctuieckoil dpynkuuu w(w,S), U NPEIIOJIOKHUM, 9TO OHO
HEITyCTO st Ji'oboro w € ().

3. OnpesiesuM XapaKTepUCTUIECKYI0 (DYHKIMIO It MOAbIIpbl G¥|
HAYUHAIONLYIOCA N3 COCTOAHMS W, UCIOJIb3ysd MAKCUMHUHHBIN I10/1-
XOJI;:

’E((‘W S) = max min ZE'(LU(’”S) nN\S) (3)

ns n
NS s

O6ozHaunM yepe3 C'(w) c-s7pO COCTOSIHUSL W, TIOCTPOEHHOE 10 Xa-
pakrepuctuieckoil dbyuxyuu v(w,S), U IPEAIOIOKUM, YTO OHO
HEILyCTO Jjist Jroboro w € 2.

4. ITo 3nauenusm dysriuuu w(S) onpeseyuM XapaKTepPUCTUIECKYIO
GYHKIUIO JJIsi CTOXACTUIECKONW UIPHI 110 (bopMmyJIe:

1
w(S) = w(S) 4 sw(S) + S?w(S) +... = 5 5w(S). (4)
ATy PYHKIMIO MOXKHO CIUTATH «BEPXHEil OIEHKOi» BHIUTPHIIIA, KO-
asuun S, KOTOPBIA OHA MOYKET IOJyYUTh B CTOXACTUIECKOH M-
pe. ITo xapakrepucrudeckoii ¢dpyukiun w(S) oupemeaum axajor
c-stipa D(w), ¥ IPeonoxKumM, 9T0 OHO HEILyCTo.

Teopema 1. Ilycmv das amobozo S # N evinoaneno ycaosue:
w(S) < mégv(w,N), moeda D(w) C C'(w).
w

Pabora BbinosiHeHa npu GUHAHCOBON MOJIepKKe Poccuiickoro Hay4yHoro ¢oHaa
(mpoexkt Ne 17-11-01079).
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Abstract: We propose a new method for constructing a cooperative stochas-
tic game in the form of characteristic function based on a noncooperative
stochastic game with a finite set of states and finite sets of players’ strategies.
The method is based on calculating maxmin values of zero-sum games be-
tween the coalition and anti-coalition in all states. The characteristic function
has positive properties, including computational simplicity and the strongly
subgame consistency of the core constructed by this function.
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IIpumanun makcumyma IloHTpsiruHa m cBOCTBO
BBIITYKJIOCTH CE€YEeHUi IO yIJIOBO KOOpAuHATe
TPEXMEPHOTO MHOXKECTBA JIOCTU2KNMOCTH
nasa mamuabl lybunca
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Annoranus: [lns ynpasisgeMoro o6bekTa, Ha3blBaeMoro “mamunoii J1y6un-
ca’”, pacCMOTpPEeHa B3aUMOCBSI3b CBOMCTB BBIIIYKJIOCTH MHOXKECTBA, JJOCTUXKIMO-
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cTu B (PUKCUPOBAHHBIM MOMEHT BPEMEHH U IMPUHIOUIA MakcuMyMa [lonrpsarn-
Ha. Vccaenyrorcst nByMepHBIE CEUEHHS TPEXMEPHOIO MHOXKECTBA JOCTHUXKIMO-
CTH IIO yIJIOBOW KOopAuHAaTe. PaccMOTpeHb! pa3juyHble BADUAHTHI OrDAHUYe-
HU Ha CKaJISIpHOE YIPaBJIAoniee Bo3neiicTeue. B ciywasx, Korma orpanntde-
HHUE Ha yIpaBJIeHHE IOIyCKAeT IIOBOPOTHI B 00O€ CTOPOHBI, CEYEHUs MHOXKE-
CTBa JOCTHUKHUMOCTH IIO YIJIOBOM KOOPZHHATE, BOODIE IOBOPS, HE SIBJISIIOTCS
BBIIIYKJIBIMYA U IPUHIUI MAKCHMyMa COCTaBJIsSeT JIMIIb HEOOXOAUMOE YCIOBUE
IepeBosa Ha IPAHUILy MHOXKECTBA NOCTHKHUMOCTH. Ecin ke orpaHuteHue Ha
yHIpaBJjleHHe JOIIyCKaeT TOJIbKO OJHOCTOPOHHMIT IOBOPOT, TO CEUEHUSs SABJIAIOT-
Csl BBIMYKJIBIMA U IIPUHIUAI MaKCUMyMa CTaHOBUTCS JOCTATOYHBIM yCJIOBHEM
nepeBo/ia Ha T'PaHUILY.

KuarouyeBble cioBa: npunnun makcumyma IlonTpsirmna, mammumza Jlybunca,
reoOMEeTPUYECKOe OIDAHNYEHUE Ha YIIPABJIEHUE, MHOXKECTBO JOCTUKUMOCTH.

1. ITocranoBKa 3amayu

Hpuxenne “marmunbl JlyOumca” onmchiBaeTCss B HOPMUPOBAHHBIX IT€PE-
MEHHBIX CJIeAyoreil cucreMoit qudepeHnuaabHbIX ypaBHeHHIT:

T = Cosp,
y = sing, (1)
¢ = u, u€[uug], @€ (—00,00).

3/1ech &,y — KOOPJIMHATHI T€OMETPUIECKOTO MOJIOXKEHUS Ha MJIOCKOCTH,
(0 — yTOJI HAIIPABJIEHUSI BEKTOPA CKOPOCTH, OTCUATHIBAEMbIil IPOTUB Ya-
COBOI CTPEJIKM OT OCH Z. B orpaHnvyeHun Ha yIrpabJ/ieHUE U YCIOBUMCS
cuntarh uz = 1. 3HaueHue uy € [—1, 1) mosaraem apaMeTpoM 3aJauu.

Eciu w3 = —1, 10 310 cummerpuunblil cayyail. Ecom u; € (—1,0), To
TakKoil ciiydail Ha3bIBAEM HECHMMETPUYHBIM. B TpeTbeM ciiydae canraeM
up = 0. 31ech OBOPOT BO3MOXKEH TOJIBKO B OJHY CTOPOHY (IIPOTHB 4a-
COBOI CTPEJIKHM), HO JIBUKEHUE 110 NPAMOI He 3amperneHo. B geTséprom
ciyuae ycsoumMest, 9to uy € (0,1). D1o cuydail cTpororo 0JHOCTOPOH-
HETO MMOBOPOTA.

IToguepKHEM, YTO yroJl © PACCMATPUBAETCA B Juala3oHe (—oo, 00).

JlomyCcTUMBIMI  YIIPABJIEHUSIME CIUTAEM H3MEpHUMble (DYHKIMA Bpe-
MEHU CO 3HAYEHUsIMU B MHOXKECTBe [u1, 1].

Hac unrepecyeT TpéxMepHOE MHOXKECTBO nocrmzkumocTu G(ty) B 3a-
JaHHbIT MoMeHT ty. OHO IpezcTaBigeT cob0il COBOKYITHOCTD Beex (ha3o-
BBIX COCTOSIHHII B MOMEHT (7, Peasu3yeMbIX B cucTeMe (1) mpu momoru
JIOILYCTUMBIX TPOrPAMMHBIX yIIPABJIEHUI U3 OTOBOPEHHOTO B MOMEHT f(
HaYaJbHOI'O COCTOSHUS X0, Yo, V0. He Tepsia obmuocTu, mostaraem ty = 0,
o = yo = po = 0.
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W3BectHO, uTO JE000E MPOIPAMMHOE YIpAaBJEHNe, Beyllee Ha I'pa-
HUITy MHOKeCTBa gocTmkuMocTu G(tf), ynoBiersopsier |1, 2| mpuniumy
makcumyma [loarpsaruna (TIMIT).

ess paboThl — B pamMkax Mojean JIyOGuHca BBLIEIUTD CIIydan, KOTIa
IIMII siBsisieTcst HE TOJIKO HEOOXOJMMBIM, HO M JIOCTATOYHBIM yCJIOBU-
€M IIepeBOfa ABIZKEHUS Ha TPAHHIYY MHOXKecTBa gocTkumocta G(ty).
Takoit anaim3 ponosHsieT HaKThl, H3JI0XKEHHBIE B [3, 4].

2. IIpunnun makcumyma IloHTpsitmHa

Crenuduxka ncxonuoit cucremst (1) cocTout B TOM, 4TO €€ MPaBasd IaCTh
HE 3aBHCHT OT NEPEMEHHBIX T, Y TeOMETPUYECKOro mosoxkenusd. [lycThb
B MCXOJHOI cucTeMe neicTByer yupasienue u*(-), BbISbIBAIONIEE JIBU-
wenme (27(-),y*(+), »*(-))T. CooTBeTcTByOMmAs CONPSIKEHHAS CHCTEMA
UMeeT BU

77&1 = 07
1/:}2 = 07 (2)
Y3 = hrsing™(t) — Y2 cosp”(t).

Heobzxodumoe yciioBue nepeBojia Ha rpanuity B suge [IMII oznauaer
cymecTsoBanue Henyaecozo permenns (Y3 (), w5 (+), v5(-))T cucremsr (2),
TAKOTO, ITO

GO () = max i(tu, 1. ¢ € [to,ty]. (3)
u€luy,1]

Onwupasich Ha IPUHIUI MAKCUMyMa, JOKA3BIBAETCsI, YTO IIPU HCCJIe-
JIOBAHUH YIIPABJIECHUN, BEIYIINX HA TPAHUILY MHOXKECTBA, JJOCTUZKUMOCTH,
MOXKHO OIPDAHIMIUTHCS KYCOYHO-IIOCTOSHHBIMUA YIIPABJIEHUSIMA, IPUHAMA~
OIMUMHU 3Ha4YeHus U1, 1 m 0 B IEPBBIX TPEX Caydasgx OIPAHMIEHUN Ha
yIIpaBJICHUE W 3HAYCHUS U1, | B Y€TBEPTOM CJIydae.

3. PesynbTaTbl paboThl

VcraHOBJIEHO, 9TO B CUMMETPUYHOM U HECUMMETPUIHOM CJIydasiX JIBY-
MepHBIE CeUYeHnsT TPEXMEPHOI0 MHOXKeCTBa JocTmxkumocTy G(ty) mo yr-
JIOBOl KoopjuHaTe ¢ ((p-cedeHust) He sBJISIOTCs, BOOOINE IOBODs, Bbl-
nykaeiMu. B atux caydagx IIMII apisercst TOTBKO HEOOXOIUMBIM yCJIO-
BUEM JIJIsl YIIPABJIEHU, BEJIYIIUX HA TPAHUILY MHOYKECTB JOCTUKUMOCTH
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G(ty). IlpuBonsaTcs IpuUMepBI, KOIAa HEKOTOPOE YIPABJICHHIE BMECTE C CO-
OTBETCTBYIONUM JABrKenneM ymosiaerBopsiorT IIMII, ogmako B MOMeHT
t ¢ HoJyIaeMast KOHeIHasI TOUKa JIE2KUT He Ha rpamute MuoxKectsa G(ty),
a B €ro BHYTPEHHOCTH.

B cirygae onnocroponuero mosopora, korga ui = 0, jioboe p-cedenne
muoxxectsa G(t5) mpencrasiser coboit Boimykioe Muoxkectso. I[IMIT sB-
JISIETCS P ITOM HE TOJIbKO HEOOXOIUMBIM, HO U JOCTATOIHBIM YCJIOBAEM
JJIsL IBV2KEHU, BEAYINMUX HA TPAHUILY MHOXKECTBA JOCTH2KUMOCTH.

B ciryuae crporo ogaocTOpOHHEr0 10BOpOTa, Korga uy € (0, 1), aoboe
(p-cedeHne MHOXKeCTBa HocTmkuMocTH G (i), 38 HCKIIOUEHIEM KpPalHuxX
OJIHOTOYEYHBIX CEUEeHMUI, IPEJICTABJISIET CODOI CTPOro BBIILYKJIOE JIBYMEP-
noe muOkKecTBO. [IMII siBIsTeTCST TOCTATOIHBIM YCIOBUEM IS TIEPEBOIA
Ha rpaxuiy MuoKecTBa G(tf), u, Gosee Toro, N5 JI0O0I TOYUKHU Ha Tpa-
HUIIE KYCOYHO-IIOCTOSIHHOE YIIPABJICHHUE, BEIYIIEE B ITY TOUKY, ABJISLETCH
€JINHCTBEHHBIM.

3ameuanune. CBOICTBO BBIYKJIOCTH (Q-CEUEHUI, CHermpuIeckKoe
JUIsl CJIyYaeB OJHOCTOPOHHErO0 U CTPOTO OJHOCTOPOHHErO ITOBOPOTOB,
TEePHAETCs, €CJIU YIOJI (o IPOCIUTHIBATE 110 MOIYJIIO 27,

Pabota Beimosnena npu dpunancosoi nogaepxkke PODPU (mpoext Ne 18-01-00410).
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Abstract: For a controlled object called “Dubins car”, the interconnection
of convexity properties of the reachable set at a fixed time with the Pontryagin
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maximum principle is considered. Two-dimensional cross sections of a three-
dimensional reachable set by angular coordinate are investigated. Various
variants of constraints on the scalar control are considered. In the cases,
where the constraint allows turns in both directions, the cross sections of
the reachable set by angular coordinate, generally speaking, are not convex;
and under this, the maximum principle is only the necessary condition for
the transfer onto the boundary of the reachable set. If the control constraint
allows only one-direction turn, then the sections are convex, and the maximum
principle becomes the sufficient condition for the transfer onto the boundary.

YIK 517.977

K Bompocy 00 ynpasJiisieMocTu OgHOM
BBIPO2K/I€HHOII r'MOpUIHOII cuCTEeMOil

II.C. ITerpenko

NACTY CO PAH, Upkyrck, Poccusi, petrenko  p@mail.ru

Anvorauus: [lannast pabora JIeXKUT B pycle TEMATUKHA JUCKPETHO-
HEINPEPBIBHBIX TUOPUAHBIX CUCTEM, HO CYNIECTBEHHBIM O0Opa30M ONUPAETCs Ha
METOAMKY WCCJIEOBAHUS BBIPOXKJIEHHBIX CUCTEM OOBIKHOBEHHBIX auddepeH-
IMAJbHBIX ypaBHeHWii. [y TaKOro pojia CUCTEM MOCTPOEHA SKBUBAJIECHTHAS
CTPYKTypHasi popMa, oIy deHbl ycioBust R-yupasisieMoctn (yIpaBiisieMOCTH
B IIpejieiax MHOXKECTBa, JOCTUXKUMOCTH).

KoroueBbie ciioBa: rubpujnbie cucrembl, auddepeHiuaabHo-aIredbpan-
YecKue ypaBHEHUsl, yIPABJISEMOCTb.

BBenenune

Pacemorpum 1uckpeTHO-HEIPEPBIBHYIO CHCTEMY

Ax' (t)=Bx(t)+Cryr+Urur(t), t € Tp=[tg,dtxr1), k=0,m, (1)

k—1
vk = De1z(te1) + Y Gro1yi + Vicave1, k=Tm+1, (2)
i=0
rne A, B, Cy, Uy, Dy, G i, Vi, — 3a1aHHbIe BelleCTBEHHBIE MATPUIIBI Pa3-
MEpPOB XN, NXN,NXS,NX1, $Xn,sXs,sX\, coorsercrsenno, det A = 0;
x(t) € C(Ty) — HeupepbiBHas, a Yy € R® — JUCKpeTHas KOMIOHEHTA
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nckoMoit pyHKIMU cocroguus cucremsl; ug(t) u vr (k = 0,m) — I- u
A-MEpHBIE BEKTOPBI HEMPEPLIBHOTO M JUCKPETHOTO yIPABJIEHUS, COOT-
BETCTBEHHO; tg < ... < tmy1, T = [to,tm+1). Cucremy (1), (2) Gyuem
Ha3bIBATH BBIPOXKIEHHOM JIMHEITHON THOPUIHOM.

AKTyaJIbHOCTH pacCMaTPUBAEMOIT 3a1a1u 00YCIOBIEHA €6 MHOTOYHC-
JIEHHBIMH TIPUJIOXKEHUSIMH, B 9ACTHOCTH, B 0630pe [3], MOCBsIIEHHOM MO-
JIEJTMPOBAHMIO M ONITUMU3AINU T’UOPUIHBIX CUCTEM, XOPOIIO MTPEICTABIIEH
IPUKJIAAHON aciekT Takux ucciaeposanuii. K npumepy, B Buge (1), (2)
MOZKET OBITH IPEJICTABIECHA MOJETb JBYX BPAIIAIOIIUXCA HA OJHON Och
TBEPJIBIX TeJI, KOTOPBIE B IIPOIECCE BPAIIEHUs] IEPEKITIOUAI0TCST U3 PEIKII-
Ma CKOJIB3SIIEr0 COEJMHEHUsI Ha PEXKHUM KECTKOTO CIEIJIEHUsI MEXKIY
co00ii.

1. DKBUBaJEHTHbIE ITPeOOPA30OBAHUS

PaccmoTpum cucremy

Ax'(t) = Bz(t) + f(t), telCR, (3)
rae A, B — (n x n)-marpuipl, det A = 0, f(t) — HeKoTOpasi HENPepbIB-
Hast Ha | dbyHkuust; £(t) — n-MepHas nckomasi HYHKIWMs cocTostHust. Ta-

KHUe CHCTEeMbI IPUHSTO HA3bIBATh JuddepeHnuaibHo-aredpaniecKuMu
ypasuenusmu (JAY).

O6o3HaUYNM
A O 0] A (@)
B A ... O B
Dr,z = . . s Dr,y = th s
O o0 ... A (@)

D,,=(B D.y), B.=(B,O0,...,0).

ITycrs pns mekoroporo nemoro © (0 < r < n) B Marpuue D, , Haii-
JleTcst HeoCOOEHHBI MUHOD mopsiika n(r + 1), Biroyaroumii B cebst
p =rankD, , cron6bnos MaTpunsl D, , U n IePBLIX CTOJOIOB MaTPUIIBI
D,.y. Takoit MuHOp 6y/ZieM Ha3BIBATH PA3PEIIAIOINM.

JIemma 1 [1].  Iycmo 6 wmampuue Dy, umeemcsa paspewaro-
wul MUnOp, a maxodice evinoansemcs coomnowenue rankD, i, =
rank D,., +n. Toeda cywecmeyem obpamumuvit na I onepamop

d d\"
L aRr (L) 4
TR <dt> “)
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deticmeue womopoeo npeobpasyem JAY (3) x eudy
J)/l(f,) = Jix (t) + fl(t), J)Q(f,) = Jox (t) + fQ(t), te I, (5)

npusem pewenus JAY (3) asasomes pewenuamu cucmemovs (5) u Ha-
obopom. 3decw

@ 0a0) =@ a0, (G ) =RoBQ. (£at). 51 (0)=RU O]
(Ry R ... R.)=(E, O ... O)IJ(r,1))";

T, —D,. diag{@( gd ),Q,...,Q}.

2. OcHOBHOII pe3yJbTaT

U3 ypasrenwuii (1), (2) onpenesuM BEKTODPBL Y1, Y2, .-y Ym41:

k—1 k—1
Ye = Skyo + ) Praw(t) + ) Liivi, k=Tm+1, (6)
=0 =0

k—1
rae So = By, S = 37520 Ge-1,;5;, Prp—1 = Dr—1, Lgg—1 = Vi1,

T k—1 k—1
ko= 1m Poi = 35 i Gre15b Ihi = 250 Gr-1,5Lj4

k=2m, i=0k_1.
Iycrs z(t) = x(t), ¢t € T (k = 0,m). Torma, HOJCTABUB BBIPAXKe-
Hust Juist Yy, 13 (6) B ypasrenue (1), mosyduum cemeiictso cucrem JJAY

k—1 k—1
A:L';€ (t):BiEk (t)-f—Ck(Skyo-f— Z Py iz (ti)'f' Z Lk,ivi)+UkUk (t), (7)
=0 =0

teTy, k=0,m.

IoneiicrBoBas oneparopoM (4) Ha ypasuenue (7), IOJIy9UM CUCTEMY

k-1 k—1
), 1 () =T12k,1 () +Cr 1 (Sky(ﬁ- > Poami(t)+) Lk,i”i)“‘der [uk (1)),
=0 =0

k—1 k—1
z2(t) = Jamk,1(t) + Cr2 (Skyo + ) Peami(ti) + Y Lk,ivi)+
=0 =0

+Kkd, [ug(t)], t € Tk, k =0, m;
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_ / (r) ) xi(t) Cr2 ) _
e d O£ 0. 00 0= (520 ) (G
Ky Kro ... Kgr
= R C = ’ ’ — R U c e RrU 5
e (3 )=( e B )= (R )
k =0,m. 3nech u nanee dbynknun uy(t) moapasyMeBaloTCs J0CTATOMHO
rnaaxuvu wa Ty (k= 0,m).

Onpenenenne 1. Cucmemy (7) nasosem R-ynpasasemotli na om-
peske T, ecau 0aa A06VT COZAACOBAHHBIT COCTNOANUL Aoy A1, - . ., A €
R, by € R® u wmobwx 6exmopos ag, v, . ..,0, € R™, 8 € R® u3 mno-
orcecmea docmuatcumocmu M (em. [2]) natidymes eexmopo. vy, uw do-
cmamouno enadkue na Ty l-mepnve sexmop-dynxyuu ug(t) (k = 0,m)
makue, wmo cywecmeyem pewenue cucmemv, (7), ydosaemeoparowiee
yeaosuam: x(ty +0) = ag, x(tk11 —0) = ag (kK =0,m), ym+1 = B.

Teopema 1. ITycmo gunoanenss 6ce npednonogcenus aemmos 1. Cu-
cmema (7) R-ynpasasema na T mozda u moavko mozda, Kozda

q'S #0,
20e
_ Z 0 L t1 . tm+1 .
S_<@C1£ @1), @—dlag{ . X (T)dT,...,/tm X (7')d7'}7

ty
0= diag | / X1() Ho dy [uo (P)]dr ..
to

tm+1
/ X*I(T)Hmdr[um(T)]dT}, C1 = diag{Co1,...,Cm1},
t

m

X)) — (n — d) x (n — d)-mampuuanm 00Hopodnol cucmemoy
X,(t) = JlX(t)7 te Tk7 X(tk) = En—d7 k= 0,m; q¢€ Rs+(m+1)(n7d) -
NPOU3BOALHIY HeHYAe80T 6EKMOD;

O O 0 0
Lig O O 0
E - . . ’
Lm,O Lm,l SRR Lm,m—l @
L=(Lmi1o - Lmjim ).

PaGora Bbimosinena npu dacTuaHOW dunancoBoil nogmep:kke POP®PU (mpoekr
Ne 18-31-20030).
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To the Question of Controllability
of One Singular Hybrid System

P.S. Petrenko

IDSCT SB RAS, Irkutsk, Russia, petrenko p@mail.ru

Abstract: This work is in line with the topic of discrete-continuous hy-
brid systems, but essentially relies on the methodology for studying singular
systems of ordinary differential equations. For such systems an equivalent
structural form has been constructed, the conditions of R-controllability (con-
trollability in the reachable set) are obtained.
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K 3amade rpymnmoBoro mpecijie/loBaHUS B
muddepeHnaIbHBIX UTpaxX C IPOOHBIMU
HPOU3BOAHBIMU

H.H. Ilerpos!, A.I. Maurakosa®, A.{. Hapmanos®

L VnmypTekuit rocygapcTBeHHbIN yHUBepcuTeT, MkeBck, Poccus, kma3@list.ru
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3 Hanpmonanbubli yHuBepcuTeT Y36ekucrana um. Mupso Yiykbeka,
TamkenT, Y3bekucran, narmanovQyandex.ru

Annoranus: PaccmarpuBaercs JuHelHas 3a/ada IPECIeJOBaHUs IPYIIIOH
mpecjefoBaTesieil IPYIIly yOerarolux ¢ PaBHBIMH BO3MOXKHOCTSIMU BCEX
YYIACTHUKOB M IN€OMETPHUYECKHMH OIDAHHYECHHUSIMHU Ha YIPABJIECHUSI HUI'POKOB.
Ilenb npecnemoBaTesieil — MoMMaTh 3aaHHOe YUCIO yberaromux. [Tosmyyenst
JTOCTATOYHBIE YCJIOBUS TIOUMKH.
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KuroueBble cioBa: guddepeHipaibias Urpa, CPyIIoBoOe IIPec/e 0OBaHue,
IIpecyie0BaTeNb, yOerarouii.

OpHuM U3 HAIPaBJIEHUH COBpeMEeHHON Teopun TuddepeHnnaabHbIX
U TIPECTIeIOBAHNUS SIBJISETCS pa3pabOTKa METOIOB PEIeHUsT 3818 KOH-
(BIIMKTHOTO B3aMMOJIEHCTBHSI IPYIIIBLI IIpecjiefoBaTeeil ¢ rpymnmnoii yoe-
raforux [1-3]. Cremyer orMeTuTb, 4TO KpoMe YIuIyOJeHHs KJIaccude-
CKHUX METOJIOB PEIlleHUs], AKTUBHO BEJIETCS MOUCK HOBBIX 337124, K KOTO-
PBIM IPUMEHUMBI y2Ke pa3paboTaHHbIE MEeTOnAbl. B dacTHOCTH, B pado-
rax [4, 5| paccmaTpuBajach 3ajada [PecielOBaHus JABYX JIUL, OIKCHI-
BaeMasl ypaBHEHUsIMU C JPOOHBIMU ITPOU3BOIHBIMU, IJie OBLIN ITOJIY Y€HbI
JIOCTATOYHbBIE YCJIOBUSI TOMMKH.

B nannoit pabore paccMaTpuBaeTCs 3a/1a4a IPECIeIOBAHNS I'PYIIION
npecJiesioBaTesiell TpyiLy yoeraonmx ¢ PABHBIMA BO3MOKHOCTSIMUA BCEX
YYIACTHUKOB B i DepeHInaibHOM Urpe, OMUCHIBAEMON YPABHEHUSIMU C
JpobHBIME TTpOU3BOAHBIMU. 1lesibIo TPyIIIIbI IIpecsesoBaTe el SIBIIsieTCst
[TOMMKA 33J[AHHOTO YHCJIa YOEraloIuX.

Ounpenesnenne 1 [6]. ITycmo p — namypasvnoe wucao, p € (p —
1,p), f:]0,00) = R* — dymryusa, maxas wmo fP) abcomommo nenpe-
puera wa [0, +00). pouszeodnot no Kanymo nopadka p dymkyuu f na-
sweaemcea @yrryua DWW f euda

p _ AC. _ 7 e
(D( )f) (t)= ! )/0( ds 2(96I‘(B)7/0 e *sP L ds.

T(p—n t— st

B mpocrpancrse R (k > 2) paccmarpusaercs muddepennuaibaas urpa
n+m jui; n upecaenosareeit P ..., P, u m yberaromux F1, ..., Epy,
OIUCHIBAsl CUCTEMON BUJIA

D(“)zij =azij +u; —vj, 2;(0) = x%, ey zi(f)(O) = zfj, u; € V.
Bnecw zij,ui,v; €ERF ieI={1,...,n},j€J={1,...,m}, V — BbI-
yKJbIi koMnakT RF, ¢ — Bemecrsennoe unciao. Kpome Toro, z?j ¢ M;;,
rae M;; — 3amaHHble BRITYKJIble KOMIAKTHI.

Iless rpynmer mpeciegoBaresieii — OCYIIECTBUTH IMOMMKY He MeEHee
geM ¢ yOeraronmx, mpuieM KaxKJoro yoerarIero M0JKHbI [IOAMaTh He
MeHee 4yeM r mpecsienosaresiedi (r > 1,1 < ¢ < m) npu ycaoBum, 9ro CHa-
vaJsia yberaoriue BbIOUPAIOT CBOU ylpaBieHus cpady Ha [0, 00), a 3arem
pec/IeoBaTeNN, Ha OCHOBE MH(MOPMAIINN O BHIOOPE yOEraionnx, BbIOn-
pPAaIOT CBOM yIPABJIEHUS U, KPOME TOr'0, KAXKJIbI IPECIEI0BATEb MOXKET
noiiMaTh He 6ostee onHoro yberaromiero. Canraem, 4To n = rq,m = q.
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Onpenesienne 2. B uzpe npoucxodum T-Kpamuas noumka (npu
r = 1 noumxa) ybeearowezo Eg, ecau cywecmeyem T > 0 npu
Komopom 0as  awbuix donycmumur ynpasaenuld v;i(t), j € J,
t € [0,00) ybeearowuxr E;,j € J matidymca donycmumvie ynpas-

aenus ui(t) = ui(t,z?j,vj(s), s € [0,00),5 € J) npecaedosamened
Py, ..., Py, momenmo, epemenu T1,...,7, € [0,T], nonapro passusmwie
HAMYPANLHBIE YUCAG i1, ... ,1, € I, wmo 2;,5(Tp) € M;,p dra ecex
p=1,...,7

Onpenenenne 3. B uepe G(n,m) npoucrodum r-xpamnas noum-
ka (npu r = 1 noumka) ne menee q Ybe2AOWUT, ECAU CYWECMEYEm
T > 0 npu xomopom 0aa A10600 COBOKYNHOCTU JONYCTNUMBLEL YNPAG-
senul v;(t),t € [0,00),5 € J ybeearowux Ej, j € J natidymea dony-
cmumvie ynpasaenus w;(t) = ui(t,zgj,vj(s),s € [0,00),5 € J), i €1
npecaedosamenett Py, i € I, obaadarowue caedyrouwgum c80GCMBEOM: CY-
WECMBYIOM MHOHCECTNEA,

McJ, |M|=gq, {N,leM}, N CI, |N|=r oanscexle M,
NN Ng= O0an ecexl # s,

makue, wmo epynna npecaedosameneti { Pl € Ng} ne nosdnee momen-
ma T ocywecmeasem r-gpamnyio noumry ybezarouezo Eg, npuvem ecau
npecaedosamensv P, nosum ybezarowezo Ez, mo ocmasvroie ybezarouue
CUUMAIOMCA UM HE NOTMAHHDLMU.

Beesem cnenyromue obosnadenusi. Int A, coA — COOTBETCTBEHHO BHYT-
PEHHOCTB U BBITyKJias obosiouka mHoxkecTBa A. Ilycrs K — HekoTopoe
KOHEYHOE II0JIMHOXKECTBO MHOYKECTBA, HATYPAJIbHBIX YHCEJL.

Qx(s) ={(i1,...,4s) | i1,...,1is € K 1 monapHO Pa3IMIHbI},
Ah,v) =sup{A > 0| —Ah eV —v},
Teopema 1. ITycmv a =0, o € (0,1), V — ecmpoeo svinykavii Kom-
naxkm ¢ 2aadkol epanuyet u das xaotcdozo s € {0,...,q— 1} evinoaneno

caedyrousee yeaosue: oasn a106020 mnoscecmea N C I, |N| =n— sr naii-
demes muoorcecmso M C J, |M| = q — s, wmo

0e ﬂ Intco{zl — Mag,a € A} dan scex 3 € M.
AeQn (n—r+1)

Tozda 6 uepe I'(n,m) npoucrodum r-gpamnas noumka ne meree q yobe-
200UUT.
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B pmansueiimem npegmosnaraen, aro M;; = {0} mius Beex i, j.

IIpenmosioxxenune 1. /as xaorcdozo s € {0,...,q — 1} 6vmoarero
caedyrouwee yeaosue: Oan 106020 muosicecmea N C I, |[N| = n — sr
natdemes mmoocecmeo M C J, |[M|=q— s, umo

z
(@) = nip e A 1y ) ©

oas ecex B € M.

Teopema 2. ITycmv a = 0 u svinoanerno npednososcenue 1. Tozda 6
uepe G(n, m) npoucrodum r-Kpamnas NOuUMKa He meree g Yoeearuu.

Teopema 3. Ilyemv a < 0, a € (0,1) u 6vinoanerno npednoaooice-
nue 1. Toeda 6 uepe G(n,m) npouccrodum r-Kpamnas NOUMKG He MeHee
q yobezarowur.

Teopema 4. ITyemv a < 0, o € (1,2) u das scex s € {0,...,q — 1}
BUINOANENO Ycaosue: das mobozo mmnoocecmea N C I, [N| = n — sr
natidemes mmoocecmeo M C J, |M|=q — s, umo

5 = i i i A ! 3 5 i i A - ! Ll > 0
w(5) = mintily 0% TR G 0 W B W AR )

das scex B € M. Toeda 6 uepe G(n, m) npouccrodum r-Kpammas nOUMKa
He Menee q Ybe2aouuT.

Teopema 5. IIyemv a < 0, a« € (0,1), ¢ =r =1, V — cmpoeo
BLINYKAVLT KOMNAKM ¢ 2A00K0T 2panuyel, ybeaarouue ucnosvb3yom 00Ho
U MO dHce YnpasaeHue U

Intco{m?,iel}ﬂco{y?,jeJ} #* 2.

Tozda 6 uzpe G(n, m) npoucrodum noumka xoms 6v, 00H020 Ybezaowe-
20.

Pa6ora nepsoro aBropa BbImosHEHA IpU (PUHAHCOBOH monaeprkke Munucrepcrsa
HayKU U BbIclIero obpasosanussi P® B paMkax 6a30BOil dacTu rocsajaHust B cdepe
nayku(npoekr 1.5211.2017/8.9), Broporo asropa — rpantoMm POPU (mpoekr Ne 18-
51-41005), Tperbero asropa — rpantom MRU-10/17.
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To the Problem of Group Pursuit in Differential Games
with Fractional Derivatives
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Abstract: The linear problem of pursuing a group of pursuers of a group of
evaders with equal opportunities of all participants and geometric constraints
on the controls of players is considered. The goal of the pursuers is to catch
a given number of evaders. Sufficient capture conditions were obtained.

YVIK 517.977.8

IlocTpoenne nMHAMWYECKN YCTONYUBBLIX PEIEeHUl B
mnddepeHnaIbHBIX UI'PaX HA CEeTIX

JI.A. IlerpocsH
CII6I'Y, Cankr-Ilerepbypr, Poccus, l.petrosyan@spbu.ru
AHHOTaL(I/IH: HpI/I paccCMOTpEeHUN HEaHTarOHUCTHUYIECKUX KooIliepaTHuB-

HBIX Jud@EPEHNINATBHBIX UIP HA CETAX OCHOBHOHM IIPOOJIEMOIl SIBIISIETCS
IOCTPOEHUE XAPAKTEPUCTUIECKON (DYHKIMN HUIPHI, ONPENEISIOmeil CUiLy
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KOAJIMIUI UIPOKOB. B nanHOM paboTe mpeiaraeTcsi MOAXO, JIsl TIOCTPOEHUsT
XapaKTEePUCTUYECKON (DyHKIMM He TPeOYIomUil BBINOJHEHUS ONepaluil
MaKCHMU3ALMN WJIM HAaXOXK/JIeHWs paBHOBecuil 1o Hamry mexmy koasmrueit,
NEeACTBYIONEN KaK OIWH UIPOK U JIPYTUMHU UTPOKAME. DTOT IMOAXOJ YAAJJIOCH
peasin30BaTh, UCIOJB3Ys CIENUMUKY CETEBOU HUIDbI, MO3BOJIAIOIIEN HI'DOKY
IPEPBIBATE CBA3W C COCEASMH, €CJIU 9TO B JAHHBIM MOMEHT COOTBETCTBYET
ero uaTepecaM. OKazajoCh, YTO MOCTPOEHHAs TAKUM OOpPa30M XapaKTepH-
cTuyeckasi (DYHKIMSI HEe TOJIBKO IIO3BOJISIET IIPOCTO CTPOUTH KJIACCUYIECKUE
PellleHN s TEOPUM KOOIIEPATUBHBIX UTD, HO U 0OECIIeUYNBAET UX JIUHAMUIECKYIO
YCTORYIMBOCTH (COCTOATEILHOCT BO BPEMEHH), & B OTAEIbHBIX CIIydasdX WU
CIJIBHYIO JUHAMHIYECKYIO YCTOMYINBOCTD.

KuroueBslie ciaoBa: quddepeHiuaibaas urpa, Kooreparusi, CeTh, XapaKTe-
puctudeckasi pyHKIUs, JUHAMUYECKasi yCTORIUBOCTDb, BeKTop [llernn.

BBenenue

B pabotre ucciesyrorcst HeaHTArOHUCTUYIECKUE KOOIIEPATUBHBIE UTPHI C
HE3aBUCUMBIMHU JIBUKeHUsIMU Ha ceTh. CUUTaercs, 9TO BBIUTPHIIT UTPO-
Ka &JJINTUBHO 3aBUCUT OT IMOBEJEHUs ero cocejieit mo ceru. Bumrpoi-
I UTPOKOB IIPEJIIoIaraioTcs TpancdepabebHbBIME, T03TOMY KaK 9TO U
[IPUHSITO B KJIACCUIECKOIN KOOIIEPATUBHON TEOPUHU UT'P UT'POKU BHIOUPAIOT
CcTpaTeruu, MAaKCUMU3UPYOIINE CYMMAaPHBIN BBIUTPBIIT ¥ UT'DA PA3BUBa-
eTCsl BJIOJIb TPAEKTOPUH, TIOPOKIEHHON STUMU CTPATErUsIMU, T.€. BIOJIb
KOOTIepATUBHOU TpaekTopuu. [Ipobiema 3akiio9aeTcss B OIPEIEJIEHAN
crocoba Jiesieka MOJIyIeHHOTO B Pe3yJIbTaTe KOOMEPAIUHA STOTO MAKCH-
MaJIbHOI'O CYMMAapHOT'O BBIMI'DHIIIA W OIPEIEJIEHUN AJIOPUTMA BBIILIAT
KaKJIOMy UI'POKY B IPOIIECCE PEATU3AIIE KOOIIEPATUBHON TPAEKTOPHH.

Panee mamu 66110 3aMe9€HO, UTO BBIIIATHI JIOJKHBI OCYIIECTBISAThH
csl TAKUM 06pa30oM, YTOObI 06ECIIeYUTh IMHAMUIECKYIO YCTORIUBOCTD [3]
W COCTOSITEILbHOCTD BO BPEMEHH BBIOPAHHOTO CIIOCODA, JIeIerKa MaKCH-
MaJIbHOI'O CYMMAPHOT'O BBIUTPHIIIa. VIMEOTCsT pas/indHble TOIXOIbI JJIsT
peleHust ITOM 3aJadn, OJIHAKO MHOI'O€ 3aBHCUT OT TOIO KaKUM 0Opa-
30M IIOCTPOEHaA XapaKTepucTHiecKast GyHKIWs [4] urpsl onpeessioniast
CUJTy KOAJIHUIWI UT'POKOB B UTpe. B JanHol paboTe HAME TIPEJJIOYKEH HO-
BBII CITOCOO MOCTPOEHUST XaPAKTEPUCTUIECKON (DYHKIIUHU, CYNIECTBEHHO
HCIOJIB3YIONINI CETEBYIO CTPYKTYPY UIPBI M 3HAYUTEIBHO yIIPOIIAIOIIAN
Kak (GOpMy XapaKTEPUCTUIECKON (DYHKIMH TaK U CIOCOOBI €€ BBIMUCTIE-
HUsI, 9TO IPUBOJUT K CEPbE3HOMY VIIPOIIEHWIO ITOCTPOEHUs] JTUHAMITIE-
ckoro BekTopa lemu u uponeayp paciupeiesenus jejexa (aaropurm
BBIILIAT).
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1. OcHoBHOII pe3yJbTaT

Iycre N = {1,...,4,...,n} MHOXXECTBO UI'DOKOB OO'bEAUHEHHBIX B CETh.
Bepmmumnamu 3Toit cetn sBisiioTcss urpokn n3 MHOKecTBa N. [Toaromy
JIJTs IPOCTOTHI MHOYKECTBO BEPIIHMH B CETU MBI TaKKe OyJieM 0003HAYIATD
gyepe3 N. O6osnaunm uepes L = {(i,5)}, 4 € N, j € N MHOXKeCTBO BCexX
ayr B ceru. [TogmuoxkectBo S C N HasbiBaercst koasuimeit. O6o3HaImM
gepe3 K (i) ={j: (i,j) € L}.

Ilycrs x; mo3unmonHast mepeMenHast urpoka i u u; € U; cOOTBETCTBY-
olTee yrpaBJjeHne. Y paBHEHUsI JIBUYKEHUsT NMEIOT BT

;= fl(a', '), a'(t) =xp, u' €U, telt,T]. (1)

B Teopun nudpdepennua bHbIX NP HETPUBUAJIBLHBIM BOIIPOCOM SIBJISIET-
csl OlIpeJieJIeHne KJIacca JOIyCTUMBIX cTpaTeruii urpokos [1]. Ocobemno-
CTBIO JIAHHOH IIOCTAHOBKHU ABJIAETCA BO3MOKHOCTDb UCIIOJIb30BaHUS TOJIb-
KO NPOI'PAMMHBIX CTPATEruil, OJHAKO TPeOyeTCs BBIIIOJIHEHHE CJIEIyIO-
IIEro yCJIOBUS.

VYceaoBue Y. Kaxapiit nrpoK MOXKET IPEPBATH CBA3b C JIIOOBIM HT-
POKOM WJIH JTI000M TPYIIIOil UTPOKOB B JITOOOH MOMEHT BpPEMEHM.

QyHKIMS BBIUTPHINIA UTPOKA ¢ € N nMeeT BUJ:

T
Hi(zb, T — to;ut, uf W) = Z hi(z*,2?)dr, h; > 0.
JEK (i)

Omna 3aBUCHT OT TPAEKTOPHI JBUKEHNs UI'POKA § U UrpokoB j € K (i).

Onpenenenue 1. Ilod xoonepamuerotl mpaexmopueti 6ydem nonu-

MAMD MPAEKMOPUIO T = (:El, R ,jri, S ,53”), O0AS KOMOPOT UMEET, Me-
cmo
27 — (0 7J
Jmax 3 / e (.2 (=Y 3 [ w05 )yar
EN]EK () 1ENFEK (i)” "0

npu yeaosuu (1).

OrnpesiesiuM XapaKTepUCTUIECKYIO (DYHKITUIO [0 TTPABUITY

V(S;x0, T — to) Z Z (xi(r),jj(r))dr,

i€S jeK(i)NS
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e 7(t) = (z1(t),...,7") KoomepaTHBHAS TPACKTODHSL.
Mo2KHO HOKa3aTb, YTO XapaKTepHCTHYecKas (byHKIUS BLIIyKJa, a
CJleloBaTeNIbHO SApO He IIycTo U BekTop lllemin IpuHaIIeKAT SIpy.
Junamuyecknii Bekrop Ilennu paccuuThiBaercs 0o gpopMyle,

S| —Dl(n—1S
3 (IS] =D n — ISP

n!

Shi(l‘o, T— f,()) =
SCN, i€S

x Y / 7),@ (7))dr, i€ N.

JjeEK(i)NS

W3-3a crierudpuaeckoro onpeie/ieHust XapaKTepUCTHIeCcKoi (pyHKIUu
yAAeTCA TOJIYYIUTh JUHAMHUYIECKYIO YCTOWYIHMBOCTH BekTopa Ilemmm u
CIJIbHYIO JUHAMUYECKYI) YCTORYUBOCTH sifipa. B pabore [2] opu olpe-
JeJIeHNN 3HAYTEHNS XapaKTePUCTUIECKON (DYHKIINKA BBIUTPHIIT KOAJTHITAN
MAaKCHMHU3APOBAJICA IO yIPABJICHUAM HUI'POKOB B Hee BXOJANINX, U ITO
IPUBOJAMUJIO K IIOTEpe AUHAMUYCCKON yCTONYUBOCTU OCHOBHBIX IIPUHIIU-
noB onrumasibaoctu (Bekrop e u, gapo u ap.). Mbl B paHHOI
paboTe MpeIoXKUIM HOBBII IOIX0J, KOTOPBI ¢ HaIleil TOYKH 3PEHUS
HE INPOTHUBOPEYUT COJIEPKATEJIBHOMY CMBICIY XapaKTEPUCTUICCKOU
GYHKIINY 1 3HATUTEIHHO YIIPOIAs BBHIUUCIEHUA OJHOBPEMEHHO PEIaeT
mpobeMy JIUHAMHAYIECKONW YCTONYMBOCTH MPUHIUIOB ONTUMAILHOCTH
KOOIIEPATUBHON TEOPUU JJIsI JUHAMUYECKUX UT'D Ha CEeTAX.

Pabora Bemosnena npu dunancosoit Poccuiickoro Hayanoro ®@onga (mpoexT
Ne 17-11-01079).
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Construction of Time-Consistent Solutions
in Differential Network Games

Leon A. Petrosyan

SPbSU, Saint-Petersburg State University, Russia, 1.petrosyan@spbu.ru

Abstract: The main problem in the theory of cooperative differential games
is the construction of characteristic function, which determines the strength
of player coalitions. In order to effectively calculate the values of character-
istic function, it is necessary to find simple approaches for its construction.
In this paper, we propose an approach for building a characteristic function
that does not require maximization operations or finding Nash equilibrium
between a coalition S acting as one player and other players. This approach
was implemented using the properties of the network game, which allows the
player to interrupt communication with neighbors at each time instant, if this
corresponds to his interests. It turned out that the constructed characteristic
function not only makes it possible to simplify finding of classical solutions
from the cooperative game theory, but also ensures their dynamic stability
(time-consistency), and in some cases strong dynamic stability. We derive
formulas for the dynamic Shapley Value and the imputation distribution pro-
cedure (IDP) implemented to the Shapley Value which receives a natural in-
terpretation and does not require a significant redistribution of players’ gains
in time when the game develops along the cooperative trajectory.

VK 519.96

Meron lN'anepkuHa aJjisi ApoOHOTO MapaboIMIecKoro
ypaBHeHUs ¢ PYyHKIMOHAJIIBHBIM 3ana3IbIBAHUEM

B.I. ITumenos’', A.B. Jlo>xHUKOB?

1 Vp®V, Exarepunbypr, Poccus, v.g.pimenov@Qurfu.ru
2 UMM ¥YpO PAH, Exarepuntypr, Poccusi, ablozhnikov@yandex.ru

AnHoTauus: Pabora nocesiieHa pa3paboTKe YHUCJIEHHBIX aJITOPUTMOB Pellie-
HHsI APOOHBIX IO BPEMEHU ypPaBHEHUIN NapaboJIMvecKoro THUIA ¢ HEeJTMHEHHBIM
(DYHKIMOHAJIBHBIM 3ala3/IbIBAHUEM B KJIACCE METOJOB KOHEYHBIX 3JIEMEHTOB.
st annpokcuManuu JIpoOHOM TPOU3BOAHON mnpuMensiercss Li-merom. st
ydera (DyHKIMOHAJIBHOIO 3alla3/bIBaHUsI IPUMEHSIIOTCS IIPOIELY Pl KYCOYHO-
IIOCTOSIHHON WHTEPIIOJISAIMY 110 BPEMEHH C SKCTPAIIOJSIIEH POILOJIZKEHUEM.
IIponeaypa mpoeKTUpOBaHUsI PACCMATPUBAETCS B OJHOMEDHOM, JIBYMEDPHOM
WM TPEXMEPHOM IIPOCTPAHCTBE, TJl€ MHOXKECTBO OIPEJesIeHUs] PEIIeHUsT 110
IIPOCTPAHCTBY MOXKET OBITh Pa3bUTO COOTBETCTBEHHO HA WHTEPBAJIbI, TPe-
YTOJIBHUKU WJIM TETPa’dAPhl. 3aada CBOAUTCS K PEIIEHUIO Ha KaXKJIOM Iare
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[I0 BPEMEHU CHCTEMBI JIMHEHHBIX ypaBHeHuil. IIpuBonuTcst 0OCHOBHOM pe3yiib-
TaT — TEOpeMa O MOPSIAKE CXOAUMOCTH. DTa TEOPEMA YTBEPXKIAET, ITO METOZ,
MMeEeT IEPBbIN MOPsI0K 110 BDEMEHHOMY IIIary, a I10 Iary pasbueHus: o0J1acTu
[I0 IPOCTPAHCTBY — B CTEIIEHU, 3aBUCSINEH OT IVIAJAKOCTH pelreHusi. AHOHCH-
PYIOTCS pe3yabTaThl YUCJIEHHBIX dKCIIEPUMEHTOB.

KuroueBble ciioBa: J1pobHOe nmapabosmdeckoe ypaBHeHMe, OyHKIMOHAJIBLHOE
3ama3aplBAHAEe, METOJ] KOHEUHBIX JIEMEHTOB, KYCOYHO-IIOCTOSIHHAS MHTEPIIO-
JISITS], SKCTPATIOJISAINS [TPOJOJI2KEHHEM, TEOPEMa, CXOIUMOCTH.

BBenenune

IpobGuble muddepeHiraibable YPABHEHUs PA3INIHBIX TUIIOB B MOCJIE-
Hee BpeMsl IPUBJIEKAIOT BCE DoJIblllee BHUMaHUE uccenoBareseit. Omna-
KO, B CBSI3U C TPYJIHOCTb IIPUMEHEHNs] aHAJIUTUIECKUX METOJOB, Ha Iep-
BBl IJIAH BBIXOAUT PaspabOTKa YUCJIEHHBIX AJI'OPUTMOB MX PEIIEeHUS.
OaHMM U3 TAKUX METOJOB sIBJIIETCS aHAJIOI MeToia lajepKuHa, KOTO-
PBIii OBLII CKOHCTPYUPOBAH U MCCJIE0BAH HEJJABHO B [2] /it IPOGHBIX 110
BpeMeHU 1apabo/iniyecKux ypaBHeHuil. B JaHHOI paboTe 9TOT MeTo 1 MO-
auuIUpyercs s APOOHBIX MapadoJIMIecKux ypaBHeHHil ¢ 3hderTom
3ala3abIBaAHIs ODIIEro BUIA, KOTOPBIA BOSHUKAET, B YACTHOCTH, IIPH Pe-
MMEHNN 33129 YIPABJIEHUS 110 TIPUHIUAITY 00paTHOM cBsi3u. DToT 3 derT
YUUTBHIBAETCH C HOMOIIBIO KOHCTPYKIHIA, IIPeJIOKeHHbIX B [1] miis napa-
60JIMIeCKUX yPAaBHEHUI [IEJI0T0 MOPSIIKA C 3aIa3/IbIBAHIEM.

1. IlocTranoBka 3aga4yun

PaCCIﬂOTpI/IM YpaBHEHUE BUIa

0%u(x,t)
ote

rne 0 <t <7, x € — HezaBucumble nepeMeHuble, u(x,t) — uCKoMast
byukuus, ug(z, ) = {u(z, t+s), —v < s < 0} — byHKUUS-IPEIBICTOPHS
HCKOMOi1 (DYHKIIMH K MOMEHTY t; I/ — BeJMYHHA 3anasipBanns, ) C RY
(d=1,2 wm 3) — KOMIAKTHOE [OJUTOHAIHHOE MHOXKECTBO ¢ IPAHUIEi
0f), Au — oneparop Jlamnaca, npobuas npoussogHas Kamnyro mopsiaka
a (0 < a < 1) onpenensercs: HhopmyJIoii

0%u(x,t) _ 1 /t ou(z, &) 1
ot I'l—a) Jo o6 (t=¢)

— Au(z,t) = f(a,t,u(z,t), u(z, ), (1)

—d¢, t>0.
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[TycTh 3a/1aHbI HAYATbLHbBIE YCIOBHST
u(z,t) =uo(z,t), z€Q, te[-v0] (2)
U TPAHUYHBIE yCJIOBHS
u(z,t) =0, z€dQ, tel0,T]. (3)

Baumaga (1)-(3) upexacrasisger coboii NPOCTEHAIIYIO KPAEBYIO 33189y
JUTsl IPpOBHOrO ypaBHEHHs TEIIONPOBOJHOCTH ¢ (b hEKTOM 3ala3/[piBa-
Hus obero Buza. Byzem npeanosnarars, uro dyHkuus uo(z, t), u byHK-
mpoHas f TakoBbl, 4To 3aJada (1)—(3) mMeer eIMHCTBEHHOE peIIeHHE
u(z,t). Ilpm OIEHKe MOTPEITHOCTH Pa3pabaTHIBAEMBIX THCIEHHBIX METO-
JI0B OyZieM TpeboBaTh TakxKe OIPEIEJIEHHYIO TJIaJIKOCTh permenus. Jo-
[OJIHUTEJILHO MIPEJNOJIOKHUM JIAIIIUIEBOCTb f 110 JBYM HOCJETHAM ap-
ryMeHTaM B cMbicite [1].

2. YucjaeHHBIH aJroOpuTM

Beeznem mar no spemenu 7 = v/Ny, tae Ny — HaTypaJbHOE YUCIO U
nycts N = [T'/7]. Beemem Touku t; = j7, j = —No, ..., N.

[lycrs mama mociemoBaTenbHocTh dyrknmit {w"}N_ - onpenemmm
Pa3HOCTHBINA olepaTop

—« n
D =gy Do (@ =), a2 0
j=1

BosbMmeMm B KauecTBe w" dyHKmu u(z,t,). Ecan TouHoe perenune

sagaqm (1)—(3) u(z,t) € C([0,T]; L?()), To [2]

0%u(x,ty)

ot™ = D7u(z,t,) + Q" [|Q"|z2 < crie.

Dror pe3ynbraT HasbiBaeTcst Li-annpoKcuMaryst ApoGHONH IPOU3BOIHOMN.

Juckpernoit (110 Bpemenn) npeasicropueii bynkmmit {w™(z)}N_ Nov
ompeeseHHblx Ha ) K momenry ¢, (0 < n < N), HazoBeM MHOXKe-
erBo {w'}, = {wi(z),n — Ny < i < n}. OnepaTopom HHTEPIOIAIIH-
9KCTPAIIOJSIUN JIMCKPETHOH IPeJbICTOpUK Ha30BeM oToOparkenue I,
crapsiimee B cooTsercTBue {w'}, dyHkmuio w(x,t), onpejieieHHy0 Ha
Q x [tn—No,tn-l—T].
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IIpocreiimum mpuMepOM OIEPATOPA MHTEPIOSIUNA-IKCTPATIOSIIAN
ABJIAETCA OIIePaTOpP KYCOYHO-IIOCTOAHHOI MHTEPIIOJIAIINI

wz,t) =wHz), te€ftii,ti), n—No+1<i<n
C HENPEPBIBHBIM TPOJIOIZKEHAEM
w(z,t) =w" Hx), tE[tn,tni1]

DTOT €110c00 MHTEPIIOIATINU-IKCTPAIOJISIITUE UMEET IIEPBBI MTOPSIIOK
Ha TOYHOM pererun [1].

IIycrs Fj, — xBasupaBHOMEpHOE pasduenue §) Ha UHTEPBAJIBL B OJHO-
MEPHOM CJIydae, Ha TPEYTOJbHUKH B JIBYMEPHOM CJIydae U Ha TeTPadIpbl
B TPeXMepHOM ciydae ¢ pazmepoM h [2]. O6osnauum uepe3 V), MHOKe-
¢TBO (DYHKIHIT, KYCOTHO 3a/IAaHHBIX IOJUHOMaMu crereHu r Ha Fjp. O60-
suaanm 4depes I, omeparop mpoektupoBanus na Vj,.

O6oznaunm npubmmxkenns [pu(z,t,) depes U™ = U"(x). B ana-
Jiore Metoma [anmepkuHa [y ApOOHBIX ypaBHEHUit ¢ PyHKIIMOHAILHBIM
3ama3pIBaHueM Tpedyercsa Haiitn U™ u3 ycioBuii

(DgUna vh) + (VUna V?)h) = (f(xv tn, Unilv Utn (LL', ))7 vh)v (4)

BBIIOJIHSIIOIINUXC JIJIsl BCceX vy, € V).

3. OcHoBHOIi pe3yabTaT

Teopema 1. IIpednonoorcum, wmo 3adavwa (1)—(3) umeem edun-
cmeennoe pewenue u(x,t) € C2([0,T]; L3(Q)) N C([0,T]; H™(Q)),
U"(x) — pewenue 3zadavu (4), moeda cywecmsyem roncmanma Co,
maKas, “mo

n T
[u(@,tn) = U (2)|lr2 < Co(h" +7)
das ecexn € {0,1,...,N}.
OCHOBHOII MOMEHT B JIOKA3aTeJIbCTBE COCTOUT B HCIIOJIb30BAHUH HO-
BOIO JIUCKPETHOrO pobHoro Hepasencrsa ['ponyoiiia [2].

IIpoBesennble YnCIEHHBIE SKCHEPUMEHTDHI OITBEPIUIN TEOPETHIE-
CKHE Pe3yJIbTaThl.

Pa6ora BbinosiHeHa nipu puHaHCOBOM mogepkke rpanta POPU 19-01-00019.
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The Galerkin Method for a Fractional Parabolic Equation
with Functional Delay

V.G. Pimenov', A.B. Lozhnikov?®

1 UrFU, Ekaterinburg, Russia, v.g.pimenov@urfu.ru
2 IMM UB RAS, Ekaterinburg, Russia, ablozhnikov@yandex.ru

Abstract: This paper is concerned with numerical algorithms for solving
time-fractional equations of parabolic type with nonlinear functional delay in
the class of finite element methods. To approximate the fractional deriva-
tive, the Li-method is used. To account the functional delay, the piecewise-
constant interpolation in time with extrapolation by continuation is used.
The design procedure is considered in one-dimensional, two-dimensional, or
three-dimensional space, where the set of the definition of a solution by space
can be divided into intervals, triangles or tetrahedra, respectively. The prob-
lem is reduced to solving at each time step a system of linear equations. The
main result, a theorem on the order of convergence, is given. This theorem
states that the method has the first order in time step, and in the step of
partitioning the domain in space to a degree depending on the smoothness of
the solution. The results of numerical experiments are announced.

YIK 517.952, 517.977

CyorpaauenTbl (pyHKIIMOHAJIA IIEHBbI B 3aJa4ax
OIITUMAJIPHOTO yIPaBJIEHUSI CHCTEMAaMM C
3ara3gbIBAaHuEM

A.P. Ilnakcun
MM ¥YpO PAH, Exarepunbypr, Poccus,
Yp®YV, Exarepun6bypr, Poccusi,
a.r.plaksin@gmail.com

Amnnoranus: PaccMorpena 3amada ONTHMAJIBLHOIO yIPABJIEHHS, B KOTOPOIA
JBUMXKEHUE JUHAMUYECKON CHUCTEMBI ONMCHIBAETCS HEJUHEMHBIM auddepeH-
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IMAJIbHBIM yPAaBHEHUEM C 3alla3bIBAaHUEM, a HAadaJIbHAsl MCTOPUsS JIBUXKEHUS
OIpeJIesIsieTcsl KyCOYHO-HenpepbiBHON (yHKimeil. Ha ocHoBe nousituii cyo- u
CynperpajuenToB (pyHKIMOHAIOB BJOJIb IPOJOJIKEHUH, JaHa XapaKTeph3a-
must (PYyHKIMOHAJA IIeHbI B 9TO 3a1ade.

KiroueBsbie ciioBa: 33a49a OIITUMAJIbHOI'O YyIIpaBJ/IEeHUsA, CUCTEMBbI C 3alla3-
AbIBaHUEM, NHBapUaHTHbIE IIPOU3BOJHBIE, Cy6I‘paﬂI/IeHTI>I.

BBenenue

B Teopun onrumasanbHOrO ympaBieHHS W Teopun audepeHnnaabHbIX
urp yist OOBIKHOBEHHBIX U bepPeHIAIbHBIX CUCTEM M3BeCTHBI 1, 2,
6, 9] pasiuunble 10 GOpMe, HO SKBUBAJIEHTHBIE 110 CYTH WH(MUHUTE3N-
MaJIbHbIE XapaKTepu3anuu (PyHKIUN OITUMAJILHOTO pe3ysbrara ((byHK-
LUK [I€HBI), KOTOPbIE B3AUMHO JIONOJHAIOT APYT Ipyra. YCIOBHO, 3/€Ch
MOKHO BBIJIEJIUTH JIBa OCHOBHBIX 0J1X0/1a. I1epBbiit 6a3upyercs Ha rcce-
JIOBAHUU MTPOU3BOIHBIX (DYHKIUH TIEHBI TIO [TOIXOJIATIIM HATIPABJICHISIM.
DTOT MOJIXOJ, TPUBOJIUT K OIPEJIEJIEHUIO ITON (DYHKIMN KAK MUHUMAKC-
HOTO [9] peleHusi COOTBETCTBYIOIErO ypaBHeHus: LaMuibTona — Jdkobn
(T-41). Bo BTOpOM IIOJXOJIE PACCMATPHUBAIOTCS CYy6- U CyNeprpajiieHThl
dyHKIMH 1enbl. B paMkax 9Toro moaxoja rakas pyHKIUS OPeIeIsIeTCsT
Kak BsA3KocTHOE (8] pemenne ypasuenus [-51.

B 3amagax ynpasienus u quddepeHnualbHbIX UTPax I CUCTEM C
3ama3plBaHueM HauboJiee MOJHBIM U eCTECTBEHHBIM 00Pa30M IOJIY U
passuTHe nepsblii moaxoy [3-5, 7, 10]. Huxke naubl corsiacoBaHHBIE C
KOHCTDPYKIMSIME U3 [3, 4] pe3ysbrarTsl, Kacarluecsi PasBUTUs BTOPOTO
nogxosa. [Ipu 9ToM, 9T0OBI MPEOJOIETh BO3HUKAIOIINE 3/€Ch TPY/IHO-
CTH, TPEJJIATAeTC PACCMATPUBATE 33J1a9y ONTUMAJBHOTO YIIPABJICHUS
B IIPOCTPAHCTBE KYCOYHO-HEIIPEPBIBHBIX UCTOPUIl JIBUYKEHMUSI.

1. OcHoBHOII pe3yJibTaT

Oyuknuio z(+): [a,b] — R™ HasplBaeM KyCOYHO-HEIIPEPHIBHOM, €Cin OHA
HMeeT KOHEYHOEe YHMCJIO0 TOYEeK pa3phiBa, BCE pa3pbIBbI IIEPBOrO poja, B
ToYKaX paspbiBa (PyHKUus HenpepbiBHa cupasa. depes PC([a, b], R™)
0003HaYaEM TIPOCTPAHCTBO KyCOYHO-HEIPEPLIBHBIX (DYHKIWM, JeHCTBY-
omux u3 [a, b] 8 R"™. I[Tycrs 3adukcuposanst ty < ¢ u h > 0. O603HauuM
G = [to, V] x R™ x PC([—h, 0], R™).

Ilycrs mBUKeHUE NMHAMUYECKON CHCTEMBbI OnuChiBaeTcs auddepen-
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OUaJIbHBIM YPpaBHEHUE C 3alla3IbIBAaHUEM

dx(t)
dt

= f(tvx(t)vx(t_h)vu(t))a te[to, 19]7 (E(t)€Rn, u(t)EU (1)

3aeck t — Bpemst; x(t) — cocTosiHUe CHCTeMBbI B MOMeHT t; u(t) — Te-
KyIiee yupasJsioriee Bozzeiicteue; U — kommakT B R™. Oyuknus f =
flt,z,y,u) € R™, t € [to,¥], z,y € R™, u € U neupepoiBHa, yuosie-
TBOPSIIOT JIOKAJIBHOMY ycioBuio JInmmmua no (z,y), u upu HEKOTOPOi
koHcranre ¢y > 0 mepasercrsy || f(t, z,y,u, v)|| < cr(1+ [z + ||y])-

Iycrs (7,z,w(:)) € G. Yepes U, 0603HAIMM MHOKECTBO H3MEPU-
Mbix dyurmit u(-): [7,9] — U. MoxHO 10Ka3aTh, YTO IPU YKA3aHHBIX
YCJIOBHAX i Ji060it u(-) € U, CcymecTByeT eIMHCTBEHHOE JBIZKCHUE
() = (|71, z,w(-),u(-)) cucremst (1) — dyukius uz PC([r —h, 9], R™),
JIIIIUIEBA Ha oTpe3ke [7,1], yaoBiersopsiomas Bmecre ¢ u(t) modru
BCIOJLy Ha 9TOM OTpe3Ke ypaBHeHUIO (1) 1 yJI0BJIeTBODSIOINIAsT HAYaIbHO-
My yeaosuio (1) = z, x(t) = w(t — 1), t € [T — h, 7).

PaccMoTpuM Ci1eyonLyIo 3a1a9y OUTUMAJIBHOIO YIPABJICHUs! CUCTE-
Moit (1): gy moboit (7, z,w(-)) € G HEOOXOJUMO MUHUMHU3UPOBATH 110
u(-) € U, 3navenne GyHKINOHAIA

J(mz,w(),u()) = o(x(9)),  x() = (|7 2,w0(),ul)),

rae dyeknusa o = o(x) € R, € R™ sokanbHO junmmiesa. B s1oif
3aa4e (DYHKIHOHAJ [eHbI UMeeT BHIL

p = p(Tv 2, ’U}()) = u(~i)nefur ‘](T7 2, ’U}(), u())a (T’ Z, w()) €G.

Yepes @ obosnaunMm kiace dyHKImoHAIOB @ = ¢(T,z,w(:)) € R,
(1,z,w(-)) € G HenpepbIBHBIX [0 T U TAKUX, YTO JyIsi Joboro « > 0
HaitmeTcss A, = A, (@) > 0 Ipu KOTOPOM CIIPaBeINBO HEPABEHCTBO

0
(7, 21, w1 () — (T, 22, w2 ()| < A¢(||21—22||+/||w1(€)—w2(€)||d£>,

—h

Jutst JoObIX (T, 21, w1 (7)), (T, 22, w2()) € G makux, yro ||z < a n
max{||w;(&)|||§ € [=h,0]} < «, i = 1,2. Ormerum, uTo TOrIa OyIeT
CIIpaBeIuBO BKIo4Yenue p € P.
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B pa6orax [3, 4] mis onncanusi "HGUHATE3UMAJIBHBIX CBOHCTB (DYHK-
[IHOHAJIA TIEHBI IIPUMEHSIJINCH NHBAPUAHTHBIE TPOU3BOJIHBIE (DYHKIINOHA~
JIOB IO TPOJIOJIZKEHUSIM W TIPOU3BOJHBIE 0 MTOJIXOANIIM KOHETHOMED-
HBIM 1 OECKOHEYHOMEPHBIM IIPOJIOJI2KeHnsIM. [IpuBeieHHbIE HUXKE OIpe-
JleJieHusT CyO- U CyneprpajineHToOB (DYHKIIMOHAJIOB HACJIELYIOT HJIE0JI0-
U0 PACCMATPUBATH COOTBETCTBYOIINE NH(DUHUTE3NMAIbHBIE KOHCTPYK-
MY BJOJIb TpoaoKkennii. [Ipu atom, mia ¢pyukmuonaaoB n3 kiacca P
JIOCTATOYHO OyJIeT PaCCMATPUBATE JIUIIH MOCTOSTHHBIE TTPOJIOJIZKEHUS .

Onpepnesienune 1. Iapw (po,p) € R X R™ u (go,q) € R x R™ 6ydem
HABLIBAMD COOMBEMCMEENHO CYO- U CYnepepadueHmamy, GYHKULOHAAQ
p € & 6 mouke (1,z,w(-)) € G, T < U, ecau das mobwr v € R™ u
t € [7,min{7 + hi}] cnpasedauev. coommrowerus

(v, k() = (7, 2,w()) 2 po + (v = 2,p) + o[t = 7| + [l — 2[)),
o(t,v, k() — (1, 2,w()) < o+ (v —2,9) + o(t = 7] + [l — z]),

2de k() € PC([—=h,0,R"): ki(§) = w(t — 7+ &), £ € [-h,7—t) u
ki(€) = z, £ € [T —1,0], a seaununa o(-) maxosa, wmo o(§)/6 — 0 npu
0 — 4+0. Mnootwcecmea ecex cyb- u cynepepaduermos 6ydem 0603HA4AMD
wepes D™ (1, z,w(-)) u DT (T, 2,w(-)), coomeemecmeenmo.

O6o3Ha4MM

H(T,x,y,s):mig<f(7,x,y,u),s>, TE [t0719]a x,y,sGR”.
ue

Teopema 1. @yuxyuonan p: G — R cosnadaem c dynryuonarom
UeHd, p Mo20a U MOALKO M020a, K020a 0Af HE20 BLINOAHEND

(a) exarouenue ¢ € ®;

(b) dan mobwz (1,z,w(-)) € G, T < ¥ nepasencmea
po + H(7,z,w(—=h),p) <0, (po,p) € D™ o(7,z,w(-)),
Qo+ H(7,z,w(=h),q) 20, (q0,9) € D¥ (7,2, w(:));

(c) pasencmeo o(9, z,w(+)) = o(z), (9,z,w(-)) € G.

PaGora BoimosHena nipu puHaHCOBON mojuepkke rpanrta [Ipesmmenra Poccuii-
ckoit Penepanuu [Uisi TOCYJAPCTBEHHON IMOAAEPIKKU MOJOIBIX POCCHMCKUX yYEHBIX
MK-3566.2019.1.
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Subgradients of a value functional in optimal control
problems for time-delay systems

A.R. Plaksin
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Academy of Sciences, Russia, Ekaterinburg
Ural Federal University, Russian Federation, Ekaterinburg,
a.r.plaksin@gmail.com

Abstract: The paper deals with an optimal control problem, in which the
motion of a dynamical system is described by a nonlinear delay differential
equation, and the initial motion history is determined by a piecewise con-
tinuous function. On the basis of notions of sub- and superdifferetials of
functionals along extentions, the characterization of the value functional in
this problem is given.
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YVIK 517.977.8

IIpuniun MmakcumyMa A1 33ja9d ONITUMAaJIbHOTO
MMILYJIbCHOTO YITPABJIEHUsI YPAaBHEHUEM
Hepa3pbIBHOCTU

H.N. IToromaes!'?, M.B. Crapuisia’

! MucruryT AMHAMEUKM CHCTEM ¥ Teopuw ympasieHusi umenu B.M. Marpocosa,
CO PAH, Upkyrck, Poccusi, starmaxmath@gmail.com
2 Uncruryt maremaruxu n mexanukn umern H.H. Kpacosckoro YpO PAH,
Exarepunbypr, Poccus, nickpogo@gmail.com

Amnnoranusi: PaccmarpuBaercst 3a1a9a ONTUMAJIBLHOTO YITPABJICHUS aHCAM-
6sieM B3aMMOJEHCTBYIOIINX WHAUBUAYYMOB (AreHTOB), JAMHAMHMKA KOTOPOIO
ONMCBHIBAETCS HEJIOKAJBHBIM yPABHEHUEM HEPA3PBIBHOCTU B IIPOCTPAHCTEE Be-
POSITHOCTHBIX Mep. IIpemmosiaraercsi, 94To yHIpaBJsIONre BO3JAEHCTBUS YHU-
BepCaJIbHBI JIJIsi BCEX areHTOB. BoJiee TOro, 9TU BO3JENHCTBUS JIOIYCKAIOTCS
IPOU3BOJILHO OJIM3KHMMU K pacrpejeienusm tuna Jupaka (aTommaeckum 60-
DEJIEBCKUM MepaM Ha YHCJIOBOM OCH), B TO BpeMsl KaK yIPABJSIONEe BEK-
TOpHOE IToJIe sBJIsieTCst adDUHHBIM 10 IEPEMEHHBIM yIpasieHus. B mokmange
[pEeJICTABJIEHbl PE3YJIbTATHI TI0 PEJIAKCAIIMK [TOCTABJIEHHON 3a/a4u B KJIACCe
Pa3pbIBHBIX KPUBBIX B IPOCTPAHCTBE Mep — (DYHKIUI OrpaHUYeHHON Bapu-
anuu co 3HaYEeHUsIMU B mpocrpancTBe Baccepinreitna Wi. st ocinabieHHON
MOJIEJH, TIPEOOPA30BAHHON € TIOMOIIBIO PA3PLIBHON 3aMeHbl BDEMEHH, [T0Ka3a-
HO HEOOXOIMMOE YCJIOBHE ONTHUMAJILHOCTHA B (pOpME KIACCHIECKOrO IPUHIINATIA
MakcumyMma IloHTpsiruHa.

KiroueBble cJjiOBa: ONTHMAIbLHOE YIPABJICHHE, UMILYJILCHOE yIIPAaBJICHUE,
MyJIbTHAT'€HTHbIE CHUCTEMBl, YypaBHEHHE HEepPa3PbIBHOCTH, IIPUHIUAI MaKCHUMY-
Ma.

BBenenue

B jokiazie u3ydaercs 3aja9a IHHAMAYECKONW OMTUMUBAINN JIJIsT OHOTO
KJIACCa MYJIbTHAT€HTHBIX JUHAMUYECKUX CHUCTEM C “HEOTpaHUYEHHBIMU'
ynpasJyeHusiMz, 06061maorero mogenn [1-4]. Cucrema npejcrasiisier co-
60ii COBOKYITHOCTH (aHCAMOJIb) HHAMBUILYYMOB (ar€HTOB), KOTOPbIE HEOT-
JIMIUMBI JIPYT OT JPyra, U KayKJbI M3 KOTOPBIX MOXKET OOMEHUBATHCS
uadopmanyeil ¢ KaxkIapM (JAPYrUMU CJIOBaMU, UX “‘cerTb’ IpPeICTaBiIsgeT
co6OIi TIOJIHBIN PABHOB3BEIIEHHbII rpad).

B ciyuae, korpga dnciio areaTroB N OTHOCHTEIBHO MAJIO, JHUHAMUKA
aHcaMmOJisi Ha MHTepecyolneM Hac orpe3ke Bpemenu [0, 7] omuceiBaeTcst
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COBOKYIIHOCTBIO NHJIMBHU/IYaJIbHBIX TPAaeKTOpHUii t — a:k(t), YAOBJICTBOPSI-
IOMIX OOBIKHOBEHHON yIIpaB/IsIeMOil crucTeMe BUIA

N m
ik = fo(z*) + %]Z::lg(xk —a0) + ;fz(xk)uz, k=1,N. (1)

31ech fi, g — 33JaHHBIE IIOOAILHO JUIIIUIEBbIE BEKTOPHBIE ITOJIs, CPEIN
KOTOPBIX f( XapakKTepusyeT eCTeCTBEHHLIH “npudT”’, & g €cTh IOTEHIHAI
B3aMMO/ICHCTBHUSI Ar€HTOB.

C apyroii ctoponsl, eciu N J0CTATOYHO BEJIUKO, PA3yMHO OTKA3aThCS
OT OIIMCAHWSl JIMHAMUKE aHCaM0Jis B TepMuHax cucreMbl (1) u mepeiitu
HA S3bIK JUHAMAYECKUX CHCTEM B IMPOCTPAHCTBE BEPOSTHOCTHBIX MED.
B camowm jsiente, Muozkectso Tpaekropuit {zF(-)}_; mopoxkiaer Kpusyio

N
B IIPOCTPAHCTBE BEPOSTHOCTHBIX Mep BHJA T — = > p_; Ozk(t), TE Oq
oboznauaer Mepy Jdupaka, coCpeIOTOYEHHYIO B TOUKe a. Temepb eciu
1 N .

MEpBI D p—q Ogk(y) CXOIATCA cmabo mpu N — 00 K HEKOTOPOi Mepe
Jit, TO KpUBAs ¢ —> f1; OKA3BIBAETCS PENIEHNEM HEJIOKAJBLHOTO YPABHEHHUS
HEPa3pLIBHOCTH

Mo = 19; Oy Mt + V- (Mt Ut) =0, te [Oa T]v (2)
rjae 19 — 3aJlaHHasd BEPOATHOCTHad Mepa (HaanbHoe pacupejejienue

arenToB). JIunamMuka cocrosiHust [y CUCTeMBbI (2) Olpeesiercs yHUBep-
CAJIBHBIM JIJIT BCErO aHCaMOJIsI HEABTOHOMHBIM BEKTOPHBIM HOJIEM

vi(x) = fo(z) + (g x pe) () + Z fi(@) ui(t),

KOTOPOE 3aBUCUT OT TEKYIIEro COCTOAHUS AaHCAMOJIA Lig; “*” — omepariust
cBepTKU (DYHKIMK U MEPhI:

(g*p)(z) = /g(x —y)du(y).

JlnamazoH JOMyCTUMBIX YIIPABJEHUI OIpeiessercs ‘dHepreTudecKum’
yCJIOBUEM

~

N T
Z/O s ()| dt < M, 3

273



rne M > 0 — 3amaHHbIi 00beM mMerIerocs “‘pecypca’. Kpurepuem
Ka4JecTBa yIPaBJIeHUs BHICTYIIAET TEPMUHAILHBIN 1IEJ1€BOI DyHKINOHA

I= /E(x) de,

rae { — orpaHWYeHHasl JINIIIUIEBast (PYHKIIUS.
PaccMoTpum skcTpeMaibHYIO 33189y

(P) I — min npu ycmosusx (2), (3).

Herpyuuo obuapyzkurhb, uro (P) He uMeer pelieHus B KJACCe JOIMYCTH-
MBIX yIpaBJjeHuil (2) U COOTBETCTBYIOMUX TpaeKTopuii — perreHuii (2)
B CJ1aBOM CMBICJIE, T.e. OKA3bIBAETCSI BBIPOXKIEHHOI B TepMuHoIoruu [5].
B zoksaje Mbl 06CyauM 1I0X0[ K pacmupenuto 3agaqau (P) B Kiacce
Pa3pbIBHLIX (HEIPEPBIBHBIX CIPaBa) KPUBBIX OTPAHMYEHHON Bapualuun
€O 3HAYEHUSIMU B METPHUYECKOM Ipocrpancrse Wi (T.H. mpocTpaHcTBe
Beccepiureiina) ¢ moMoIpio METOIa pPa3pbIBHOI 3aMeHbl BpeMenu [6].

1. OcHoBHOII pe3ysabTaT

s pacumpenHoit 3a1a9u JOKa3aHO CYNECTBOBAHUE PEIIEHUsT B KJIACCe
Pa3pBIBHBIX KPUBBIX B IIPOCTPAHCTBE BEPOSITHOCTHBIX MEpP U UMITYJIBC-
HBIX ynpasjeHuii — 6opesesckux Mep Ha [0, T]. ITosyuen Bux raMmuib-
TOHOBOI CHCTEMBI U JOKA3aHO HEOOXOIMMOE YCJIOBUE ONTUMAJIHHOCTH B
dopme mpunmmna MmakcumyMma [lonTparuna. B mokaame Mol Takzke 06Cy-
JITM BO3MOYKHOCTU TPUMEHEHUS TIOJIYY€HHOTO YCJIOBUS ONTUMAJIbLHOCTH
JUTsl IUCJIEHHOTO pertteHnust 3azaqn (P).

Pabora nepsoro asropa noggepxkana PH® (mpoekt Ne 17-11-01093), pabora BTO-
poro aBropa nozzep:kana POPU (upoekt Ne 18-31-20030).
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Maximum Principle for Optimal Impulsive Control of
Continuity Equations

Nikolay I. Pogodaev''?, Maxim V. Staritsyn'

1 Matrosov Institute for System Dynamics and Control Theory SB RAS,
Irkutsk, Russia, starmaxmath@gmail.com
2 Krasovskii Institute of Mathematics and Mechanics,
Ural Branch of the Russian Academy of Sciences, Russia, Ekaterinburg,
nickpogo@gmail.com

Abstract: We address a problem of optimal ensemble control of a “crowd” of
interacting agents, described by a nonlocal continuity equation in the space of
probability measures. The controls are common for all the agents, and can be
arbitrary close to Dirac-type distributions (atomic Borel measures on the real
line), while the driving vector field is affine in control variables. We describe a
relaxation of the stated problem in a class of discontinuous curves in the space
of measures — functions of bounded variation with values in the Wasserstein
space Wy. For the relaxed model, described through a discontinuous time
change, we prove a necessary optimality condition of the spirit of the classical
Pontryagin’s Maximum Principle.

YIK 517.97.7

Anam3 cTpyKTypbl cyoauddepeHnmnaia
MHUHUMAaKCHOT'O peIllleHus] ypPaBHEHUsI
l'amunabrona — fdkobm — Beanmmana

A.C. Poaun

MM ¥VpO PAH, Exarepunbypr, Poccus, a.s.rodin@imm.uran.ru
Yp®Y NEHuM, Exarepunbypr, Poccusi, alexey.rodin.ekb@gmail.com

Annortanusi: B gammoit crarbe paccMmarpuBaeTcs KpaeBas 3amada Kormm
ypaBHeHus 'amuibrona — fAkobu — Bennmana. Vcenenyercss ctpyKTypa Mu-
HUMAaKCHOI'O PEIIeHUusI U CTPYKTypa cybauddepennnana. IIpuseneno onpene-
JleHHe TOYKU OMdypKaIuy U MOJIy4YeHO YCJIOBUE €€ CyIIEeCTBOBAHMS.

KurouyeBble cioBa: ypaBHeHne amuibrona — fkobu — Bemmana, dpopmy-
sna Xonda, cybauddepenimar, Touka oudypKaliyu, conpsi>KeHHasi (OyHKIUS
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BBenenue

B 3ajiauax onTUMAJBLHOTO YIPABJIEHUs] KOHEYHON IEIBIO SBJISETCS O~
crpoenne GpyHKIUU 1eHbl. Kak mpaBuio QyHKIWS eHbl MMEeT TOYKU,
rae oHa He jnuddepeHiupyema. B TakoMm ciiyuae BajrKHBIM BOIIPOCOM
OCTAeTCsl OIHUCAHWE W IOCTPOEHME CUHIYJISPHOIO MHOXKECTBA: MHOXKe-
CTBa TOYEK B KOTOPBIX PYHKIUS IeHbI He auddepentmpyema. [loctpoe-
HUE CHHTYJISIPHOIO MHOXKECTBA JOCTATOYHO CJIOYXKHAS 3a/1a49a, B OTJIHINE
OT Hee, HAXOXKJeHne TOYeK O6udypKaIum, B KOTOPbIX CHHTYJISIPHOE MHO-
JKECTBO “3apOoKIaercs’’; sBJIsieTcst DoJiee IPOCTOM, HO B TOT K€ MOMEHT
OYeHb BaKHOH 3a/1aveil.

1. IlocTranoBka 3aga4yun

Paccvorpum kpaesyro 3agady Komwm g ypasaenuss amumiabrona —
Axobu — Bemnmana

Dip(t,z) + H(Dzp(t,2))=0, o(T,z)=0c(x), t€[0,T], z€R", (1)

_ [ 9¢(t,x) Op(t, x) Op(t,x)\
Dxap(t,x)< 00 oz, ' om. =35

O6ozuaunm Iy = {(t,z) : t € [0,T],x € R"}.
Bagaua (1) paccMaTpUBaeTCst IPY CIIEYIOMAX HPEIOIOKEHHUSIX:
Al) bynxmua H(s) € C?, soimykia,;
A2) byskuns o(x) € C? cobersennas u reccuan D20 () momoxuTebHo
oupeneseH [6].
A3) cymectsyer sg € dom o*, uro D> H (sq) - MOJIOKUTETLHO OIPEJIeIeH.
9 { 0?0 () }n"
Baecy D?o(x) = ¢ ————
024,075 } iy j1
VYeaosust Al), A2) obecrieunBaroT CyIeCTBOBAHNE U €MHCTBEHHOCTD
MHUHHMAKCHOIO U Bsi3KOCTHOTO pemtennst 3anaun (1) [4]. YT nansOe
MHUHUMAKCHOE PpellleHHe MOYKET OBITh OINHMCAHO C HOMOIILIO (POPMYJIBI

Xomda [5], e 0% (s) = sup; (s,§) — o(§),

u(t,z) = sup (x,8) — 0™ (s)+ (T —t)H(s). (2)

u domo* = {s € R" : 0*(s) < c0}.

B GouibleHCTBE CIydYaeB MUHUMAKCHOE perneHne 3agaqu (1) comep-
KUT TOUKN HeaAnMPEPEeHITnPYEMOCTH.
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Onpenenenune 1. Muoocecmsom cuneyasprocmyu Q  das  0600-
wennozo pewenus @ 3adawu (1) Hazweaemes MmHodHCECMBO MO-
wex (t,z) € lp, 6 komopux dynryus ¢ neduddepenyupyema.

Omnpenenenne 2. Toukol bupyprayuu (t,z) nasweaemecsa mouka,
das Komopol evinoaneno caedyrowee yeaosue (t,x) € Q\ Q, 2de Q ecmo
3amoikanue mroccecmea Q.

2. ®opmysa Xonda u cybauddepeHmuas

O6osnaunm (t,z,s) = (x,s) —o*(s) + (T — t)H(s).
Beenem muokectBO S(f0, 20)= {E € R™ : lim ¢(to, zo, s)=u(to, xo)}.
S—S

Ecsin BbIIOJIHEHBI Clleflyiomue yeJaoBus npu so € S(to, o)
o = DO'*(S()) — (T — to)DH(So), D20'*(80) # (T — to)D2H(80),

Torga MHOXKecTBO S(to, Tg) COCTOUT U3 eIUHCTBEHHOIO JJIEMEHTa Sg, W
dyukims u(ty, o) sasasierca nuddeperimupyemoil B Touke (to, Zg) [3,
§ 25]. Tak xak dyukuus ¢(t,x, s) Vs apisercs HenpepblBHO Juddepen-
nupyemoii o nepementnim (¢, x) [1, § 3|, To cupasemusa dopmyia

dult,z; f) = sup  ((=H(3),5),f), [=(fi,f.) € RxR",

SES(to,0)

rue cumBoa du(t, z; f) 0603HaAUAET IPOU3BOAHYIO [0 HAIIPABJIECHUIO.
HamomaunMm omHO 13 95KBUBAJEHTHBIX OIpeaesennii cyouddepenim-
asa [4]

D™ u(tg,xo) = {p € R": (p, f) — d u(to, zo; f) <0,Vf € R"H}.

Baecy d-u(t,x; f) siBisiercst HUXKHEH OPOU3BOJHON B Touke (t,T) IO
nanpassenuto f. Eciu cymecrsyer du(to,xo; f), To d~u(to, xzo; f) =
du(to, To; f).

VYrBepxkaenue 1. Eciu sunoanens ycaosus Al), A2), mo ¢yrk-
yus u(t, ) suda (2) umeem cybduddeperyuan 6 6ot mouke (to, o)
u cybdudepernvyuan umeem 6ud

D=ulto, x0) = co {(=H(5),5) : ulto, z0) = o(to, 70,5}
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3ameuanue 1. Hempy@no noxra3zamv 4Imo, €CAU 6bNOAHEHO YCAOBUE

Ji,je€Ln, lim D?, (0%(s)— (T —to)H(s)) #0,

mo D~ u(tg, o) — xomnaxmmnoe mroocecmeo. Tozda

du(tO; Zos f) = Eeérggjxxo) <(_H(§)a§)a f> .

Sadukcupyem MomeHnT Bpemenu t = ty. Beegem dyukuuio Wy, (s) =
0*(s) — (T —tg)H(s). Torna us dbopmyisl (2) ciemyer

U(to,l‘) = Slslp <x’ S> - \Ijto(s)'

Tax kak Ur(s) = 0*(s) sBasieTcst crporo BhIIyKI0#. OTMernm, 4To
upu 9ToM Jiobble cobcTBeHHble Ynciaa MaTpulsl Y (s) — crporo moJio-
xurensnsl 1 | D?Wp(s)| > 0 Vs € domo*.

U3 TeopeMbl 0 MOHOTOHHOCTH COGCTBEHHBIX 3HAMEHUI CHUMMETPUYE-
ckoit Marpunpl [6, p. 235] U.(s) cieyer, 9To NPy M3MEHEHUN IapaMeT-
pa t, ajist Jioboro s € dom o 1oLy4aeM, 9T0 COOCTBEHHBIE YUC/Ia MATPHU-
sl U, (s) n|Py(s)| MoHOTOHHO He BO3pacTaloT npu t — —oo [2, IIpuioxke-
ure XI|. Crenosarensro dyurius Uy, (s) sBisercs Beinykioit. OTkyna
ciepyer, uro u(to,x) saBigerca nuddepeHnupyemMoii o nepeMeHHol
[3, § 25]. ITox BBIMTYKJIOCTHIO IOHUMAETCSI HE CTPOrasi BBILYKJIOCTb.

Jlemma 1. Ecau A1)-A3) evnoanens, mo 3to<T |D?Wy,(so)| =0,
moeda Vt* < to cywecmeyem ompuyamenvroe cobemeennoe 3HaeHue
mampuup, D2W-(so) [6, p. 235], [2, Hpumoxkenne XI).

3. OcHoOBHOII pe3yJbTaT
Teopema 1. Ecau swnoanensv ycaosus Al)-A3), mo (to,x0), 2de
xo = Do*(sg) — (T — to)DH(s0),
ABAAEMNCA MOUKOT OUPYPKAUUL.

Pab6ora BbInosiHeHa B paMkax npoekTa “‘Hopeiime MeToabl MaTeMaTuu9eCKOro Mo-
IeIMPOBaHUS B U3yYEHUH HEJIMHEHHBIX TUHAMUYECKUX CHUCTeM” 110 IPOBEJECHUIO (DyH-
JAMEHTAJIbHBIX HAyYHBIX HCCJIEIOBAHUN IO IPUOPUTETHBIM HAIIPABJIEHUIM, OINpeIe-

JsteMbIM mpesuauyMoM Poccuiickoit akamgeMun Hayk.
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Analysis of the Structure of the Subdifferential of
the Minimax Solution of Hamilton—Jacobi—Bellman
Equation

Aleksei S. Rodin

IMM UrB RAS, Yekaterinburg, Russia, a.s.rodin@imm.uran.ru
UrFU, Yekaterinburg, Russia, alexey.rodin.ekb@gmail.com

Abstract: This article discusses the Cauchy boundary value problem of
Hamilton—Jacobi—Bellman equation. The structure of the minimax solution
and the structure of the subdifferential are investigated. The definition of the
bifurcation point is given and the condition of its existence is obtained.

YIK 517.977

Bajgavya AMHAMUYECKOU PEKOHCTPYKIIUUA BO3MYIIIE€HUS
B cucTeMe ClienquaJiIbHOro Bmaa 1ipu J:[erI/IHI/ITe
nHdopmMalu
B.JI. Po3eu6epr
MM ¥VpO PAH, Exarepunbypr, Poccus, rozen@imm.uran.ru
Annoranusi: C mosunuit mogxoZa TEOPUH AUHAMHYECKOTO OODAIEHUST UC-
cIIeyeTcsl 3a/a4a PEKOHCTPYKIUH BXOIHOIO Bo3zeicTBus B cucTeMe nudde-

PEHLUAIBHBIX YPaBHEHHI CllenuaIbHOrO BuIa. llepBoe ypaBHEHHE CHCTEMBI
SIBJISIETCSl JINHEHHBIM CTOXaCTUIEeCKUM ypaBHeHueM lITo, Bropoe — JIuHEHHBIM
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OOBIKHOBEHHBIM, B KOTOPOE BXOIHUT HEHM3BECTHOE Bo3MylneHme. Paccmarpusa-
€TCsl TOCTAaHOBKA, B KOTOPO# PEKOHCTPYKIMS IIPOBOAUTCS Ha OCHOBE JUCKPET-
HOI nHAOPMAIUKY O HEKOTOPOM KOJIMYECTBE Peasin3aluil CIIy4aifHOro Iporec-
ca, sIBJISIONIErOCsl PEIIEHUEM IIEPBOrO ypaBHEHUsI. 3aatia CBOAUTCS K 0OpaT-
HOIi 3a/1a4€ ISl CUCTEMbI OOBIKHOBEHHBIX AU dePEHINAIbHbIX yPaBHEHNUIl, B
KOTOPYIO BMECTO CTOXaCTHUIECKOTO yPaBHEHHsI BXOIUT ypaBHEHHUE, 3aJafolee
JMHAMHKY MaTEMAaTHYECKOrO OXKUIAHUs UCXOAHOro mporecca. IIpesaraercs
KOHEYHOIIIArOBBIN IIPOrPAMMHO DPEAIN3yeMBbIH AJITOPUTM DPEIIeHMUs, OCHOBAH-
HBIN Ha METOZE BCIOMOIaTEIbHBIX [TO3UIINOHHO yIPAB/ISIEMBIX MOJEJIEH, IOy~
4Y€eHa OIEHKA €r0 TOYHOCTH OTHOCUTEIHHO KOJIMYECTBA JOCTYIIHBIX HU3MEPEHUIO
peanusaruii. IIpuBoguTcs nmocTpupyomuit mpuMep.

KuroueBblie ciioBa: croxacrudeckoe nuddepeHnnaabHOe ypaBHEHNE, OObIK-
HOBeHHOe JaudpepeHInalbHOe ypaBHEHNEe, JUHAMUYECKasi PEKOHCTPYKITUS,
nedurut nHGOPMAaIUK, yIpaBiseMas MOJEb.

PaccmaTpuBaercs nuHeliHasg cucreMa, 1udbdepeHInaabHbIX ypaBHe-
HuUil, cocTosAmasa u3 croxactudeckoro ypasnenus o (CILY) u o6bIKHO-
BerHoro ypasHenusi (OJ1Y) ciezayromero Buja:

dr(t,w) = (Az(t,w)+ By(t) + fo(t)) dt+ C d&(t,w), x(0,w) =z, (1)

dy(t) = (Dy(t) + Em(t) + Fu(t) + f1(t)) dt,  y(0) =yo.  (2)

Baecy t € T = [0,9]; (z(-,w), y(-)) — dasopas Tpaekropusi cucre-
Mo, z(t,w) € R™, y(t) € R™2; (x0, yo) — U3BECTHOE IETEPMUHUPOBAH-
HOe HauabHOoe cocTosiaue; &(t,w) =€ RF — crammaprueiit Buneposckmit
uporiece (T. €. BBIXOASIIMIA U3 HyJisl IIPOLECC C HYJEBBIM MaTeMaTude-
CKUM OXKUJTaHUEM W MATPUIIeH KOBAPHUAIMHU, paBHOM [t (I — eIUHIIHASL
marpuna w3 RF>F)) w € Q, Q — MHOXKeCTBO 3/1eMEeHTAPHBIX HCXOJIOB;
m(t) = Mz(t,w) — maTemaTuyeckoe oxujanue; u(-) — BHEIIHEe BO3-
MyIlleHne, TIPUHIMAOMIee 3HAYCHU U3 33/JaHHOIO BBIIYKJIOTO KOMIIAKTA,
Sy € R™ u nmeromee orpannyenuyio Ha 1’ Bapuanuio; A, B,C, D, Eu F
— IIOCTOSTHHBIE MATPHIILI COOTBETCTBYIONIUX PA3MEPHOCTEH; BEKTOPHDIE
dyukuun fo(-) u f1(-) cymmupyemsr Ha T’ ¢ KBajgparoM HOpMbL. Pemnenue
ypasuenus (1) onpezensgercs Kak CJIyqaiiHbIi IPOIECC, YIOBJIETBOPSIIO-
muit 1pu J060M ¢ ¢ BEpPOATHOCTLIO 1 COOTBETCTBYIONIEMY HHTEIPAJIb-
HOMY TOXKJECTBY, COIEpKAIIeMy B IPABOil YaCTU CTOXACTUYECKHIT HHTe-
rpaJt Uto. Pemenue ypasuenus (2) nonumaercs B cmbicsie Kapareogopu,
[IPEIII0JIAraeTcs abCOIIOTHAS HEIPEPBIBHOCTh KOMIIOHEHTHI Y(-).

O6cyxKmaemMas 3ajada COCTOUT B cienyioieM. HemspecTHoe BO3MYy-
menve u(t), AeficTByIomee Ha CUCTEMY, BXOJUT TOJBKO BO BTOPOE ypaB-
Henme. B To Ke BpeMsl B JUCKPETHDLIE, JOCTATOYHO 9YACThle, MOMEHTBI
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Bpemenu 7; € T, 7; = 0, 6 = ¥/l, i € [0 : l], mocrynaer undbopmamust
0 HEKOTOpOM KojmmdecTBe N peanu3amuil mepBoit (Ha30BOi KOMITOHEH-
ThI, cirydaiinoro npornecca x(7;). Tpebyercs ykazaTh ajropurM JMHA-
MUYECKOrO BOCCTAHOBJIeHUs Heum3BecTHON dyHkumu u(t) 1Mo A0CTyIHON
nH(GOPMAIUY, [IPUYEM BEPOSITHOCTH CKOJIb YIOJHO MAJIOTO OTKJIOHEHUsI
npubIMZKEHUs OT UCKOMOI'O BXOJa B MeTpuke mpocrpancrsa Lo(T; R™)
JOJIKHA OBITh Om3Ka K 1 mpu JOCTATOIHO OOMBITOM N W CHEIHAIb-
HBIM 00pa30M corjiacoBaHHOM ¢ N Iare BpeMeHHOM JUCKPETU3aIu § =
O(N) =9/I(N).

AJiropuT™ pelneHusi KOHCTPYUPYETCs B PAMKAX TEOPUU JUHAMUYE-
ckoro obparienus [1, 2]. B cBsi3u ¢ HENoJHOTOH HHAMOPMAIMU, COTJIACHO
METO/UKe pelleHrsl 00paTHLIX 3aJad B TAKUX YCJIOBULAX [2], B MOeb
BBOAUTCHA OJIOK JUHAMIYECKON AIMPOKCUMAINN HEM3BECTHONW KOOD/INHA~
1ol y(t), KOTODBI UIPAET POJIb MOCTABIIUKA UH(MOPMAIMHA O TEKYIIEM
TOJTHOM (DA30BOM COCTOSIHMM CHUCTEMBI. DTa WHMOpPMAaIdsi OIepaTUBHO
repesaercst Ha OJIOK, (POPMUPYIOIIHIA 110 3aKOHY OOPaTHON CBS3U MO-
JIeJIbHOE YIIpaBJIeHUE, MPUOJINKAKOIIee peajibHoe Bo3Mylerne. HoBusHa
paboOTHI COCTOUT B ClienuprKe MOCTAHOBKY OOPATHOM 33 a4n JJTsT JTUHA-
MHUY€ECKOI CHCTEMbI CMENIAHHOIO THUIA, B KOTOPOIl BO3MYIIEHHUE, IOIJIe-
JKallee PEKOHCTPYKINU, CTECHEHO T'eOMETPUIECKUMU OTPAHUYIECHUSIMU U
HE BXOIUT B U3MePsieMyI0 KOMIIOHEHTY.

Caenys [3], 3amenum B 3amade BoccraHoByieHus junenHoe CIIY sn-
weitasim O/1Y. YpaBHeHHe, ONMUCHIBAIOIIEE TUHAMUKY MATEMATHIECKOTO
OXKWJTAHUS MIPOIECCA, UMEET CJICIYIOIMNI BUI;

dm(t) = (Am(t) + By(t) + fo(t))dt, m(0) = xo. (3)

Kpowme Toro, meobxoanma

Jlemma 1. C’mandapmﬂme OUEHKU mfv MAMEMATMUYECKUL 0AHCUOG-

rutd m(7;), nocmpoernvie no N peasudayuim caysatnos seauvwur x(7;)
no npasu.ay

1 N
N — .
mi = 5 ;xr(n),
0560’]16"'“1/60/}0771 BOINOAHEHUE OUEHKU
P(\ﬁ e0:UN)  |Im) —m(r)| < h(N)) —1- g(N),

npusem h(N), g(N) = 0 npu N — 00 u 86inucui8aomcs A6Ho.
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Taxum obpasoM, 3aja4a st ucxoauoit cucrems (1), (2) ¢ usmepe-
ausimu tpaektopuit CY Tpancdopmupyercs B 3ajady sl CHCTEMbI
OY (2), (3) ¢ HETOYHBIME JHUCKPETHBIME H3MEPEHUSMH KOMIIOHEHTHI
m.

ITorpebyeM BBINOJHEHUs YCIOBHsl, CTECHAIOIErO MPABYI0 9aCTh CH-
creM: moJiaraem, 94ro m < ng < mp U CymecTByOT uuciaa d; > 0 u
dy > 0 raxue, aro mepaseucTsa | By|ln, > di||y|ln, 7 [|Fuln, > dollu|lm
BBINOJIHSAIOTC 1pu BceXx ¥y € R™ u v € R™. B srom ciaygae crpount-
CsT BCIIOMOTaTEeIbHAS YIIPABJIsIEMAast CACTEMA-MOJIEb ¥ KOHETHOIIATOBDIIT
(I(N') OIHOTUIHBIX IATOB) KOHCTPYKTHBHBII aJI'OPUTM yIIPABJIEHUS €10
no npuHiuiy obparHoii cesizu [4]. OG03HAYNM BBIXOJ| AJITOPUTMA, Ue-
pes uV (), momIepKUBasA 3aBUCHMOCTH BCEX €r0 MapaMeTpoB OT HHC/IA
JIOCTYIIHBIX U3MepeHuto Tpaekropuil ypasuenus (1). Cdopmynupyem oc-
HOBHOM pPe3y/IbTAT PabOTHI.

Teopema 1. IIpu 6vinosrerut HEKOMOPHIT JONOAHUMENOHVIT YCAO-
6UTi CO2AACO6ANUA NAPAMEMPOE AA20PUMMA Ons €20 6vizoda u™ (+) ume-
€M MeCmo cAedYULLA OUEHKG KAYECTNEA GNNPOKCUMALUL:

P ([u () = u()l|Ly(rmmy < H(N)) = 1= G(N), (4)
2de H(N), G(N) — 0 npu N — 00 U 8unucui6aiomes A6Ho.

PafoTa npeIosKeHHOTO aJrOpUTMa ¥ XapaKTep CXOAUMOCTH B OICH-
Ke (4) IpOoUJLIIOCTPUPOBAHBI MOJIEJILHBIM [IPHMEPOM.
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A Dynamical Input Reconstruction Problem in a System
of Special Type under the Lack of Information

Valeriy L. Rozenberg

IMM UB RAS, Yekaterinburg, Russia, rozen@imm.uran.ru

Abstract: From the viewpoint of the approach of the theory of dynamic
inversion, an input reconstruction problem in a differential system of spe-
cial type is under investigation. The first equation of the system is a lin-
ear stochastic Ito equation, whereas the second is a linear ordinary equation
containing an unknown disturbance. The statement when the reconstruc-
tion is performed from the discrete information on several realizations of the
stochastic process being a solution of the first equation is considered. The
problem is reduced to an inverse problem for the system of ordinary differen-
tial equations, which includes, instead of the stochastic equation, the equation
describing the mathematical expectation of the desired process. A finite-step
software-oriented solving algorithm based on the method of auxiliary feed-
back controlled models is designed; an estimate for its convergence rate with
respect to the number of measurable realizations is obtained. An illustrating
example is given.

YIK 518.9

3agava nmepexBaTra B HEJIMHEMHBIX
andpepeHIMaIbHBIX UTpax

B.T. Camaros', V.B. Caiin66aes>

1 Hamanramckmit TOCY/IapCTBEHHBIN YHUBEPCUTET,
V3bekucran, samatovh7@inbox.ru
2 HamaHraHCKHIl [OCYIapCTBEHHbIH YHUBEPCHTET, Y36eKUCTaH,
soibboevulmas@yandex.ru

Annoranus: B macrosmeit paGore ucciemyercs 3aada ImepexBaTra, KOIa
UI'POKU JABHUXKYTCS B HEKOTOPOM CHJIOBOM TIOJIE C PA3JIMIHBIMHU HEJMHEHHBIMU
BO3/IEMCTBUSIMU HAa JUHAMUKY JBUKeHUs. [Ipu paccMoTpeHMH 3a/1a4u OCHOB-
HBIM MHCTPYMEHTOM SIBJISIETCSI METOJI HAPAJIEJIbHOTO COJIMKEHUs] MTPOKOB.
IIpeyioxkeHa KOHCTPYKIMSI ITIOCTPOEHUsI CTPATErMH I1apaJsljIeJIbHOTO COJIHKe-
Husl, T.e. [I-cTparerun [is npeciieioBarTeiss B HeJIMHERHBIX JuddepeHIuaib-
HBIX Urpax. s paccMaTpuBaeMoOro ciydas IOJIy4YeHbl HOBBIE JIOCTATOYHbIE
YCJIOBUS K Pa3peNINMOCTH 3aJla9u IIepexBaTa.

KuroueBbie cioBa: guddepeHipaibias urpa, 3ajada lepexBaTa, 3ajada
yberanusi, CTpaTerusi, IOMMKa, YKJIOHEHNsI, BpEMsI IIepexBaTa.
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BBenenue

IIycts B mpocTpamcTtBe R™ ympaBisieMblit 00beKT X, HA3bIBAEMBII TIpe-
cJIeIoBaTeNIeM, TOHUTCS 38 JIDYTUM O0OBEKTOM Y, Ha3bIBaeMblil yberaio-
M. OBO3HAYNM Uepe3 T MECTOIOJIOXKEHHE IIPECIe/IOBATEIIs, a depe3 Y
— Mecronosoxenue yberaromero B R™. JIpukennst 3TuX 00bEKTOB OIIH-
CBIBAIOTCSI B COOTBETCTBHUU C YPABHEHUSIMHU

:t:u"'f(tax)a (E(O):{E(), (1)
y=v+gt.y), y0)=uyo, (2)

e z,y,u,v € R", n > 2; xg, yo — HAYAJIbHBIE TOJIOKEHUSI OOBEKTOB,
MIPEIIoIAraeTcst Ty # ¥o; U, ¥ — BEKTOPBI YIIPABJIEHUsI UTPOKOB. [lpn
9TOM BPEMEHHOE M3MEHEHHE BeKTOpa U JOJKHO OKa3aThCsd M3MEPHUMOI
dynkimeit u(-) : [0,00) = R™, 115 KOTOPOro HAJIATAETCST ONPAHIYEHHE

lu(t)| < o, mouTHm ;s Beex t > 0. (3)

AmanornvHo, BpeMEHHOE W3MEHEHWE BEKTODPA ¥ JIOJKHO ObITh M3MEpH-
Moit pyuknueit v(-) : [0, 00) = R™, m1g KOTOPOro HajIAraAETCs OrPAHUYe-
HEE

lv(t)] < B mourm muas Becex ¢ > 0. 4)

B ypasrenusix (1) u (2) dyuxiun f(¢, ) u g(t,y) Moryr upeicras-
JISITb, COOTBETCTBEHHO, BHEIIHIE BO3/EHCTBYIONINE CHJIbI HA JIBUZKCHUS
urpokoB. OTMeTHM, 9TO KOTjIa OOBEKTHI JIBUXKYTCA B HEKOTOPOM KOM-
naxTe u3 R? ¢ 0IMHAKOBLIME BO3IEHCTBUSME Ha ABUzKeHns, auddeper-
ruasbHast urpa tuma (1)—(2) 6bura n3ydens! B paborax [6, 7| MeTomoM mo-
CTPOEHUSI ONTUMAJIBHBIX 00IacTeil MOCTHAKUMOCTH UIPOKOB. 1Ipu aToM,
B KadecTBe yIPaBJIEHUSI UI'PDOKOB BBIOMPAIOTCS KYCOUHO-HEIPEPBIBHBIE
dyuknuu. B macTogmeit paboTe mpyM MOMOIKM METOa MapasiIebHOTO
cOsmzKeHnst Urpokos [3, 4| ucciemyercs 6osiee 06K KIIACC HEJIMHEHHBIX
g epeHnuaIbHbIX TP Ipecae0BaHuss. Bo MHOIMX MOIE/IbHBIX 3313~
gax IIPeCsIe/IOBaHUsl KJIIOUEBYIO POJIb UI'PAET CTPATEIrHs I1apasliebHOrO
[IPEeCJIe/IOBAHUSI, IPH IIOMOIIM KOTOPOH IIepexBaT yOeraronero ocyecTs-
JIsieTcsl 3a HauMeHbInee Bpems. B [1, 2, 5] 1 Bo MHOruUX apyrux paforax
II-crparerns namia 3pGOeKTUBHOE TPUMEHEHNE K PEITEHNIO PSIIa 3818
g epeHnraIbHBIX UTP MPEC/IeTOBAHMSI.

IIpennoxkenue 1. ITycmo dynruuu f(t,x), g(t,y) onpedeaenv, 6
obnacmu D = Ry x R™, Ry = [0,00) u y0do8AEMEOPAIOM YCAOBUAM:
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1) f(t,x),g(t,y) HenpepvieHbL N0 T U Y, COOMBEMCMBEHHO, 0AH KAXHCO020
Purcuposannozo t; 2) f(t,x), g(t,y) usmepumos no t, das xastcdozo dur-
CUPOBAHHO20 T U Y, COOMBEMCMEEHHO; 3) 0Af KaxHCA020 KOMNAKMHOLO0
muooicecnea @ us D cywecmeyom A0KAADHO UHMEZDUPYEMBLE USME-
pumvie gynryuu mye(-) : Ry — Ry uwmg(-) : Ry — Ry maxue, wmo
|f(t,.2?)| < mf(t) u |g(tay)| < mg(t) npu (tvx)v (tvy) €Q.
IIpeagnoxkenue 2. Cyw,ecmeyiom AOKAABGHO UNMEZPUPYEMBLE US-
mepumvie pynryun k() : Ry — Ry u h(-) : Ry — R maxue, wmo

[f(t,x) — g(t,y)| < k(t)]z —yl+ h(?), ()
onn ecex x,y € R™.

Ilennio obbekTa X sBISETCS OCYIIECTBJIEHHE ITEPEXBATA, T.€. PABEH-

CTBa

z(t) = y(1), (6)
rae x(t), y(t) — TpaekTopuu, HOpOXKIaeMble B IpOIecce Urpbl. Yoera-
foruit Y CTpeMHuTCS yKIOHUTHCS OT BCTPEUH, & €CIH 9TO HeBO3MOXKHO,
TO KaK MOXKHO JIOJIBINE OTOABUHYTH MOMeHT Berpeun (6). Pasymeercs,
TaKas TOCTAHOBKA 33N ABJSETC ITPEIBAPUTEIHHBIM.

1. OcHoBHOII pe3yJabTaT

Ounpenenenne 1. Ecau a > |w|, moeda dynryuio
w(w) = w—ANw)éo, Mw) = (w,&) + v (w,&)% +a? — w2, (7)

nasosem  Il-cmpamezuett  npecaedosamens 6 uepe (1)—(5), ede
w=v+g(ty) — f(t,z), &= 20/l20l, 20 =20 — yo.

IIpennoxxenne 3. Ilycmo
a) CYWECBYEm NOAOHCUMENLHBIT KOPEHD YPABHEHUS

U(t) =0 (8)

t s

ommnocumenvno t, 2de U (t) = |20| — [exp <— J k'(T)dT) (a—pB—h(s))ds;
0 0

b) evnoaneno ycaosue

a> B+ k(t)®(t) + h(t),

npu t € [0,T], ede T = min{t : U(t) =0} u &(t) = V(t) expftk(s)ds,
0
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Teopema 1. Ilycmov svnoanens, npednoaoscenus 1-3. Tozda npu
nomouwgu II-cmpameeuu (7) npecaedosamenv X ocywecmeasem nepe-
xeam 6 npomeotcymrxe epemenu [0,T] 6 uepe (1)—(5), ede T — nepewiii
nososrcumenvroll xopens ypasherus (8).

CiaencrBue 1. Pacemampusaemces duddepenyuasonass uepa:
i=u+Ar, x(0)=z0, y=v+Ay, y(0)=uyo, 9)

2de x,y € R™, n > 2, |u| < a, Jv] < B; A — nocmoannas keadpammas
mampuya pasmeprocmu n X n. Tozda npednosostcenue 3 umeem 6uo:
a) |z0] — (@ —B)[1 —exp(—|AJt)] = 0 ecau |A] # 0, usau |zo] — (a—pB)t =0,
ecau orce |Al = 0; b) o > B+ |Al|z0].

VYrBepxkaenue 1. Ecau o > B+ |Al|zo], mo npu nomowu II-cmpa-
meauu (7) npecaedosamens X 0Cywecmesiem nepersam 6 npomMeHcym-
1 a—pf
ke epemenu [0,T4] 6 uepe (9), 2de Ta = —In———— ecau
Al a— B — |A]|z]
|20

a—f’

Pabora BeimosiHena npu dunHaHcoBOi monaep:xkke Ponma rpaHToB dyHIaAMEH-
TaJIbHBIX uccienoBanuii HanponansHoro yausepcurera Y3sbekucrana (npoekrt Ne d4-
33HU).

|A| # 0, usau Ty = ecau |A| = 0.
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The Intercept Problem for Nonlinear Differential Games

B.T. Samatov', U.B. Soyibbayev?

1 Namangan State University, Uzbekistan, samatov57@inbox.ru,
2 Namangan State University, Uzbekistan, soibboevulmas@yandex.ru

Abstract: In this article is considered the Intercept Problem, when objects
move in dynamic flow field with different influence. We here apply method of
the parallel approach, i.e. the II-strategy for pursuer in nonlinear differential
games. The new sufficient solvability conditions are obtained for problem of
the intercept.
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O ﬂHHaMquCKOﬁ 3aJlavde yaep2KaHusd C
HEepa3JI02KNMBbIM MHO2KeCTBOM IIOMeX

J.A. CepkoB

MM VpO PAH, Exarepunbypr, Poccus, serkov@imm.uran.ru

AnHoTauus: [Iins abcTpakTHOM AMHAMUYIECKON CUCTEMBI PACCMOTDEHA, 3a/1a~
Ya yIeprKaHus JBUXKEHUI B 3aJaHHOM IIOJIMHOYKECTBE IIPOCTPAHCTBA UCTOPHIL
nBrrkeHus. V3ydaercs ciaydail Hepa3joKHMOTO MHOXKeCTBa momex. IIpemito-
JKE€HA KOHCTPYKIMS Pa3peIIaioneil KBasuCTPATErny, ONUPAIOIIAsICa Ha METOZ,
IPOrPaMMHBIX UTEPAIIHIA.

KiroueBsie cioBa: 3aa4va yaepxKaHusl, HEpa3J/IO2KUMO€ MHOXKECTBO IIOMeEX,
KBa3ucTpaTerud.

BBenenune

Paccmorpena 3ajaua yiaep:KkaHus JIBUKEHHIT aOCTPAKTHON JUHAMIYE-
CKOI CUCTEMBI B 33/ITAaHHOM MHOXKECTBE — IIPOCTO CjIydail TO3UIMOHHOM
muddepennuanbaoil urpsl [1]. Pemenne 3a7a4qm uinercst BO MHOXKECTBE
kBaszuctpareruii. HOBbIM B IOCTAHOBKE ABJISETCS OTKA3 OT CBOMCTBA pa3-
JIOXKUMOCTH [5] MHOXKecTBa oMex. B 3azagyax ynpasiieHus 310 CBOHCTBO
ompejesaeTcsa KaK BO3MOXKHOCTb «CKJIEHKH» JBYX JOIIyCTHUMBIX IIOMEX
B JI00OOI MOMeHT BpemeHu. IIpumep OTCyTCTBHUSI Pa3jOKUMOCTH MHO-
JKECTBA IIOMEX JlaeT CJIydall HelpephIBHBIX (IIOCTOSIHHBIX) MOMeX. B Ka-
4ecTBe OCHOBBI IIPEJJIaraeMor'o pellleHnsd UCI0JIb30BaH HelIPAMOIl MeTOos,
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nporpaMMHBIX urTepanuii [3]. OrcyTcrBre TOHONOrnYecKux TpeGoBaHMUiA
KOMIIEHCUPYETCsl YBeJIMIeHNeM KOJIMIecTBa urepalmii [2].

1. IlocTranoBka 3amga4yun

OGosuavenus. Yepes P(T') (uepes P'(T)) obosnaumm Bee (Bce HeIry-
crble) nopMHoKecTBa MEOKecTBa 1. Ecim A m B — HemycTble MHOKe-
crBa, T0 BA ecTh MHOXKECTBO BCex OTOOpaskeHmil m3 MHOXkKecTBa A B
muokecTBo B. Ecm npu stom f € BA u C € P(A), 1o (f|C) € B¢
ecth cyxkenne f na muoxectso C: (f |C)(z) = f(z) Vo € C. B ciyuae,
korma F € P'(BA), nonaraem (F|C) 2 {(f|C): f € F}.

Jdunnamudeckast cucrema. QukcupyeMm HEMyCcTOe MTOAMHOXKECTBO 1
BENIECTBEHHOM npsiMoii R B KavuecTBe aHAJOra BPEMEHHOI'O MHTEPBAJIA
U HEIyCTOe MHOXKeCTBO X, 3ajaiomiee 00JIaCTh U3MEHEHUS IIPOCTPAH-
CTBeHHBIX mepeMenHbrx. Ecmm ¢t € I, to It & {¢ € T | € < t} n
I; £ {¢ € 1| ¢ > t}. Boiensiem muokectso C € P'(X!) B kauecrse ana-
sora, TpaekTopuit. OuKcupyeM HemycThle MHOKecTBa Y u ) € P/(YT)
— gomycTuMble peasmsanun moMexu. Ilomaraem D = I x C x Q —
$da30B0€e IPOCTPAHCTBO CHCTEMBbI, MOHUMAEMOE KAK IPOCTPAHCTBO CO-
crostHuil yrnpasjsiemoro mporecca. s sirobwix ¢ € I, x € C obozHaunmM
Zo(z|T) = {2’ € C| (2'|T') = (x| T')}.

Qukcupyem (B KadecTBe aHAJOrA «CHUCTEMbBI») OTOOparKeHue
8 : D+ P'(C) takoe, uro Vi € I, Vr € I Vz, 2’ € C n Vw,w’ € Q

S(t,r,w) € P (Zo(x | T)), (1)
((.13 | It) = (J,‘/ | It)) = (S(tvwi) = S(tvxlvw))v (2)
(h€8(t,z,w)) = (h € 8(1, h,w)), (3)

((S(t,2,0)117) = (S(t,2,0)| T")
&(h € 8(t,z,w))&(h' € 8(r, h,w’))) (4)
= (b € 8(t,x,w")).

Eciu (t,z,w) € D, 10 8(t,T,w) €CcTb MHOXKECTBO BCEX TPAGKTOPHIl «CHU-
crembl» (1)—(4), orBeyaomUX HAYAJILHONW MCTOPUM & O MOMEHTa i U
JIEHCTBUIO TIOMEXH W HOCIe MOMEHTA t.
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DukcupyeM HavdasbHYIO ucTopuio (to,zo) € I x C. Bcee nasnbheitinme
[IOCTPOEHUS TPOBOAATCS C IeJIbI0 (DOPMYJIUPOBKE W PEIIeHUs 3aa9n
yJepKaHns I 9TON HadaJbHON mcropuu. Boimesnm B D MHOKECTBO
SP (1y,20) BCEX COCTOSIHMUIA yIIPABJISIEMOr0O TIPOIECCa, BO3HUKIIUX B CUCTE-
Me U3 HAuaJbHOW mcropuu (tg,To) IPU PeaU3ali BCEX BO3MOXKHBIX
nomex: SPy, .o = {(t,z,w) € D | t € I, (z|1*) € (S(to,z0,w)[T*)}.
Hna xaxporo (t,x,w) € SP, ) OIPEIeNM MHOMKECTBO JIOIMyCTUMBIX
(coBmectmmpix) momex: Q(t,z,w) 2 {w' € Q | (8(to,zo,w)|TY) =
(8(to, wo,w’) | T*) }. Torma Q(to, xo,w) = Q st Beex w € Q.

IIpouenypsl ynpabjeHMs W 3ajada yJeprKaHusd. YIpaBJs-
fomas CTOpoHa A (GOPMHPOBAHUA ITydKa TPACKTOPHH HCIIONb3YeT
HeITyCTO3HAYHbIe Heympexkaionme Mynbrucdynkmmm us P(C)%. Urak,
s (t,x,w) € SP g, 4y onpenenum MHOKeCTBO My 4 ) JOMyCTHMbIX
IPOLIEAYP YIPABJICHAsS — KBA3UCTPATETUiL:

Mt .0) 2 {a e I Ptz | Vwr,we € Qt,z,w) vr el
w’€Q(t,x,w)

((S(to,xo,wlﬂr) = (S(to, z0, ws) |r))
= ((a(w1)|IT) = (Oé(bdg) |IT)>}

ITycrs MuoxkecTBo D € P'(Ix C), onmcpiBaiomiee 3aJaHHbIe Pa30BbIe
orpaHuveHus, yJA0BJIeTBOpseT yciaoBuaM: (to,zo) € D, (t,2) € D) =
({t} x Zo(z|I") C D). Onpenenum Ha ero 0cHOBe MHOXKECTBO N BHIA
NEDxQ)nN SP (1y,2o) U TOCTABUM IEJIBIO yIPABJICHUS YyJIePIKAHUE
cocTostHUl crcrteMbl BO MHOXKecTBe N. MbI OyieM cuuTaTh ee JTOCTHKU-
MO#i JIJIsSl HAYAJBHOTO COCTOSIHUS (, T, w), €CJH JJIs HEKOTOPO# KBa3u-
crparermn « € M ;) BemosHensl Brmodenus (7,h,v) € N, V7 € I,
Vh € a(v), Yv € Q(t, z,w).

st HavanbHoil nosunuu (tg, o) 9TO IKBUBAJIEHTHO YIEPKAHUIO Te-
KYIUX MO3UNUA cucTeMbl B mpeiesiax D mpu JIoObIX peajn3arusax 1mo-
mexu v € ().
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2. KBasucTparerum, paspeniaoniue 3371a4y yAep>KaHUsI

OnepaTop NporpaMMHOrO IMOIJIONIeHUs U ero urTepauuu. 1lycTob
H € P(SP 1) 5)), (t,2,w) € SP(y, 50y u v € Q(t, x,w). OGo3nat MM

| (t,z,w), H) 2 {h € 8(t,z,v) | (r,h,v) € H VT € I;}. (5)

B repmunax (5) BBemem omeparop A € T(SP(tmxo))T(SP(to’wo)) (1tpo-
IPaMMHOTO morJomenus ): jis moboro H € P(SP, 4.)

AH) 2 {(t,z,w) € H|U(v|(t,z,w),H) # 2 Yv € Qt,z,w)}.

st TpOU3BOJIBHOIO OPJIMHAJIA (v, CJAEIysl METOLY TPAaHC(PUHUTHOM
uaaykoun [4, . 1.3], BBeem a-urepanuio A% € fP(SP(tO’IO))T(SP(tO:wo))
oneparopa A: npu a = 0 nonoxum A°(H) £ H, VH € P(SP1y,20));
eCaM ( UMeeT IIpPeJIeCTBEHHHKa (IyCTb 9TO OpJAMHAJ 7y), UpHU-

A
Mem AY = AoA”; mid OpemeabHOrO OpAMHAJNA (v, ITOJOXKHM

A%(H) 2 Ng<a AP(H), VH € P(SP (1, 1,))-

O6paTI/IMCH K Bonpocy (0] pa3peLHI/IMOCTI/I B BbI6paHHOM KJIacCe KBa3Uu-
crpareruii 3aja4n yjaepKanusi. IlycTs opnHa ¢ cTporo 6oJIbIne MOII-
HOCTHU MHOXKEeCTBa N TOI‘,ZLa CHpaBe,HJII/IBbI cnegy}omne yTBep)K,ZLeHI/IH.

VYrBepxkaenue 1. Jaa mobol (t,x,w) € A°(N) ewnoansemes
sxarouenue (- | (¢, z,w), A7(N)) € M p,0)-

Teopema 1. Buinoasmaemcsa paseHcmeo

A°(N) ={(t,z,w) e N | Ja € My 5 ) :
(1,h,v) e NVT €I, Vh € a(v) Vv € Q(t, z,w)}.

B cuiy Teopembl 1 mcXonHas 3aada yAep:KaHUs pa3peliuMa, eclid U
ToJbKO ecan (to, o, wp) € A (N) st HeKoTOporo wy € §2; npu 5TOM
(cM. yrBepxkienue 1), B ciIydae ee pa3pellIMOCTH KBA3UCTDATErHsI
II(- | (to, zo,wo), A% (N)) peasnusyer 310 pemienue.
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On a Dynamic Retention Problem with an Indecomposable
Set of Disturbances

Dmitriy A. Serkov

IMM UB RAS, Ekaterinburg, Russia, serkov@imm.uran.ru

Abstract: For an abstract dynamic system, the retention problem for a
given subset of the motion histories space is considered. The case of an
indecomposable set of disturbances is studied. A construction of a resolving
quasi-strategy based on the method of programmed iterations is proposed.
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PexyppeHTHOe nojsmyipajibHOe OlleHUBaHUE B 3a/ave
aJanTUBHOTO OITUMAJIBHOTO POOACTHOTO CJIEYKEHUS

B.®. CokoJioB

®Dusuko-maremarndeckuit nuucrurytT Komu HIT ¥YpO PAH, CeixreiBkap, Poccus,
sokolov@ipm.komisc.ru

AnHoTauus: PaccmarpuBaercs: 3a1a4a aJallTUBHOIO ONITUMAJIBHOTO pobacT-
HOT'O CJIE’KEHUs JJIsi JUCKPETHOIO MUHHMAJIBHO-(PA30BOro OObEKTa C Oorpa-
HUYEHHBIM BHEIIHUM BO3MYIIEHHEM U HEOIPEIEJIEHHOCTHIO B KAHAJE BBIXO-
na. ITapameTrpbsl HOMUHAJIBHON MOJIE/N M BEPXHUE I'DAHUIBI BO3MYIIEHUS U
HEOIIPEJIEJIEHHOCTH IIPEJIIIOJIAralOTCsl HEU3BECTHBIMU. ACUMIITOTUYECKH CyO-
OITHMAJIbHOE CJIE?KEHUE JIOCTUIAeTCs C IIOMOINBIO DPEKYPPEHTHOIO IIOJIHI/I-
PaJIbHOTO OIEHUBAHUSI HEU3BECTHBIX I1aPAMETPOB.

KuroueBble cj10Ba: aIallTUBHOE yIIPABJIEHNE, OITUMAJILHOE YIIPABJIEHUE, PO-
06acTHOe yIpaBJjieHue, OrPAHNYEHHOE BO3MYIIIEHUE, CUCTEMBI C HEOIIPEIEJIEHHO-
CTBIO, MHOYKECTBEHHOE OI[€HUBAaHUE.
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BBenenue

3ajiaun CHHTE3a aCUMIITOTHYIECKH OIITHMAJILHOTO aTAIITHBHOTO YIIPABJIe-
HUSI CUCTEMAMU C OTPAHUYCHHBIMU BO3MYIIEHUSIMHU HE MOTYT OBITH pe-
IIEHBI ¢ TTOMOIIBIO TPAJUIMOHHBIX I'DAJUEHTHBIX aJrOPUTMOB OIlEHUBa-
HUsI WM MEeTOa HAMMEHBIIUX KBaJIPATOB B CHUJLY HEWIEHTUPUIIPYeE-
MOCTH HEU3BECTHBIX [TaPAMETPOB CHCTEMBI U TPEOYIOT IIPUMEHEHUs aJj-
TOPUTMOB MHOXKECTBEHHOI'O OIICHHMBAHU:A B IIPOCTPAHCTBE HEU3BECTHBIX
napamerpoB [2]. MHOXKecTBEHHOE OlEHUBAHUE IMUPOKO HCIIOJIb30BAJIOCH
eKaTepuHOYPIrCKOl MaTeMaTUIeCKON IIKOJION i OIeHMBAHUS COCTOSI-
HUIl CUCTEM C OTPAHUYEHHBIMH BO3MYIIIEHUSMU B 33/a9aX OITUMAJIBLHOTO
yIpaBJIeHUs Ha KOHEYHBIX MHTepBaJax sBpement [1|. B macrosimeii pabo-
Te paboTe PACCMATPUBAETCS 331249 CJIEYKEHUS JJIsi CUCTEMbI C HEU3BECT-
HBIMHU IIapaMeTpaMi, HEU3BECTHON BepXHeEll IpaHuleil BHEITHErO0 BO3MY-
[IEHUsT U HEM3BECTHBIM KO3(M(DUIMEHTOM YCUJIEHUs HeOIpeleIeHHOCTH
B KaHaJje Bbixoja. Crenuduka 3a1a4dn 3aK/IF0IAETCS B TOM, 9TO IOKa-
3aTesib KA4eCcTBa B BHUJe HAUXY/IIEH B KJlacce BO3MYIIIEHUN YCTAHOBUB-
meicss ommuOKN CJIEXKEHUS SABJISIETCS JPOOHO-PAIMOHAILHON (hyHKITHEH
BEPXHUX I'DAHUIl BO3MYIIECHUA U HEOIPEIeJIeHHOCTH, YTO II03BOJISeT UC-
OJIb30BaTh JJIsI CUHTE3a aJAIllTHUBHOIO OIITHUMAJIBHOI'O YIIPaBJIEHUS pe-
KYPPEHTHBIE IIOJIN3IPaJIbHbIE OIEHKH 33/ JaHHOI CJI02KHOCTH.

1. 3amaya aganTUBHOTO ONTUMAJbLHOIO POGACTHOIO CJIeXKe-
HUSA

O6'I)€KT YIIpaBJI€eHUsI OIIUCBhIBAETCsA MOJIC/IBIO C JUCKPETHBIM BPEMEHEM
~1 1
a‘(q )yt+1 = b(q )Ut+1)t+1, t= 071a27"'7 (1)

riue Y, U, vy € R — BBIXOJ 0OBEKTa, yIPABICHHE U CyMMAapPHOE BO3MY-
IeHre B MOMEHT BpeMeHH t, ¢~ — omeparop capura Hazaj u a()\) =
L4+ aiXA+ ...+ apA", b(A\) = by + boX + ... + b, \™ L. HemssecTnbrit
BekTop KoadummenTos Mogenu & = (a1, ..., an,b1,...,by)T npuHaz-
JICKAT U3BECTHOMY OTPAHMYEHHOMY MHOTOI'DAHHHUKY =,

EeE2={(|PE>p} R, PeRXMm),

b1 # 0 jyist sroGoro € € E, 1 KOpHU nosmHOMa b(\) JexKar BHE 3aMKHY-
roro egunuyaHoro kpyra {z € C | |z| < 1}.
CyMMapHOe BO3MYIIEHHE U YJIOBIETBOPSET HEPABEHCTBY

[ve] < 0w +0ype, pi= ,nax lys|] VteN,
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rjae 0, > 0 — Hem3sBeCTHAsI BEPXHsIsI TPAHUIA GHEWHE20 BO3MYULEHUA
u 0, > 0 — HeusBeCTHBI KOIDDUIMEHT yCUTIEHUT HeonpedeaeHHocmu
6 Kanaae 6viroda ¢ M3BECTHON BepxHeil rpaHuriei Sy; 0y < Sy < 1.
ITaMsTh (4 B OIIMCAHUU HEOIPEIEJEHHOCTH MOXKET OBbITh BBIOpAHA CKOJIb
YTOJHO OOJIBINON, HO HEe GECKOHEUHOI, 6e3 yiiepba Jjisi rapaHTUPYEMOTO
KadyecTBa yupasienus. OrpaHunYeHHOCTh NaMATH BO3MYIIEHUH obecredn-
BaeT HE3aBUCHMOCTD ACHMIITOTHYIECKOTO KAIECTBA 3aMKHYTON CHCTEMBI
YIPABJIEHUS OT HAYAJbHBIX JAHHBIX.

Iycre y* = (y1,¥3, - ..) — OrPAHUYEHHBIN 3a/IAI0MIUIl CUTHAJ 33891
CJIEXKEHUST W TIOKA3aTeJIeM KadeCTBa yIPABJICHUS SBJISETCS HAUXYIIIASA
[0 BCEM JIOIYCTUMBIM BO3MYIIEHHUAM U ACUMITOTHYECKAs OIIUOKA CJie-
JKEHUSI:

JH0,y*) :=sup limsup |y: —y;|, 6:= (€7,d,,00)".
v t——+oo

st Moiesn ¢ M3BECTHBIM BEKTOPOM KO PUITHEHTOB & U JTIOObBIMUA Ha-
YAJILHBIMUA 3HAYEHUSMA Y0, - - -, Y—pnt1, UQs - -« y b—m41 PETYISITOD

b(g " ue = (alg™") = D1 + i (2)

obecreanBaeT PABEHCTBO Vi1 — Yi = Vpq1 U, CICIOBATEILHO, SIBJISETCS
ONMUMAALHBLM JJIS TIOKa3aTesst Kadectsa JH (6, y*).
U3 Teopem 6 u 8 [3| crenyer

Teopema 1. Jas modeau (1), samxnymoti peeyasmopom (2),

_ ow + 51/”?4*”38
1-14,

u seprrAas epanuya J (60, y*) asasemes mounol npu p——+00, ecau 3Haue-
nua |y;| pasromepro wacmo nonadarom 6 oxpecmuocmu mowku ||y ||ss-

JHO,y*) < J0,y%)

sy [lss :=limsup |y;],
t——+oo

Samaya. [lycrb B KaxKaplit MOMEHT ¢ M3BECTHBI Y3y | M BEPXHHAS OIleH-

Ka ||y*||ss = |ly*||ss - Tpebyercst mocTpouTh OGPATHYO CBSI3b JIJIs MOJIEIH
(1), rapaHTHPYIOILYIO ¢ 3aJaHHON TOYHOCTHIO HEPABEHCTBO

"
limsup [y, — 7] < J(0,y") o= 2ot os
t—s+00 1—4d,

Cr0KHOCTH CHOPMYINPOBAHHON 381840 adanmueH020 ONMUMAND-
H020 CAEHCEHUSA 3AKIIOYAETCS B HEUICHTH(DUIMPYEMOCTH BEKTOPa KO-
3dIuImeHToB £ B yCJIOBUIX ONMUCAHHON alproOpHOH nHMOpMAIMH 1, KaK
CJIeJICTBUE, HEBO3MOXKHOCTH BOCIIOJIB30BATHCS OIMTUMAJIBHBIM PEryJIsiTo-
poM (2) upu Hem3BECTHOM BEKTOPEe KObOUIMEHTOB &.
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2. ApanTuBHOe cyOOIITMMAaJIbHOE CJIEXKEHUE Ha OCHOBE IO-
JIU3OPATIHHOTO OLIEHWBAHUSA 33JaHHOM CJIOXKHOCTU

Pemenne mocrapaeHHON 3a0a9u 6a3UPyeTCa HA MHOXKECTBEHHOM OIICHH-
BaHUM BEKTOPA BCEX HEM3BECTHBIX MApaMeTPOB 0 M UCIOIB30BAHNAU IO-
Kazare/isa KadecTsa J (0, y*) B KauecTBe UICHTU(DUKAIMOHHOTO KPUTEPUS
JUIsE BEIOOpA TEKYIUX ONTHMAJbHBIX OIEHOK 0 HEM3BECTHOIO BEKTOPA
6 |2]. Hekoropas ouenka 6= (éT, 3y, &U)T COOTBETCTBYET B MOMEHT ¢+ 1
ypasHeHnio Mojenn (1) m anpuopHOil HHOOPMAIINT €CJIT U TOJIBKO €CJIN

la(g ™ )yre1 — blg™ ue| < b + Sypia, (3)

IJle TOJIMHOMBI G 1 b COOTBETCTBYIOT BEKTOPY KO3 PUITHEHTOB f . Hepa-
BeHCTBO (3) mpezcraBiger coOOil Hapy JMHEHHBIX HEPABEHCTB OTHOCH-
TesbHO 0, He GoJlee OIHOIO M3 KOTOPBIX MOXKET HapymaTbes. 1losmss-
paJIbHOI orneHKo# ©; BeKTOpa § CIy:KuUT cucreMa u3 (DUKCHPOBAHHOIO
quciaa N > dimf = n + m + 2 paHee HAPYMIABIINXCS WM AllPUOPHBIX
nepaseHcTB. Onenkun O, u 0; 0OHOBJISIOTCT B MOMEHT t + 1 TOJIBKO ec-
JIH PACCTOSIHUE OT TeKyIel olmeHKn 6 = 0, 10 TPAHHIBI HADYIIAEMOTO
HepaBeHCTBa OoJIbIe 3apaHee BbIOpaHHOrO uncia € > 0. OOHOBJIEHHAS
BEKTOpHAsI OIEHKa B MOMEHT t + 1 ompenesnsercst (popMyaoit

Oi41:= argmin  J(0,y"),
0€0NONN 41

rae O :={ 0 ‘ fe=,0< 8y <8y, 0w >0} — cucrema anpUOPHBIX
orpaHuyeHuit, {211 0603HAUAET MHOXKECTBO OIEHOK, Y/IOBJIETBOPSIONIINX
HADYIIEHHOMY /st 0, HEepaBeHCTBY H 0; 41 — BEpIIMHA [OJIUIIPA, HA KO-
TOPOM MUHMMH3HPYETCs IOKa3aTe b kadectsa J. Onenka ©y11 momyda-
eTcs 3aMEHOH JII0BOro CTPOro BBHIIOJIHAEMOTO HEPABEHCTBA U3 CHCTEMBI
O HOBBIM HapyIaeMbIM HepaBeHCTBOM. ChOPMYJIMPOBAHHBIN AJATOPHTM
rapaHTHPYeT B CJIydae CXOJMMOCTHU 32 KOHEUHOe BPEMsI PEIlleHUe [OCTaB-
JIEHHOH OITHMAJIbHOI 382491 ¢ TOYHOCThIO nopsiika O(e) (€ — 0).

Db berTUBHOCTD OMICAHHOTO MOIUIIPAIBHOIO AITOPUTMA, U IIEJIECO-
00pa3HOCTD UCIOJIB30BAHUSA OIIEHOK METO/a HAMMEHBIINX KBAJAPATOB HA
HAYAJIBHOM OTDE3Ke BPEMEHM JUIsl YJIYUIIEeHHs [ePEXOHBIX IIPOIECCOB
WLTFOCTPUPYIOTCST PE3YJIbTATAMU IUCJIEHHOTO MOJEINPOBAHMSL.

Pa6ora BbinosiHeHa mpu puHAHCOBOU mozjepKKe lIporpamMbl dyHIaMeHTATb-

HeIX uccienosannii YpO PAH, npoekt Ne 18-1-1-7.
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Recurrent Polyhedral Estimation in Problem of Adaptive
Optimal Robust Tracking

V.F. Sokolov

Komi Science Center, Syktyvkar, Russia, sokolov@ipm.komisc.ru

Abstract: This paper addresses a problem of adaptive optimal robust track-
ing for discrete-time minimum-phase system under bounded disturbance and
output uncertainty. Parameters of nominal model and upper bounds of the
disturbance and uncertainty are unknown to controller designer. Suboptimal
worst-case steady-state tracking is achieved with the use of given complexity
polyhedral estimation of the unknown parameters and upper bounds.

VIK 517.938: 519.642

BoccratnoBiienne BXOIHBIX CUTHAJIOB JJIsI OJTHOTO
KJIacca JUHAMUYECKAX CHUCTEM C ITOMOMIbIO
MOJIMHOMUAJIbHBIX ypaBHeHuii BosibTeppa 1 poaa

C.B. Couoayma

WMucruryTt cucrem suepreruku um. JI.A. MenentoeBa CO PAH, Upkyrck,
solodusha@isem.irk.ru

AnsoTanus: Paccmorpena 3aa4ya npubInzKEHHOTO PEIIeHUs OJHOTO KJIacca
IOJIMHOMHUAJIBHBIX ypaBHeHuil Bosbreppa 1 poma, Bo3HuKaomero npu uueH-
TU(UKAIMY BXOJHBIX CUTHAJIOB B HEJIMHEWHOW JUHAMUYECKON CHCTEeMEe THIIa
“Bxoa-BbIXO . 3ajada pelleHa ¢ UCIoJib3oBanueM Meroja Hriorona — Kanro-
poBuYa. B kauecTBe Ha4YaIBHOrO NMPUOJIMXKEHNST BRIOPAHO YNCJIEHHOE PEeIlleHre
COOTBETCTBYIOILIETO JIMHEHHOIO MHTErPaJIbHOrO ypaBHeHusi Bosbreppa I po-
na. B KauecTBe NMPUJIOKEHUS] PACCMOTPEHA MOJIEJb 3JIEMEHTA TEIJIOOOMEHHOM
YCTaHOBKU.
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KuroueBble cjioBa: HeJMHENHAsT JUHAMUYECKAsi CUCTEMA, [TOJIMHOMBI Bosib-
Teppa, UAeHTHMUKAIMS BXOJHBIX CUT'HAJIOB, MeTo HpioTona-KanToposuya.

BBenenue

W nentudukanus BXOAHBIX CUTHAJIOB B JIMHAMUYIECKUX CHCTEMaX — OJTHO
U3 WHTEHCUBHO Pa3BUBAIONINXCS HAYYHBIX HAIIPABJIEHUN, UMEIOIIee pas3-
JIm4Hble IpakTudeckue npusoxkenus [1]. Jannas pabora nocssimeHa pe-
IIEHUIO [TPOOJIEMBI YHCJICHHON MIeHTU(MUKAINN BXOIHBIX CUI'HAJIOB, Ha-
XOJSAMIEHCs Ha CTBIKE TEOPUU MATEMATUIECKOIO MOJEJINPOBAHUSI, TEOPUN
aBTOMATUYIECKOrO YIIPABJIEHUSI, TEOPUU OOPATHBIX 33829 U [IPUIOKEHUI
WHTErpaJbHBIX ypaBHuenuit Boiabreppa I poma nmpu momennpoBannu 06b-
€KTOB TeIlJIOIHEPTEeTUKU.

PaccmarpuBaercst HEKOTODBIN KJIACC HOJTMHOMHUAJIBHBIX HHTEIDAJIb-
HBbIX ypaBHeHuit Bosibreppa I posa npu MosieiupoBanny HeJinHEITHOMN 11~
Hamuku Ha 6ase nojmHOMOB Bosbreppa ¢ Bxogom o (t) = (w1 (t), z2(t))T:

N ¢ ¢ m
Z Z //K“z(t, sl,...,sm)Hxij(sj)dsj =y(t),
0 7=l

m=11<i1<...<im <27
(1)

N = 2,3, t € [0, T], cea3anublii ¢ 3aja4eil BOCCTAHOBJIEHUs YIPABIIs-
OIIEro BXOJHOTO curHasa u(t) = x1(t), COOTBETCTBYIONIErO N3BECTHBIM
siupaM K, Bo3MyIIamoemMy BXogHoMy Bo3zeiicTeuio ((t) = x2(t) u 3a-
npaunaomy Boeixoxy y(t). B (1) sapa Bosbreppa HEIpepbIBHBI IO COBOKYII-
HOCTH IIEPEMEHHBIX ¥ HEIPEPBIBHO muddepenupyeMbl 1o ¢, KpoMe TOro,
K, ...i, CUMMETPHUYHBI 11O IE€PEMEHHBIM S;,, ..., S;, , UHIEKCHI KOTOPBIX
copnagator; Ki(t,t) # 0; y(0) = 0, y'(t) € Cloq). [Ipunnumumansroe
OTJINYHME MOJMHOMHAILHOTO ypasHenus (1) or smmeitnoro cayvas (mpu
N = 1) cocrout B joKajbHOCTH T™* — 06JIACTH CYIIECTBOBAHMSI (€JIUH-
CTBEHHOI'0) HEIIPEPLIBHOIO perienus [2].

OO0 OCHOBHBIX pe3yJIbTaTaxX

Uccnenyem cneruduky [ncierHoro pemenust (1) npu N = 2 ¢ nomo-
mpio Metona Herorona — Kanroposuua [3], mosarasi JONOJHUTENBHO K
CJIeJIAHHBIM TIPEJIITOJIOZKEHHSIM, ITO Aapo K11 mMeeT BUJ

Ki1(t,51,52) = @(t,s1)0(t, s2), @(t,s) € Ca,
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e A={t,s:0<s<t<T} T<T* Torma mecro (1) nmeem

Pu) = f(u®)) —y(t) =0, (2)
Flu(t)) = L(u(t) + I3 (u(t) + p(t),  I2(u(t)) =/<P(ﬁ,8)U(S)dS7

I (u(t)) = /(Kwsl /Kut%@X@ﬁwymn@h

t t

= Kg(t 81 51 d51 + KQQ t, 51,82)C(81)C(52)d$1d$2
w0 o | |

0

Urepanuonustii npouecc pemterus (2) merogom Heiorona — Kanroposu-
9a UMeeT BUJ,

U = U1 = [P (1)) (Plum-1)), m=12.., (3

[P’ (wm—1)] (w) = L(u) + 212(tn—1)I2(u).

C yuerom (3) mociie10BaTe/IbHOCTD IPUOJIMKEHHBIX PENICHUI Uy, (t) Ha-
XOJNTCS U3 PeIleHds JHHEeHHOro ypaBHeHUs

Iyt (1)) + 202 (-1 (D)) L2 (i (8)) = I3 (um-1(t)) + (1) — p(t).  (4)

B kavecTBe HauaJbHOrO NpubmKeHus ug(t) B (4) BbIOEpEM UYHCIEHHOE
pellleHne ypaBHEeHUsT

I (uo(t)) = y(t) — p(t). ()

Anropurmbl gucstenHoro pernerus (4), (5) ocHOBaHBI Ha IPHMEHEHHN
METO/IOB IIPABBIX (CPEIHNX) IPSAMOYTOIBHIKOB, 00/IaIAI0NIIX CBOHCTBOM
camoperyisgpusanuu. B dacrroctr, annpokcuMmarms u*(t;) B i-M y3ie
cerku t; = ih, t; = jh, i = 1I,n, j = 1,4, nh = T, nonydennas c
[OMOIIBIO METO/Ia TIPABBIX MIPSIMOYTOJIBHAKOB, MMEeT CJIeLYIONIH BUJIL:

mel(ti) — Z u?n(tj)\llmfl(tiatj)

~1(tis ti) ’

(6)
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2
Zom (tho (ti tj)ul_ 1(%)) —p(ti) +y(ti),

Wi 1(tlat ) - hKl (tlat +hQZK12 tlatjvtk)ch(tk)—’_
[ k=1
F202 " (i, ;) D> @ (b, trult (1)
k=1
C Ha4YaJIbHBIM HpI/I6JII/I>KeHI/IeM

W (t;

ub(t) = () 7

hKh(tu % +h2 E K (tutzatk)ch(tk)

)

ti)
W(ti) hQZZKQ tzatjatk)uo( j)Ch(tk)_

Jj= 1k 1
_hZKl (i, tj)ub(t;) —hZK2 (L, 15)C" ()~
. =
_h2ZZK22(tivtjatk)éh(tj)Ch(tk),
j=1k=1

rue p(ti), y(t;) — 3Havenns dyHKUM B i-M y3ie ceTKH, npu 31oM B (6)
Ha KayKJION UTepanuy JIOJZKHO BBIIOJHATHCS yeaoBue W, 1 (t;,t;) # 0.

3akJiroueHue

Paccmorpeno uuncienmoe pernerne 3a/1add BOCCTAHOBJIEHUS BXOIHOTO
curHaJia, cpOpPMYyJIMPOBAHHONH B BHJE IOJUHOMHUAJBHOIO YpPaBHEHUsI
Bosbreppa I poga. Paspaboranable ajaropuTMbl OCHOBaHBI Ha IIPH-
menenun Mertona Hpiorona-KanTOpoBHYa, MeTo[a MpaBBIX U CPEIHUX
[IPSIMOYTOJIbHUKOB. B KadecTBe HAYAJIBLHOIO MPUOJIMKEHUs, C YI€TOM
crierudUKA OJUHOMHUAJIBHBIX HHTErPAJIbHBIX YPABHEHUN, WCIOIb3Y-
€TCsl JUCJEHHOE pEeIlIeHre COOTBETCTBYIONINX JIMHEHHBIX ypaBHEHUN
Bosbreppa I poma. Crenuduka ajropuTMoB IPOULIIOCTPUPOBAHA HA
cepun TeCTOBBIX pacueroB. JlayibHeiiiiee paspuTue pabOThI CBS3aHO
C HUCC/IeIOBAHUEM HEJIMHENHON IMHAMUKN SHTAJIBINNA HA BBIXOJE W3
3JIEMEHTA TEIJIO9HEePreTUIECKON YCTAHOBKHM, BXOJHON CHUI'HAJI KOTOPOK
ABJIIETCs BeKTOPHOI dbyHKImeil Bpemenu [4].

Pa6ora Bopimosimena B pamkax Hayunoro mpoekta 111.17.3.1 mporpammsr dhyuza-
menTanbubix uccaenosanuit CO PAH, per. Ne AAAA-A17-117030310442-8.
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Identification of Input Signals for One Class of Dynamic
Systems Using Volterra Polynomial Equations
of the First Kind

S.V. Solodusha

Melentiev Energy Systems Institute Siberian Branch
of the Russian Academy of Sciences, Irkutsk, solodusha@isem.irk.ru

Abstract: We consider the problem of the approximate solution of a class
of Volterra polynomial equations of the first kind arising from the identifi-
cation of input signals in a nonlinear dynamic input-output system. The
problem is solved using the Newton — Kantorovich method. For the initial
approximations, we choose the numerical solution to the corresponding linear
Volterra integral equations of the first kind. The results are applied to a heat
exchanger unit model.

YK 519.853

Pazpaborka dopmasmsarnum
3aga49m 0eCKOH(MJIMKTHOTO CJANSHUS
IMMOTOKOB BO3/IYIIHBIX CY/I0B

A.A. Coupngonos', C.C. Kymkos?

MM VpO PAH, Exarepunbypr, Poccus,
! spiridonov@imm.uran.ru, 2 kumkov.jr@imm.uran.ru

Amnnoranusi: PaccmarpuBaercs 3amada 6eCKOHMINKTHOIO YIOPSIOTHBAHNS
HECKOJIBKUX IIOTOKOB BOBJYIIHBIX CyJIOB B TOYKe UX CusiHus. JjIst perneHust
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3aJadH HCIOJIL3yeTcsl MH(MOPMAIHS ABTOMATHIECKONH CHCTEMBI O IPOrHO3U-
PYEMBIX MOMEHTaX MPUOBITHS CynOB. PaszpaboraHbl aJlrOPUTMBI PacIéra Be-
JINYUHBI YCKOPEHUSI WJI 3aMeJIEHUs] KaXKJOoro CyJHa B PaMKaX JOILyCTUMBIX
WHTEPBAJIOB BapbupoBaHus. 1lesbio BapbupOBaHUs MOMEHTOB IIPUOBITUS SIB-
JISIETCs BBIJIEP’KUBAHUE MHHUMAJIBHOTO GE30IIaCHOIO BPEMEHHOI'O WHTEPBAJIA
MEXKIy MOMEHTaMU IIPOXOJa CyJAaME TOUKHU CJIMSHUS IOTOKOB. IIporpamMmmuoe
obecliedeHne CBEJEHO B MOJAEJIUPYIOUIHiA TaKeT. YIIPaBIeHue IaKeTOM U IIPO-
[IECCOM MO/IE/IMPOBAHUS OCYIIECTBIISETCS C MMOMOINBIO JUAIOTOBOM OOOIOUKH.

KirroueBbie cJIOBa: CIUSHIE IOTOKOB BO3MAYIIHBIX CY/I0B, 6ECKOHMIINKTHAS
ouepe/ib, BAPbUPOBAHKE MOMEHTA IPUOBLITUS, YCJIOBHASI KOHEYHOMEDHAsl OIl-
TUMU3anus, MeTol Xyka — J[KuBca, rpaJiMueHTHbI CIyCK, MeTon HbioToHa.

BBenenue

B nacrosimee Bpems apuzkenue Bo3ayminbix cyos (BC) npoucxomur mo
Tpaccam, COCTOSINNAM U3 KOPUIOPOB B TOPU3OHTAJIBHOM IIJIOCKOCTH U JIIIe-
JIOHOB B BEPTUKAJIBHOI. Tpacchl MOTYT Pa3BeTBISATHCS WA COCTUHIATHCS .
B Touke coemuennsa Tpacc BO3HMKAET 3a/1a9a CIMAHASA IOTOKOB CAMOJIE-
TOB B €UHYIO OYepelb HA CJEAYIOMEM ydacTkKe Tpacchl. Takas 3amada
0CODEHHO aKTyaJibHA BOJIM3N a3POAPOMOB, TJ€ IJIOTHOCTH BO3/IYIITHOIO
JBrKeHusT Bbicoka. OCHOBHBIM TpeOOBaHMEM TIpU CJiusiHuU MOTOKOoB BC
SIBJISIETCs] HAJIMYNE MUHUMAJILHOTO O€30I1aCHOI0 BPEMEHHOTO MHTEPBAJIa
MEXK/Iy MOMEHTaMU IPUOBITHS CYIOB B TOUYKY CJIASIHUSI.

NwmeroTcst 1Ba OCHOBHBIX MHCTPYMEHTA M3MEHEHUs MOMEHTA ITPUOBI-
tuss BC B TOuUKy ciusinust mOoTOKOB. [lepBblit M3 HUX — ympaBiieHue
CKODOCTBIO JIBI2KEHHUsI CAMOJIETA, ITO [MO3BOJIAET JOCTUYIb OTHOCUTEJb-
HO HEeOOJIBIIION0 M3MEHEHUsI MOMEHTa INPUOBITUsSI KaK B CTOPOHY OoJiee
paHHEro, Tak ¥ B CTOPOHY OoJsiee mozjHero Bpemenu. s 3HaUnTE/IH-
HBIX 33JI€PYKEK UCIOJIB3YETCs BTOPOU MHCTPYMEHT — CXEMbI 33JI€PKKH:
30HBI, B KOTOPBIX BO3/IYIIIHOE CYHO TAK WJIM MHAYE OTKJIOHSETCS OT [IBU-
JKEHUS 110 TPAcCe, YIJINHAET CBOI IIyTh U YBEJIMINBAET BPEMS 10 BBIXO/IA
B TOYKY CJIASHUS IIOTOKOB.

B pesysipraTe NpoeKTHpOBAHUS CXEM 33 IEPXKKH JJI 38JaHHOTO a3po-
[IOPTAa, OCYIIECTBJISIEMOTO C YIETOM OCOOEHHOCTEH KOH(PUTY DAIIUH ITPUXO-
JSAIMAX TPACC, JIAHMIIadTa, PACIOI0XKEHNS HACEJEHHBIX IIyHKTOB U T.II.,
nmMeercst nHMOPMAIUS O BO3MOYXKHBIX YCKOPEHUSIX U 3aMEJJIEHUAX [IBU-
xxernst BC no tpaccam. C ucnosb3oBanueM 310 nHMOpMAIMA HYKHO
HCCJIE0BATH BO3MOXKHOCTHU TIOCTPOEHHON CHUCTEMBI 10 (POPMUPOBAHUIO
6esonacuoro cimsiausi 1oToKoB BC. Ilpu dopmupoBanumn Ge3omacHOro
pacnucaHus cjeyeT NPUHIMATL BO BHUMAHHUE, UYTO U 3aMeJJjIeHue, u
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YCKOpEHHE MOMEHTA ITPUOBITUS CBA3AHBI C MOBLIIEHHBIM PACXO/IOM TOII-
JINBA, KOTOPBIH TO/2KEH ObITh YMEHBIIIEH 110 MePe BO3MOXKHOCTH.

B moxmaze mpeacTaBieHbl Pe3yJIbTATHI MCCIEIOBAHUSA KyCOUHO-JIN-
HEIHBIX W HEJMHEWHBIX KPUTEPUEB ONTHUMAJJIbHOCTU IIOJIy4aeMOIr'o pac-
nucanus. B paMkKax paboThl K PEIeHUI0 [TOCTABIEHHBIX 3129 YCIOBHOM
KOHEYHOMEPHOM ONTUMUIAINN IPUMEHSIJINCH PA3/IMYHbIE METO/IbI IIOUCKA,
JIOKAJIbHBIX MUHUMYMOB (DYHKIINH MHOTHX IE€PEMEHHBIX.

1. ITocranoBKa 3amayu

BxonubiMu JaHHBIME 331891 SABJIAIOTCS CJIELYIONINE BEJIMIMHbBL:
o {tiom}N  — yHOpsOUeHHBIH IO BO3PACTAHNIO HAGOD HOMHUHAJD-
HBbIX MOMeHTOB npubbitust BC B TOUKY ciustaus;
o 29 tdeC  peYUHEI TPOMEXKYTKOB BPEMEHH, HA KOTOPBIE MOKHO
3ajepKaTh u yckoputh BC;
® Tiafe — MUHHMAJIBHBIN OE30IIACHBIH BPEMEHHONW HHTEPBAJ MEXKIY
nByMmst BC B pesysibrupyiorieit ogepeiu.
Hesbio siBisieTcs nostyvenne Habopa MOMEHTOB {t;} peaJlbHOro Ipu-
OBITHS, YIOBIETBOPSIONINX YCIOBUIM OE30ITACHOCTH.
Takum 06pa30M BO3HMKAET ONTUMHU3AIMOHHAS 3318494

N
F({t:}) =>_ f(t;) — min,
i=1
t; € [tzr'lom - tzaccv t;‘lom + t?ec], t; = 07 Vi #] |t’L - t]| P> Tsafe-

B 3aBucumocTn o KOHKpeTHOTO Bua (DYHKIUN HEBSI3KU f TOJIydae-
Masd 33298 MOXKET PelraThCsd METOIAMUI U3 PA3JIMIHbBIX 00J/1acTell Teopun
ONTUMU3AINH.

2. PaccmarpuBaeMble KPpUTEPUU KAadeCTBA

«2Kanubrit» kKpurtepuit PaccmarpuBaiach mpocreimas pyHKITAST
HeBsizku f(t;) = t; — tP°™. CMBICJ KpUTEpHsl, OCHOBAHHOIO HA Heii, —
«4deM pasbiiie BC IpoxXoauT TOUYKY CAUSHUS, TeM JIydIIes.

JlanHasi 3a/1a9a pernaercsi <«XKaJHBIM» aJIropuTMoM: Kaxkjaomy BC
[IPUNIACHIBAETCS HAWOOJIee PAHHMIT BO3MOXKHBI MOMEHT ITPOXOXKIECHUS
touku cyusiaus. [Topsiok npoxoxmenuss BC ToOYKY cousiHUST COBIAJIa-
€T C IOPSJKOM HOMUHAJIbHBIX MOMEHTOB (JIOKA3aHO COOTBETCTBYIOIIEE
yTBEpKJIeHHE).
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Kycouno-nuneiinbie kpurepuu. Clemyomas I'PYINa BKJIOYAJIA
Tpu DYHKINHA HEBA3KU:

f(ti) = [ts = 675 (1)

— K . (t;, — thom , t: < tI.IOIn,
it = o, s @

Kot —10om), 1y > thom

—K - (ty — tpom), t; < tpom,
fti) = § Kif - (t; — t2om), fom L, L Bom 4§ (3)
K - (t; — t9o™) + AT, ;> t2om 4 6.

Cwmbici weBssku (1) — «uposectu BC uepes T0UKy CiusiHEs KAK MOYK-
HO GJIzKe K HOMUHAJIBbHOMY MOMeHTy». Orimane dyrkmuun (2) or (1) B
TOM, 4TO ycKopenud u 3ajepkku BC mrpadyiorcs no-pazaomy. OyHK-
s (3) GoJiee JEIUKATHO PACCMATPUBACT CUTYAIUIO 3aMEJJICHUS CYI-
HA: BBOJUTCS apaMeTp ¢, KOTOPBIi OMMCHIBAET MAKCHMAIBHYTO 33JI€PK-
Ky, KOTOPYIO MOYKHO IIOJIyYHUTDH 33 CYET YMEHBINEHUsS CKOPOCTU CYIHA.
IIpu meobxomumoctu Gostbineit 3amepkku BC oTmpaBisiercss Ha CXeMbl
3asiepKKu. COOTBETCTBEHHO, B 9TUX JABYX CUTYAIUAX PA3IUIAIOTCS PAC-
XOJ[bl TOIUIMBA M 33JIEPKKU B HUX HITpadyrorcs 1no-pasnomy. Kosdbdu-
muentot K, KT, KL K _2‘_ CUUTAIOTCsI TTOJIOXKUTEbHBIMU. Besimunaa A;‘
BBIOMPAETCS U3 yCIOBUs HElpephIBHOCTH yHKINK f B TOUKe )™ 4 4.

Oynknun HeBsas3ku (1)—(3) MOryT OBITH IIPEJCTABICHBI B BHJE CYM-
MBI MOJIyJIeif pa3HOCTE! BEJUYHH t; M TeX WJIH MHBIX KOHCTAHT, B3STHIX
¢ nopxoxdamumu Kodddurmenramu. 3a1aun ¢ KPUTEPUSIME, OCHOBBIBa-
IOIUIMECS Ha (DYHKIUAX, COCTOAIIMMA U3 CyMMbBI MO/LYJIeii, BBEJCHIEM
JOIMOJIHATEIbHBIX [TEPEMEHHBIX U OFPDAHWYEHUN HA HUX CBOIATCS K 3a-
nagam JuHeiinoro nporpamvuposanus (JIII) u moryT Touno permarbes
merogamu JIII, Hanpumep, CHMIIIEKC-METOIOM.

Henuneitnbie kputepuu. bBojee TouHO TpeboBaHMUs K PE3YIHTUPYIO-
et 0Iepen MOYKHO OIUCATD C ITOMOIIBIO HEJTUHERHBIX (DYHKITNN HEBI3-
ku. O1HaKO pelrenne HeJIMHEHHOM 38,19l ONTUMU3AIIAN ¢ OTPAHTICHUSI-
MU (CBA3AHHBIMU C UHTEPBAJIOM BapbUPOBAHMs) KPAHe 3aTPyAHATE b
HO, TIO9TOMY MBI IIEPEXOIUM K 3a1a9e Oe3yCIOBHON ONTUMI3AIIAN:
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N

—_ i —a- hli_’ri)om acc
F=F({t;}) ;( (t; — thom 4 ¢2cc) 4 @

FIn(—t; — 2o 4+ 19¢)) 4 I({t;}) — min.

3neck ciaraemoe I mrpadyer HapyleHne 6e30IacHOr0 BPEMEHHOTO WH-
TepBaJia MeXKy cyaaMu, a KodhdUINEeHT o 0TBeYaeT 38 «KECTKOCTD»
OrpPaHUYEHUN y TPAHUIl MHTEPBAJIa BAPbUPOBAHMSI.

IIrpad I paccMaTpuBajcsa B BUJIE «KECTKUX» OrpanudeHuii (1momo6-
HBIX CJIaraeMbIM ¢ jiorapudmamu B (4)) U B BUJE «MITKHX» OTpaHUAIe-
HUS, TO €CTh B BUJIE HEKOTOPOIT DYHKITNHN, ONPEIETIEHHOMN /1T BCeX t;, HO
HMeIoIeil MUHUMYM B 001acTH |t; — t5| = Tsafe-

s pemrenusi 337249 0€3yCJIOBHON MUHHUMHU3AINN HCIOJIH30BAJINCH
MeTOJ[ IPSIMOro moncka Xyka — JIKuBca, MeTOM I'PpaJueHTHOTO CIIyCKa
u merog, Heorona (¢ HEKOTOPbIMEH MOIUMDUKAIUIMUA, CBI3QHHBIMU C
BO3MOXKHOIl HEBBIIIYKJIOCTBIO paccMarpuBaeMbix (hyukuuit F' u I).

Bee mpejioxkeHHble BBIYUCIUTEIBHBIE TPOIEAYPHl PEATN30BAHBI B
BHJIe KOMIIBIOTEPHBIX IPOrpamMM Ha st3biKe C-++-, KOTOpPBIE CBEIEHBI B MO-
JeJINPYIOIHUii TaKeT. Y IIpaBJjeHre IIAKEeTOM U IIPOIIECCOM MOJIEIMPOBAHUS
OCYIIECTBJIAETCS C TIOMOIIBIO COOTBETCTBYIOIIEH JIUAIOrOBOI 000JI0UKH,
peaM30BaHHOl ¢ UCIOJIb30BaHueM oubsmorekn Qt.

Pa6ora Beimosinena B pamkax mpoexrta «HoBble pa3paboTku B IEPCIEKTUBHBIX Ha-
NIPaBJIEHUSIX SHEPreTUKM, MEXaHUKH U POOOTOTEXHUKH» IIO IPOBEIEHUIO (DyHIAMEH-
TaJIbHBIX HAYYHBIX UCCJIEIOBAHUN IO IIPHOPUTETHBIM HAIIPABJIEHUSAM, OIPEIEITeMbIM
npe3uguyMoM Poccuiickoli akageMun HayK.

Development of Formalization
of Non-Conflict Aircraft Flows Merging Problem

Arseniy A. Spiridonov', Sergey S. Kumkov?

IMM UrB RAS, Ekaterinburg, Russia,
! spiridonov@imm.uran.ru, 2 kumkov.jr@imm.uran.ru

Abstract: Non-conflict aircraft flows merging problem is considered. The
input information about forecast aircraft arrival instants is obtained from
the automatic system. Algorithms for computing magnitude of acceleration
or deceleration for each aircraft have been worked out. The aim of arrival
instants variation is to provide a minimal safe time interval between each
two aircraft when they pass through the merge point. Created numerical
procedures are joined into single simulation software. The system is controlled
via GUI environment.
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PeI‘y.TIHpI/IZBaI_[I/IS[ yc.TIOBI/Iﬁ OIITUMAJIbBHOCTHA B
HeJIMHEITHOM ONTUMAaJIbHOM yYiipaBJieHUA

M.U. Cymun

HHI'Y um. H.J. Jlo6auesckoro, Husknuuit Hosropon, Poccus,
m.sumin@mail.ru

AnsoTanus: Ob6cyKaaeTcsi Kak “HeJMHelHas BepCusi OCHOBAHHON Ha JIBOW-
CTBEHHOCTU PErYJISPU3AIUU [TOPOXKIAET COOTBETCTBYIOIIYIO DPETryJIsIPU3ALINIO
KJIACCUYECKHUX YCJIOBUI ONTHMAJBLHOCTH B (popMme mpuHnmna Jlarpanxka u
OpUHIMIA MakcuMyMa [IOHTpsirMHa B HejuHEHHON (HEBBIIYKJION) 3amade
ONTHUMAJILHOIO 'PAHUYHOIO YIIPABJIEHHSI C ONEPATOPHBIM OTPAHUYEHUEM THIIA
PaBEeHCTBa B CJIydae TPeTheil HadaJbHO—KPAeBO# 3aJa4u [JIsl JUBEPreHTHOTO
apaboInIECKOTO yPABHEHNUSI.

KurouyeBble ciioBa: onTHMAaJIbHOE yIIPaBJIEHUE, TAPAbOJIMYECKOe YPaBHEHNE,
HeJIMHEHHAas 3a/1ada, IPAHUYHOE yIIPABJICHUE, TBONCTBEHHAsT PEryJIAPU3aIins,
npunnun Jlarpanxka, npuamun MakcumyMma [loHTpsrusa.

BBenenme. 3ajauaM onTHMH3ANMKA B [EJIOM ¥, B YaCTHOCTU, 3a-
JadaM OINTHUMAJIBLHOTO YIIPABJIEHUsS] XapPaKTEPHBI Pa3JInYHBbIE IIPOSIBJIE-
HUsI HEKOPPEKTHOCTH. Pa3HO0Opa3Hble MPUMEPhI HECYIECTBOBAHUS OIl-
TUMAJIBHBIX 3JIEMEHTOB, UX HEYCTOWIUBOCTH IO OTHOIIEHUIO K BO3MYIIE-
HUSIM UCXOJHBIX IAHHBIX OITHMHU3AIMOHHBIX 3aJ[a9 MOXKHO HAaNTH, Ha-
upumep, B [1]. Tlpucyipe caMuM ONTUMU3AIMOHHBIM 3a/a9aM CBOHCTBA
HEKOPPEKTHOCTH, B IIOJIHOM Mepe, HACIEAYIOT U HOJIydaeMble B HUX KJIac-
cudeckue ycsosus ontumasbaocta (KYO) [3-5]. B pa6orax [3-5] (cm.
TakKe ux 6ubsnorpaduio) Ha 6a3e OCHOBAHHBIX HA J[BOHCTBEHHOCTU Me-
TOJOB peryisipuszanuu [6] ObLT HpeIIoKeH ¥ PA3BUT IIOIXOJ K Peryiis-
pu3anyuy 3aJad yCJIOBHON BBITYKJIOW ONTHMU3AIUU, B COOTBETCTBUM C
KOTOPBIM “OCHOBHO#I 1EJIBIO” PEryIspU3AIUN SIBJISETCS “He cama’ OITH-
MU3AIMOHHAS 3a/la4a, a coorBercrByonue eit KYO, B wacTHOCTH, TPUH-
uun Jlarpamxa (ILJI), npunnun makcumyma Ilonrpsaruna (ITMII). Ta-
KO TIOJIXOJ] TOPOXKIaeT ecrecTBeHHyo TpaHchopmanuio KYO, mpuso-
JISAIIYI0 K UX PeryJisipu30BaHHBIM CEKBEHITUAJBHBIM 0D0DOIIEHUsIM, KOTO-
pbie: 1) BbIpazKaioTcs B TEPMUHAX PETYJIAPHBIX KJIACCHYECKUX (DYHKIUiL
Jlarpamka u Pamuibrona — [ouTpsruna; 2) “npeomosieBaior” BO3MOXK-
HbIE HEYCTONYIMBOCTD U HEBBITOTHIMOCTE KYO, gBIIsIsICh peryasapusupy-
IOIUMU aJIFOPUTMAMU JIJIsl PEIIeHNs] ONTUMU3AIUOHHBIX 3a1a4; 3) ¢dop-
MYJIUPYIOTCs KaK YTBEPXKJIEHUs O CYIIeCTBOBAHUM B HCXOZHON (HEBO3-
MYIIEHHO}) 3a/iaue OrpaHMYEeHHBIX MUHUMU3UDPYIOMUX MPUOINIKEHHBIX
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perernii (MIIP) B cmbicse JIx. Bapru u coxpaHsIioT 00IIyIO CTPYKTYDY
KV¥YO; 4) upusonsar k KYO “B npegese”’. Tem campiM, TpancdopmupoBa-
nue KYO B yTBepKeHUs CEKBEHITMAIBLHOTO XapaKTepa, MPEeICTaBIISIO-
e cobO0I0 PeryJsipu3upPyIONe aJrOPpUTMbI PENICHHs 3a/1a, T03BOJIs-
€T IPUHIUIIAAIBHO PACHINPUTH chepy JeHCTBUsI ONITUMUABAIINOHHON Teo-
pHUHU, OCHOBAHHOI Ha IPUBBIYHBIX KOHCTPYKIusax dyukuumit Jlarpamnxa n
Tlamunbrona — IMonrpsaruna. B paborax [3-5] (cMm. Takxke ux 6ubsmorpa-
duro) ykazanublii nouxo k peryiuspusanuun KYO 6bu1 peasnszoBan s
psijia 33189 BBIIYKJIOTO MPOTPAMMUPOBAHUS C OIEPATOPHBIMU OPAHIIE-
HUSIMH B THJIBOEPTOBOM IIPOCTPAHCTBE U BBIILYKJIbIX 33149 OITUMAJILHOTO
YUPaBJIEHUSI COCPEIOTOUECHHBIMU U PACIIPE/IETICHHBIMU CUCTEMAMHU.

B ownuue ot [3-5], B mokiaje obcykaaercd Kak “HesinHeiinas” Bep-
CHUsl OCHOBAHHON Ha JBOWCTBEHHOCTH perysspusanuu |7, 8] mopoxua-
er coorBercTByfomyio peryispudanuio KYO B dopme IIJI u IIMII B
HeJIMHEHHO! (HeBBIYKJIOl) 3a/1a9e OITUMAJIHLHOTO TPAHIYHOrO YIIPABJIe-
HUSI C OLIEPATOPHBIM OTPAHWYEHHEM THIIA PABEHCTBA B CIydae TpPeTbei
HAYaAJILHO—KPAEBOIl 3a/1a4u JJIsi HapabOJNIECKOr0 YPAaBHEHNUS.

ITocranoBka 3aga4um. PaccmarpuBaeM 3a/1a4y ONTHMAJBHOIO TDa~
HUYHOIO yIpaBJieHus! ¢ (PUKCUPOBAHHBIM BPEMEHEM M C OIEPATOPHBIM
orpaHuvYeHreM—paBeHCTBOM B Lo(€2)

(P) /F(x,z[w](x,T))dx —inf, G(,z[w](,T))=h+p, weD,
Q

rae p € Ly(Q) — mapamerp, z[w] € V" (Qr) N Loo(Qr) — permenue [2]
TpeThell HAaJaIbHO-KPAeBOW 3aa9u s JUHEHHOTO MapaboInIecKoro
YPaBHCHUS

2t — %(ai,j(m,t)zxj) +a(z,t)z = f(z,t), z(z,0)=v(x), ze€Q,
v 0z

N +o(z,t)z =w(z,t), (z,t) € St,
D = {w € Ly(St) : w(s,t) € W upun.s. (s,t) € Sp}t, W C R —
KOMITAKT, {) — orpaHndenHas oo/acTb B R" ¢ KyCOUHO-TJIAIKOM IpaHu-
ueit S, Qr = Q x (0,7), Sp = {(z,t) : z € S, t € (0,T)}. 3uecn:
F, G : Qx R'" = R' usmepumsre 1o Jlebery 1o meppoii KOMIIOHEHTE
T W HEIPEpBLIBHBIE [0 BTOPOW KOMIIOHEHTE z IpU ILB. & € ) dyHK-
mu, h € Lo(Q), a;j, 4,7 = 1,...,n,a, f € Loo(Qr), ¥ € L(Q),
0 € Loo(St), K03 DurmenTs! a; ; MOTINHIIOTCS OOBITHOMY YCJIOBHIO
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paBHOMEpHOiT napabosmunoctu. [Togpasymesaercs, 9To Bee (PYHKIAU U3
Habopa ncxomuslx mamueix {F, G, h, a; ;, a, f, ¢, 0} 3amaorcsa ¢ ompe-
JICJICHHOM MOTPEITHOCTHIO W M3BECTHBI OIEHKU OTKJIOHCHHS BO3MYIICH-
HBIX JJAHHBIX OT TOYHBLIX B COOTBETCTBYIOMIMX METPUKAX.

O6cy2k/ieHre OCHOBHBIX pe3yJibTaToB. B mokiamge dpopmyaupy-
orca peryssapusoBanabie Bepcun [1JI u IIMII B Henreparumonnoit u nre-
panuoHHOI opMax JIst HeJMHeRHOH (HeBbIyKIIoi) 3agaun (P). OcHos-
HOI1 ero 1eJibio, MOMUMO (DOPMYJIMPOBKH CAMUX yKa3aHHBIX PE3YyJIbTATOB,
sABJIsteTCs cpaBHenue ‘mesmueiinoir” peryssipudanuu [1JI u IIMII ¢ anaso-
rUYHOl peryispusanueil [3-5| B BbinyKiIbIX 3a1adax. C 0JHON CTOPOHBI,
[IpY OIIPEJIEJIEHHBIX €CTECTBEHHDIX YCJIOBUAAX HA UCXO/IHbBIE TAHHBIE 33124,
perynspuzoBanuabie 11JI u [IMII B “BbimykioM” u “HEBBITYKJIOM’ CIIy-
Jastx (QOPMYIUPYIOTCA CXOXKMM 00pa30oM B (pOpMe TeopeM CYIIeCTBOBa-
HUsI B 9THX 3aJ1a9aX CIEIUAJIbHBIX, OIIPEIE/IsIEMbIX IOCPEJICTBOM (DYHK-
nuit Jlarpamxka n lammibrona — [loarpsruna, orparmaenusix MIIP. C
Apyroit ke croponsl, 3tu peryiaspuszosannbie [LJI u I[IMII umeror cyre-
CTBEHHBIE OTJIMYUA: 1) B CJIydYae BBIILYKJIBIX 38Ja4 ¢ CUJIBHO BBIILYKJIHIM
(DYHKIMOHAJIOM KadecTBa KOHCTpyupyembie orpanundenubie MIIP cuiib-
HO (c1a60, ecm 3T0T (DYHKIMOHAI HE CUJIBHO BBILYKJIbIH) CXOMATC K
PEILIeHNIO UCXOJHOI HEBO3MYIIIEHHON 33/1a4U; B TO K€ BpeMs, B HEJIMHE-
HBIX 3aJ1a4aX ‘Tapantupyercs jumb nocrpoenne MIIP, onrako, B aTom
cilydae, BOOOIIE TOBOPsI, HE TPeOyeTCst, YTOOBI CYIECTBOBAJIO PEIIeHIe
3a/1a4d; 2) B OTJIMYUE OT BBIIYKJIOTO cirydasi (POPMYIUPOBKA TEOPEM CY-
mecrsoBanusi MIIP B 3anade (P) u Apyrux nogoOHBIX el HeJMHeHHBIX
3ajavax CyIIECTBEHHO ONMMpaeTcsa Ha cyoanddepeHua bube CBOMCTBA
ee dyHKunu 3HaveHuil Kak (yHkuuu napamerpa p € Lo(Q2), xoropas
B 9TOM CJIy4ae SBJISIE€TCS JIUIIb II0JIyHEIPEPBIBHOW CHU3Y M, BOODIIE ro-
BODsi, HEBBIIYKJION; 3) B KadecTBe NMOHATHH CyGauddepeHnupyemMocTn
npu popMyInpoBKe “HeuHeiHbIX peryssipusoBarabix [LJI u IIMIT uc-
[TOJIB3YIOTCsI XOPOIIO U3BECTHBIE B COBPEMEHHOM HEIJIAIKOM aHAJII3E 110~
HATHs [IPOKCUMAJIBHBIX CyOrpajuenTos (cum., nanpumep, [9]) u cybaud-
depennnanos Ppeme (cm., Hanpumep, [10]) HoyHENPEPHIBHBIX CHU3Y
dyukumii; 4) ykazanHble HOHATUS HEMJIAIKOIO AaHAJIU3a, B CBOIO 04ePelb,
Hen36€KHO MOPOXKIAIT COOTBETCTBYONINE KOHCTPYKITUH MOIUMUIIAPO-
BaHHBIX (PYHKIWMIA Jlarpanxka, B TepMUHAX KOTOPBIX U (DOPMYJIUPYIOTCST
perynspuzoBanublie “aesmueiinbie” 11 u IIMII; 5) nocienuum obcros-
TesiberBOM perynspusarusg KYO B HeJlmHEHHBIX 3a/1a9aX CYNECTBEHHO
OTJIMYAETCS OT AHAJIOTMYHOI PeryJIspU3allii B BBILYKJIbIX 3aj1a49ax [3-5),
O PAOIIENCs JIMIb HA KOHCTPYKIMIO KJIaccuueckoil ¢pyukiuu Jlarpan-
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Ka, “IIOPOXKIAeMOil” KJIaCCHIeCKUM Ke MoHATHueM cybauddepennupye-
MOCTH B CMBICJIE BBITYKJIOIO aHAJIN3A.

10.

Pabora Bbmosnena npu noggep:kke POPU (mpoekr Ne 19-07-00782).
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Regularization of Optimality Conditions
in Nonlinear Optimal Control

Mikhail I. Sumin
NNSU named after N.I. Lobachevskii, Nizhnii Novgorod, Russia,

m.sumin@mail.ru

Abstract: We discuss how a “nonlinear” version of duality-based regulariza-
tion generates a corresponding regularization of classical optimality conditions
in the form of the Lagrange principle and Pontryagin maximum principle in
a nonlinear (nonconvex) optimal boundary control problem with an operator
equality-constraint in the case of the third initial-boundary problem for a
divergent parabolic equation.
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Amnnoranms: B crarbe usydaercs 3amada 06 onpesesieHud FPAHUYHOIO YCIIO-
BHSI B YPaBHEHUU TEIJIOIPOBOLHOCTH, COCTOSIIETO M3 OZHOPOAHBIX HYacTeil ¢
PAa3IMYHBIME TEIUIOPU3NTIECKUME CBOHCTBaMU. B KadecTBe rpaHUYHBIX YCIIO-
BHIl paccMaTpUBAaIOTCH ycsoBue Jlupuxie Ha JIeBOM KOHIE CTepXKHs (Ipu
z = 0), COOTBETCTBYIOIIEe HAIPEBY STOrO KOHIA U JIMHEHHOE YCJIOBUE TPEThe-
ro poja Ha OpaBoM KoHIe (Ipu & = 1), COOTBETCTBYIOIIME OXJIAXKIECHHUIO TIPU
B3aMMOJIEWCTBUM C OKpYy»Karoleil cpenoit. B Touke paspwiBa Temnodusnde-
CKHX CBOHCTB (IIpU & = Xo) CTaBATCA YCJIOBUS HEIIPEPBIBHOCTH TEMIIEPATY Db
¥ TEIIOBOIO IOTOKa. B oOpaTHO! 3amatde IPaHUYHOE YCIOBHE Ha JIEBOM KOH-
Ile CIUTAETCs] HEU3BECTHLIM Ha BCEM OECKOHEYHOM HHTepBaJjie BpeMeHH. Jljs
€ro OTBICKAHUSA 3aJaeTCs 3HAUCHHE PEIlleHUs MIPSIMOi 3aJa4u B TOUKE L0, T. €.
TOUKe pa3fieia CTEpPrKHs Ha [Ba OFHOPOLHBIX ydacTKa. B pabore mposemeno
aHAJIUTHYECKOE MCCIeJOBaHue IPSMON 3aJadi, KOTOPOE IIO3BOJIMJIO IIpUMe-
HUTH K OOpaTHO#l rpaHWYHOil 3amade mpeobpasoBanume Pypbe MO BpeMeHH.
MeTonoM IpPOEKIHMOHHON pEryJIipU3allid pellleHa OOpaTHas I'DaHUYHAA 3a-
Iada sl YPaBHEHHS TEIIONPOBOJHOCTH U IIOJIYYEHLI TOUHBIE IO MOPSAKY
OIICHKH ITOI'PELIHOCTH 3TOI'O PEIICHUS.

KuroueBble cjioBa: MeTO/ IIPOEKITMOHHON Peryspu3aluu, obparHas 3aja4da
TEIJIOIPOBOSHOCTH, OI€HKa IIOIPENTHOCTY, HEKOPPEKTHAA 3a,/1a4a.

BBenenne

B paznnaHbIxX oTpaciisix COBpeMeHHONW TeXHUKU HAIILIH IITUPOKOe ITPUMe-
HeHne KOMITO3UIIMOHHBIE MaTepuaJibl. JlaipHelIuit mporpecc B pa3BUTHR
MHOTUX HAIpPaBJIEHUI TPUOOPOCTPOEHUs B OOJbINEH CTEIeHN CBA3aH C
YBEJIMYEHUEM JI0JIA UCIIOJb30BAHAA TAKUX MAaTEPUAJIOB, & IIPU CO3JaHUNA
HOBOIl a3pPOKOCMHUYECKON M CIIENNAJbHON TEXHUKU UX POJb CTAHOBUTCS
penraone.

PasBurue npubopocTpoeHmst MIET MO IyTH YCJIOXKHEHUS HCCJIeIye-
MBIX MOJIeJIeli U ToCcTaHOBOK 3ajad4 [1]. Vcxomust u3 MOJeIbHBIX IPeCcTaB-
JIEHUI MEeXaHUKM, KOMIIO3UIIMOHHBIII MaTepraJ MOXKHO OIIPEJEIUTh, KaK
HEOJITHOPOJHYIO Cpe/ly, OIUCBIBAEMYIO C IIOMOIIBIO PA3PBIBHBIX 110 KOOP-
auHaTaM GyHKIui. B crarbe ucciieyercst u pernaercsi ooparTHasi 3a1a49a
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00 oIIpejie/IeHNN TeMIIepaTyphbl HA JIEBOM KOHIIE CTEPXKHsI JIJIsi CUCTEMBI
ABYX YPaBHEHUIT TEIJIOMPOBOIHOCTA C PA3HBIMU KOIMDMUIIMEHTAMI TEM-
epaTyporpoBogHOCTA. IIOCKOIBKY K perreHuio momoOHbIX 38/1a4 [IPE b
SIBJISIFOTCSI BBICOKHE TPEOOBaHUsI TOYHOCTU, TO HEOOXOIUMO ITOJIyIeHUe
rapaHTHUPOBAHHBIX OIIEHOK, KOTOPBIE CYIIECTBEHHO IOBBIMAIOT HAJIEK-
HOCTH YHUCJIEHHBIX PE3yJIbTATOB. BOIPOCHI, CBA3aHHBIE C OIIEHKAMHU IIO-
TPENTHOCTH OCTAIOTCA HEeJIOCTATOYHO U3y 4YEeHHBIMU.

B cBa3u ¢ atuMm B paboTe MPOBEIEHO AHAJIUTUIECKOE UCCICTOBAHIE
IPSIMOI 381a9H, KOTOPOE MTO3BOJINJIO IPUMEHUTH K 00PATHON IPpaHIIHOM
3a1a4e npeobpazosanue Pypbe 10 BpeMeHN, II0cJIe TPUMEeHEHNsT KOTOPO-
IO WCIIOJIB30BaH METOJ, IIPOEKIMOHHON peryiaspusanun [2], ¢ moMoupmo
KOTOPOI'O IIOJIyYEeHO HIPUOJIMKEHHOE PEIeHre, & TaKKe TOYHAHA IO II0-
PAAKY OIEHKa IOI'PENIHOCTH 3TOI'0 PelleHnd.

1. ITocTranoBkKa oOpaTHOI rpaHUYHOI 3aJaYuu

IIycTh TemmoBoii mporece OnMMChIBAETCS CUCTEMO ypaBHEHHIT

Ouy(z,t) 5 0%uq(z,t)

T - vt € (0,z0], te€(0,00), (1)

Oua(x,t) 0?uz(z,t)
5 = a3 et € |zo,1), t€(0,00), (2)
ui(x,0) =0, x€[0;z]; wu2(x,0)=0, =x€ [zxg;l], (3)
ul(oa t) = q(t)7 t> 07 (4)

1

W'Fkﬂg(l,t)zo, k>0, t>0, (5)
urlao, 1) = (e, 1), ay OO, 000D )

rae q(t) € C?[0,+), ¢(0) = ¢'(0) = 0 u cymecrsyer uucio to > 0
Takoe, uTo JJisi Jaroboro ¢t > to, q(t) = 0.

IIpeanonoxkum, ato Gpyuxus ¢(t) He U3BECTHA, & BMECTO HEE B TOUKE
zo € (0,1) uamepsiercs remueparypa f(t), cOOTBETCTBYIOMIA JAHHOMY
poreccy

ul(il,'o,t) = f(t), t> 0. (7)

Tpebyercs, ucnonbdys f(t), oupenesaurs dbysknuo ¢(t) Takyio, 410
[IpH TIOJICTAHOBKE ee B ycyosue (4), pemenue u(zx,t) 3amaqn (1)—(6) yao-
BJIETBOPSIET COOTHOIICHHUIO (7).
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Vcnonb3yst Teoputo QyHKIMOHAJIBHBIX PsiJIOB, ObLIA JOKa3aHa Teope-
Ma

Teopema 1. Cywecmeyem eduncmeennoe pewenue u(z,t) zadawu
(1)—(6), ydosaemesopsrowee ycaosuio

u(z,t) € C([0,1] x [0, 00) ﬂCl’O([O,xO)

U(l‘O; 1)) x (07 OO)) ﬂ 02’1((()) J)Q) U(x()v 1) X (Oa OO))a
a maxoice Vt € [0,00)  u(z,t) € H2[0,1].

Pacemorpum muO)KecTBO M, C Lo[0; 00),

+oo +oo
M, = {q(t) : q(t) € La]0; 00), /0 lg(t)] dt—l—/o I (t)|%dt <r }

Ipeanonoxkum, uaro upu f(t) = fo(t) € C[0,00) cymecrByer dyHK-
st qo(t), npuHajexkamasi MHOXKecTBY M., HO dyHkuums fo(t) HAM
He U3BeCTHa, & BMECTO Hee JaHbl HEKOTOpas MpHOJMKeHHas (pyHKIUs
f5(t) € L2[0; 00) () L1[0, 00) u vncio § > 0 Takue, 9To0

sup | f5(t) — fo(t)] < 0. (8)
t>0
Tpebyercst, uconb3yst fs5,0 u M, onpenejnTs NpubINKEHHOE pellle-
nue gs sagaan (1)-(3), (5), (6), (7) n onenurs Bemauny ||gs —qol|£,[0,00)-
Ipomoszkum pemenue u(z, t) 3amaqau (1)—(3), (5), (6) Ha orpunaTens-
HYIO [OJIyOCh,1010KuB u(z,t) = 0 upu ¢t < 0.
IIpumenssa nmpeobpa3oBanme

F[q(t)]z\/i?_ﬂ /fO gD "dt, 7] >0, qlt) € La[0; 50).

ceegeM 3agauay (1)—(3), (5), (6), (7) kK 3a7ade BbIYUCIICHUS 3HAUEHUI
HeorpaHUYeHHOro oneparopa T,

Ti(r) = chlpo(1 = 20)v/7/az + poxoy/7 /a1 + B(7)]
chfpo(1 — 20)V/7/az + B(7)]

D(T) = {f(r) : f(r) € La[0,00) u Tf(r) € L2[0,00)},

fm), )

310



o = (14 14)/v/2, ASh,@(T) = kas/uoVT —ik%a?, Go(r) = Tfo(T),
fo(t) = F[fo(t)], a fs(r) = F[fs(t)]. 3 dopmyusr (8) ciemyer, aro

1fs = foll < v26. (10)

Hust pemnenust 3ana4u (9), (10) ucnosnb3yeMm peryssipusyroiee ceMei-
crBo oneparopos {Ty, : « > 0}, [3] onpenensiemoe opmysoit

e - {7100 1=

Ipubmuxkennoe pemenne 3amaau  (9), (10) oupenenum  dopmyiioit
h§ (1) = T f5(T), B KOTOpPOM IapaMeTp perymnspusanun &(d,r) ompeme-

JIUM U3 ypaBHEHUsI
xoy/ /2
Vi+ate a1 =

r

5

Perenne ¢s5(t) obparroit 3anaun (1)—(3), (5), (6), (7) oupeneanm dop-
MyJI0i1

Re F1[gs(7)], t€[0,t0],
a5 (t) =
0, t<0, t>to,

rae F~! omeparop, o6parHbit F.
Jis npubmzkenHoro pernenust ¢s(t) CrpaBeinBa ONEHKA

lgs(t) — qo(t)|| < d-rln~?0,
rae d — HEeKOTOpasi KOHCTAHTA.
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Solving the Inverse Heat Conduction Boundary Problem
for Composite Materials

V.P. Tanana!, A.I. Sidikova?

1 South Ural State University, Chelyabinsk, Russia, tananavp@susu.ru
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Abstract: The paper deals with the problem of determining the boundary
condition in the heat equation consisting of homogeneous parts with different
thermal properties. As boundary conditions, the Dirichlet condition at the
left end of the rod (at z = 0) corresponding to the heating of this end and the
linear condition of the third kind at the right end (at * = 1) corresponding
to the cooling when interacting with the environment are considered. In a
point of discontinuity of heat-transfer properties (at z = zg) conditions of
continuity for temperature and heat flow are set. In the inverse problem,
the boundary condition at the left is considered unknown over the entire
infinite time interval. To find it, the value of the direct problem solution at
the point of xg, that is, the point of the rod division into two homogeneous
sections, is specified. In this paper, an analytical study of the direct problem
was carried out, which allowed us to apply the time Fourier transform to
the inverse boundary value problem. The inverse heat conduction boundary
problem was solved using the projection-regularization method and order-
accurate error estimates of this solution were obtained.

YIK 519.2, 656.02

3asjaya BocCTaHOBJIEHUS (PYHKIINU ITPEAIIOYTEHUIA
MacCa>KMPOB MO PACIIPEIEJIECHUI0 MaCCA>KNPOIIOTOKOB

T.A. Tumodeena

YpI'VIIC, Exarepunbypr, Poccusi, Gtimofeeva@usurt.ru

Annoranusi: PaccmarpuBaercs MaTemMaTrwdecKkasi MOEIb PEIIOYTEHHS
maccakKupos Ipu Bbibope Buzga TpaHcnopra u(am) Mapumpyta. [Ipeamno-
Jlaraercsi, 9YTO BBIOOD MAapIIPyTa OCYIIECTBJISIETCS Ha OCHOBe QYHKIUN
NPEIOYTEHUSI CO CIIYyIaflHBIM KO3(MPUINEHTOM, OTPaKaIOUAM IIPEITIO-
YTeHWsl CJIy4YaWHO BBIOPDAHHOrO MAacCaxkKupa. AHaJIM3UPYIOTCS CBOMCTBaA
3aza4n, POPMYJIUpYyeTCs U u3ydaeTcs obpaTHasi 3ajiada: 110 PaCIpeJIeJIEHUIO
[IaCCa’KUPOIIOTOKOB BOCCTAHOBHUTDL BH[ IEJI€BON (DYHKIHUM U PACIPEIEICHHUE
Ccay4JaiiHbIX IapaMeTpPOB.

KiroueBsbie ciioBa: beHKLH/IH OpearnovYTeHnsd, IIPOrHO3NUPOBaHNE ITacCCazKh-
POIIOTOKOB, CTOXaCTUYECKas OIITUMHU3AINId, BLI60p aJIBTEepHATUB.
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BBenenue

IIpoGsiema TPOrHOZUPOBAHUS TACCAYKUPOIIOTOKOB SIBJISIETCS aKTyaIbHON
B HACTOsIIIEe BPEMsi, B CBSI3U C OObEMHBIMU ILJIAHAMU PA3BUTHUSI TPAHC-
nmopTHO# cucrembl Poccuu, B TOM 4mciie 3a CYeT CTPOUTEBCTBA BBICOKO-
CKOPOCTHBIX Kejie3Hbix gopor (BCM). Beezenue HOBOro 38eHa B TpaHC-
MIOPTHYIO CUCTEMY TpebyeT 3HAYUTEJbHBIX 3aTPAT, MOITOMY IIJIAHUPOBa-
uue HoBbIXx BCM ocHoBbIBaeTcst Ha (DyHIAMEHTAILHOM aHAIN3E TOTPeO-
HOCTH B YJIy4IIeHUH TPAHCIOPTHOIO OOCJIyKWBAHUSI, OIEHKE BJIUSTHUS
HOBOT'O 3B€HA HA PA3BUTUE TEPPUTOPUHU B IEJIOM, IIPOIHO3UPOBAHUY I1AC-
CasKHpPOIOTOKOB [1].

st onucanus BBIOOpA THUIIA TPAHCIIOPTA UCHOJIB3YIOTCS PA3IMIHbIE
KpuUTepun BBHIOOpA, Takme Kak OOODINEHHAs CTOMMOCTH ITOE3KHU, yUh-
TBIBAIOIIAS BPEMsI IIPOe3/a ¢ KOIDMUIUEHTOM, OTPAYKAIOIIUM €ro IeH-
HOCTH; AHAJU3UPYIOTCS 3aTPAThl (CTOMMOCTHBIE M BPEMEHHbIE) HA 1 KM
[IyTH U ApYrUe MOKAa3aTesn; UCIOJIb3YIOTCs JJOTUCTUIECKAsT MOJIE/b BbI-
6opa Tula TPaHCIOPTA.

B paborax [2, 3| ObLI IpeIIOKEH [IOIXO0/ IPOrHO3UPOBAHMS U3MEHe-
HUsI TTACCAYKUPOIIOTOKOB IIPU BBOJIE HOBOT'O 3BEHA, OCHOBAHHBII Ha MIPeJi-
CTaBJIEHUU 33J[a9X BBIOOpA BHUJA TPAHCIIOPTa KaK 3aa4Yd ONTHMU3AIAN
co ciryvaitHol 1esieBoil (pyHKImel, IpeacTaBIsiomeil JTUHEHHYI0 CBEPT-
Ky KpuTepueB (CTOMMOCTH IIPOe3Jia U BPEMEHU IIePeMeIeHHsI) CO CILy-
qafiHbIM BeCOBBIM KOodddummernTom. [locmenuuit moaxom He MO3BOJIAET
peraTh 3a/1a49y KJIacCuUKAIUU, TO €CTh OTHECEHUST OT/IETLHOTO HADJIIO-
nenus (maccaxkupa) K KaKoMy-jmbo KJaccy, HO JaeT PeIleHne 3aJa9u O
pacIpejieleHuH [IOTOKOB IIPU 3a/IaHHOM (HJIM OIIpe/IeJIeHHOM Ha OCHOBa-
HUM [IPEIIECTBYIONMX CTATUCTUYECKUX JAHHBIX) PACIPEICICHUN IPEI-
nourennit maccaXupoB. CTaThs MOCBSIIIEHA PA3BUTUIO ITOTO TOIXO/IA,
B TOM YHCJI€ UCCJIEIOBAHUIO CBOHCTB MATEMATHIECKON MOIEIN U perre-
HUIO 38JIa91 BOCCTAHOBJIEHUSI PACIIPEJICJICHIS CJIY YaifHOTO ImapamMeTpa mo
JIAHHBIM O TIACCAYKUPOIIOTOKAX.

1. MaremaTrudyeckasi MOJIeJib MIPEAIIOYTEHUS

WznoXKuM KpaTKO MaTeMaTHYeCKylo MOJEIb 3aJadd O BLIOOpe THIIA
TPaHCIIOPTA, NPEUIOKEeHHYI0 B crarbsx [2, 3|. Ilycrs y norpebure-
nst (maccakmpa) eCcThb BBIOOD MeXKIy BO3MOXKHBIMH 7. BO3MOYKHBIME
MapIIPyTaMH — 3JIEMEHTAMH MHOKECTBA BO3MOMKHBIX AJILTEPHATUB
Ao = {e1y...... ,€n}. Ecom nobasiisieTcss HOBBI BHJ| TpaHCIOPTa (HO-
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BBIH MapIIPYyT), TO MHOXKECTBO aJIbTEPHATUB U3MEHSIETCS U IPUHUMAET
Bug, A1 = Ag U epy1, TJI€ €41 — HOBBII MapIipyT.

IIpeanourennss ciay4daiiHo BBIOPAHHOIO IIACCAXKUPA OIKMCHIBAIOTCS
ciydaifHbiM BekTOpoM {&o,&1}, Tme & — 3aBHCHMBIC MEXKIy cobOi
JIICKPETHBIE CJIydailHble BeJIMYUHBI, IPUHUMAIONIME 3HadeHus &; € A;,
7 = 0,1. 3mecy & pacipeesieHne TPeIOYTeHN 10 BBEJIEHUSI HOBO-
ro 3BeHa TPAHCIOPTHOI ceTw, & — TOCTe BBeIeHHUs. depe3 BEKTOpP
¢\9) 0BosHaumM HMCXOIHOE pacipeeenne BepositHocTel, a uepes ¢
— paclpeleeHne BEPOATHOCTEH II0Cje H3MEeHEHHUsl CTPYKTYPbI, TO

(4)

ectb ¢ = Pr{{; = e;}. O6o3Ha"IMM yCIOBHbIE BEPOSTHOCTH U€pE3
pi; = Pr{& = eiléo = e;}, Marpuma nepexomusix BeposTHOCTe P
ollpejie/isieT paclipejieleHue IaccaxKuPOIOTOKOB BBeIeHIsl HOBOIO 3BeHA!
gD = Py,

O6o3HauYMM Yepe3 ¢; CTOMMOCTH IIPOE3J1a KarXKJIbIM MapIIpyToM, t;
— BpeMmsI 11poe3ja. 3ajada 0 BEIOOpe MapIpyTa pacCMaTPUBAETCS, KaK
3aJ1a4a C 2-Msi KPUTEPUSAMU:

T+ ta,=1, z;€{0;1}, i=1,n,
T(X)=tix1+ ...+ tpzy, —>Ir}}n, (1)

C(X):clx1+...+cnxn—>n}}n.

MHO)KECTBO HEJOMMHUDPYEMbIX (ONTHMaJIbHBIX 10 llapero) pemenuii
IByXKpurepuaiabHoii 3amauu (1) obozmauum Fy C Ag. B orimume
OT MOJEJIH C €IUHCTBEHHBIM JIMIOM, IPUHUMAIOIIUM PeIleHust, OyIeM
paccMaTpUBaTh BEPOSTHOCTHYIO MOJeb, Korua mnorpebureseii (JITIP)
MHOI'O U WX IPEIIOYTEHHs] MOYXKHO U3y9YUTh Ha OCHOBE CTATUCTUIECKUX
JaHHBIX. B KadecTBe KpuTepusi Oy1eM UCIIOJIB30BATH B3BEIIIEHHYIO CYMMY
nByx kpurepues fy(X) = C(X)+60T(X), rue 0 > 0 — unauBuyaIbHasd
“IIEHHOCTDL” eWHUIBI BPEMEHHW I JAHHOrO maccaxkupa. Ilosydaem
3aJa4y MUHAMM3AIUU OJHOIO KPUTEPHs, 3aBUCAILErO OT CJIyYaHOIrO
napamerpa 6 € [0, 00).

T4 ...tz, =1, =z €{0;1},

fo(X) = C(X) +0T(X) — min. (2)

Bymem mpemmonarath, 9T0 CIydIaiiHO BBIOPAHHBIN MTACCAXKUDP BHIONPAIOT
onrrumasibHoe perenne Xo(6) u3 muoxkecrsa Ej Ha 0CHOBE pelieHus 3a-
jgaan (2). Ciayvaiinas semmdauna Xo(f) uMeer AUCKpETHOE paclpesierie-
HIEE C BEPOSATHOCTSIMHA qi0 Ha MHOXKeCTBe Fjy, KOTOpPOe OIIPEeIeIseTcs pac-
npejiesienueM napamerpa ) u snauenusimu Kputepues {C, T} € R?™.
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Ha ocHoBanuu uccienoBanus cBoiicTs 3ai1a4au (2) B padore [3] mosty-
€HBI BBIPAZKEHUsI JIs1 BEPOSTHOCTEN qﬁj )

ar"ocrei P.

U MaTPUIIbI IIePEXO/IHBbIX BEPOo-

2. 3asava BOCCTAHOBJIEHUsI pacIipejieJieHus TTpeaInouYTeHn i

PaccmoTpuM 00paTHYIO 3aJady: [0 JAHHBIM O HEeHAX W BPEMEHH IIepe-
Bozok {C,T'} u pacupe/ie/ieHIl TacCaxKUPOIOTOKOB {¢q;, i = 1,n} ompe-
JICJIUTD pacIipelesIeHne MPEIIIOITCHIN MacCasKUPOB, T.€. PACIPEICICHIC
citydaiinoro napamerpa . dTa 3a7a9a MOXKET PacCMaTPUBATBHCS B Pas3-
JINYHBIX IIOCTAHOBKAX M YYUTBIBATDL, HAIIPUMED, PA3IMIHBLIC HEOIPE/Ie-
JICHHOCTH B 3aJ[aHNU, KaK 3HAYCHHI KPUTECPHEB, TAK U B 3HAYCHUAX BE-
POATHOCTEH ¢;. PaccMOTpUM MaTeMaTHYECKYIO 3aJa9y BOCCTAHOBJICHHS
pacIpe/ie/IeHus mapaMerpa § B TOYHON MOCTaHOBKE.

3amaua B. IlycTh 3amaHbl: yHOPSIOUEHHBIN IO BO3PACTAHUIO IIE-
ubl HaboOp 3HaudeHuil kpurepues g n agbreparus C = {c1,...,¢,},
T = {t1,...,tn}, v ¢; < Ciy1 U t; > t;41, U pacupeeJieHUe BEPOsIT-
Hocreli ajbrepHaTus {¢;}, ¢; > 0, ¢ = 1,n. Haiitu pacupenenenue fy
caryuaitHoit Besmamabl 6 Takoe, uro pemenne X (0) 3amaun (2) ygosie-
TBOPSIET YCJIOBUIO

PriX(0)=e}=q, i=1,n.

Anaymmz Bagauu B nokasbiBaer, 94To, BO-IIEPBBIX, HE JIIOObIE HAOOPI
KPUTEPUEB COOTBETCTBYIOT 33/la4€ CTOXAaCTUIECKON ONTHUMUBAIUU C JIH-
HEHO 11e/1eBoil (pyHKIHE, BO-BTOPBIX, OTPAHIYEHNE Ha KJIACC BO3MOK-
HBIX pacipejieienuii (Halpumep, yHUMOJAJIbHbIE HEIPEPBIBHBIE PACIIPe-
JIeJIeHVIs1) HAKJIAbIBAET JIONOJIHUTE/IbHBIE YCJIOBUS HA BEPOSITHOCTH {¢; }.
IIpu HAJIMYNK TOJIBKO JBYX AJbTePHATHB (N = 2) MHTEpeC MpejCTaBIIsieT
HCCJIEIOBAHNE B3aUMOCBSI3H JIOTUCTUIECKON MOJIEIN BBIOOpA ajIbTepHa-
TUBBIL ¥ 33JIa91 CTOXACTUIECKOI onrruMu3anuu Buja (2).

Pabora BbimonHeHa npu duHaHCOBOM mnomaepxkke Poccuiickoro dhonga dynga-
MeHTaJbHbIX ucciaenoBanuii (mpoext Ne 17-08-01123-a).
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Problem of Restoring of Passenger Preferences Function
in the Distribution of Passenger Traffic

Galina A. Timofeeva

Ural State University of Railway Transport, Ekaterinburg, Russia,
Gtimofeeva@usurt.ru

Abstract: A mathematical model of passenger preferences is considered
when choosing a mode of transport and/or a route. It is assumed that the
choice of route is based on the preference function with a random coefficient
reflecting the preferences of the randomly chosen passenger. The properties
of the problem are analyzed, the inverse problem is formulated and studied:
restore the form of the objective function and the distribution of random
parameters according to the distribution of passenger flows.

VK 517.911.5

BV peinenusi BbIIIyKJIOTO IIPOIECCA BbIMETAHUSA
anddepeHIIAIBHOTO BKJIIOYEHUsI C BO3MYIIEHUSIMU

A.A. Toncronoros

WNucruryT nunamuku cucreMm u teopun ynpasienus CO PAH,
Upkyrck, Poccus, aatol@icc.ru

AnnHoTanus: PaccMarpuBaloTcst BOIIPOCHI CYIIECTBOBAHUS M KOMIIAKTHOCTH
MHOKECTBA PEIIEHNN BBIIIYKJIOrO IIPOIECCa BbIMETAHMSI C BO3MYIIEHUsIMU. Pe-
TPaKIUs JBUXKYIIEroCsl MHOYKECTBA, OIPEJIEJIAIONIErO MIPOLUECC BbIMETAHUS,
[IOMMHEHA MOJIOXKUTEIbHOI Mepe Pajsiona. BosaMylieHusiMu SIBJISIIOTCS MHOT'O-
3HaYHbIE OTOOparkeHus1, 00JIaJaIO0IIIe PA3IMIHBIMI CBOMCTBAMY HEIIPEPLIBHO-
ctu 110 $Ha30Boil epeMeHHO. PerieHneM siBiisieTcs: napa: HelIpepbIBHAs CIIpa-
Ba QYHKIHS OIPAHUIEHHON BapHAIlNN U HHTEIPUPYEMBIH CEJIEKTOP BO3MYIIe-
HHSI, OIIPE/IEJIEHHOIO Ha 3TOM (DyHKIWH.

ITosyenmble pe3ysIbTaThl IPUMEHSIIOTCS OIS M3y <I€HUS 382 MUHUMU3AIII
MHTErpajbHbIX (PYHKIMOHAJIOB C HEBBIMYKJIBIMH HHTerpaHTamu. Jlokazana
Teopema pesakcanuu u anasor reopembl H.H. Borosobosa B BapralimoHHOM
HMCYHUCIIEHUN.
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KurouyeBble ciioBa: (yHKIUsSI OrpaHUYeHHON Bapuanuu, guddepeHnuaib-

Has Mepa, IIJIOTHOCTb Mephbl, pejakcaiusi, Teopema H.H. Borosiro6osa.

B cemapabenbHOM TImibOEPTOBOM IIPOCTPAHCTBE PaCCMATPUBAETCS
IIponecc BbIMETaHUA ,HI/I@(bepeHHI/Ia.HbHOFO BKJIIOYECHMI. HpaBaﬂ qacCTb
g depeHnraILHOTO BKIIOUEHIS COAEPXKUT HOPMATbHBIN KOHYC TBUXKY-
IIETOCA BBIIIYKJIOI'O 3aMKHYTOI'O MHOXKECTBa M BO3MYIIIECHUE. PeTpaKHHH
JABHU2KYIIErocd MHO2KECTBa, IMOPOZKIAIOIIETO IIPOIECC BbIMETaHUA, ABJIA-
ercst (PYHKIMEH OrpaHUYeHHOI Bapuanuu, auddepeHuaibHas Mepa
(mepa Cruibrbeca) KOTOPOi aBGCOIOTHO HENPEPhIBHA OTHOCHTENBHO 10~
JIO?KUTEJIbHOM MephbI Pa,HOHa. BO3MyH_[eHI/I$IMI/I ABJIAIOTCA MHOI'OSHAYHBIC
0TOOpaXKeHns, KaK MPaBUJIO, ¢ 3aMKHYTHIMU HEBBITYKIBIMA 3HAYCHUSI-
MH, 00JIaJAOIIe PA3INIHBIMI CBOMCTBAME HEMTPEPBIBHOCTH 10 (ha30BOit
nepemennoii. Ilox pemennem mudepeHIMAIbLHOTO BKJIIOYEHUsT MTOHU-
MaeTcsl IIapa: HellpepbIBHAsI ClipaBa, (pyHKIUsS OIPAHMYEHHON Bapualluu
(BV dyHKIus) 1 MHTErpUpYEMbIi CEJIEKTOP BO3MYIICHUS BJIOJb ITOM
dbyukuun. BV dynkuua nopoxunaer audddepennuaibuyio Mepy (Mepy
Cruibrbeca), KOTOpas abCOMIOTHO HENPEePbIBHA OTHOCHUTEJNHHO Mepbl
Pamona m mmorHOCTH 3TO# MnddepeHImaIbHOl Mephbl OTHOCUTEIHLHO
Mepbl Pajiona yraosjerBopsier judpepeHIuaJlbHOMY BKJIIOYEHUIO, B
HpaBOﬁ JaCTU KOTOPOIr'O BMECTO BO3MYyIIE€HUA CTOUT YIJICH, Co,qepmaumﬁ
€T0 MHTETrPUPYEMBIil CEJIEKTOP.

OCHOBHOE BHUMAHUE YJIEJIEHO BOIIPOCAM CYIIECTBOBAHUS U CBOWCTBAM
MHOKECTBa PeIeHnil IpU Pa3JIMIHBbIX TUIIAaX BO3MYIIEHU, B3aNMOCBSI-
34dM MEXKJ1y pEeHICHUsIMU BKJIIOUEHHI C HNCXOJHBIM BO3MYIIECHUEM N BO3-
MyHIieHHEeM C OBBIITYKJ/JICHHBIMU 3HAYCHUSIMU.

Pa,CCI\JanI/IBaH BOBMYIIIEHNE KaK OI'DaHUYEHHE Ha YIIPpaBJICHUE, MbI
epexoIuM K yrpaBiseMoit cucreme. J[ist ympaBiisteMoit CHCTEMbI MBI
n3yvaeM B3aMMOCBA3U MEXKIAY 3aJadaMd MHHUMHU3allU HHTErpaJibHOI'O
(byHKLLI/IOHaJIa C HEBBIIIYKJIBIM 1 OBBIITYKJICHHBIM IIO YIIDaBJICHUIO UHTE-
I'PaHTOM Ha pEHICHUAX I/ICXO‘HHOIU/I CUCTEMbI 1 CUCTEMBbI C OBBIIIYyKJICHHBIM
OI'PaHUYECHUEM Ha yIPpaBJICHUE.

Jutst perrenns mepevIrcaeHHbBIX BBINTE BOIPOCOB U3y IAETCS TPOCTPAH-
CTBO HEIMPEPBIBHBIX CIIpaBa (DYHKIINA OTPAaHUIEHHONW BAapHUAIMH, HaIe-
JIEHHOE€ TOIIOJIOTHEel paBHOMEPHON cxomamMmocTu Ha oTpeske. HaiimeHb
KpUTeprun KOMIIAKTHOCTHU MHO2KECTB B 3TOM IIPDOCTPaHCTBE, KOTOPbIE UC-
IOJIB3YIOTCs IIPU U3YYCHHUUN OIITHMU3AIMOHHBIX 3aJa9. HOJIy‘{eHbI IIpa-
BIJIA BBIYUCJICHUS TJIOTHOCTEH A depeHITHATBLHBIX MEP, TOPOXK IEHHBIX
HEMPEPBIBHBIMU CIIPaBa (PYHKITAIME OIPAHTICHHON BAPHUAIIHT, aOCOJIOT-
HO HEIPEPBIBHBIX OTHOCHTENIHHO IOJIOXKUTEIbHON Mepbl Pajona. Drtu
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[IPaBUJIA SIBJISIIOTCS AHAJIOTAMU IIPABUJI BBIMUCJICHUS [TPOU3BOJIHBIX a0-
COJIIOTHO HEIPEPBIBHBIX (DYHKIIUN.

Mps1 paccmarpuBaeM 3 THIIA MHOTMO3HAYHBIX BO3MYIEHUI:

1. BoBMyIIeHME C BBITYKJIBIMA KOMIIAKTHBIME 3HAYEHUSIME, KOTOPOE
VMeEET 110 BPEMEHU U3MEPHUMBIN CEJIEKTOP, a 110 ($Ha30BOil IepeMeHHON —
3aMKHYTBII rpaduk;

II. BosMyIIIEeHME COCTOUT M3 CYMMBI IBYX MHOTO3HAYHBIX OTOOparke-
auit. OJIHO U3 HUX UMEET CBOMMU 3HAYCHUSIMU 3aMKHYThIe, HEBBIITYKJIbIE,
orpaHndeHHble MHOXKeCTBa. OHO M3MEPUMO 10 BPEMEHH U yJIOBJIETBOPSI-
er ycnoBuio Jlumnmmna o ¢daz3oBoil nepementoit. Bropoe orobpakenue
sBJIsieTCsT oToOpakenneM I-ro Tumna;

III. Bo3MyIIIEHIE C 3aMKHYTHIMA, HEBBITYKJIBIMI, HEOIDAHUIEHHBIMUI
3HAYEHUSIMU, KOTOPOE M3MEPHUMO 10 BPEMEHU U YIOBJIETBOPSET YCIOBUIO
Jlummmna o $ha30Boil epeMeHHO’.

Bce MHOro3HAYUHBIE BO3MYIIEHUSI MOIMHEHBI JIBYM BUJAM YCJIOBHS
pocra:

a) yCJIOBHE POCTa, ONMUChIBaeMoe (DYHKIUEH PaCCTOAHUS OT HyJIEBOTO
3JIEMEHTA [0 3HAYEHUN MHOTO3HATHOI'O OTOODAKEHNS;

6) ycaoBue pocra, onucbiBaeMoe (byHKIHeli, MayKOPUPYIONIeil MHOIO-
3HAYHOE OTOOpParKEHHeE.

Ilpu BBINOJIHEHUY YCIOBUSA POCTa &) jjig BoaMymenuii tuma [-111 mbr
JIOKa3bIBaEM TEOPEMBI CyIIeCTBOBaHUsI. [IpH BBITIOJIHEHIN yCJIOBHUST POCTA
6) MbI U3y4aeM CBOICTBA MHOXKECTBA PEIICHUI B IPSIMOM [IPOU3BEICHUN
[IPOCTPAHCTBA HEIPEPHIBHBIX ciipaBa BV dyHKIWI u 1pocTpaHCTBa HH-
TErpupyeMbIx (QYHKIHA CO C1ab0i TOMOIOTHEl .

IIpu HEKOTOPBIX JOTOTHUTEIHLHBIX IIPE/IIOI0KEHUSIX, OTHOCIIIXCS K
JIBI2KYIIEMYCsI MHOXKECTBY, MBI JOKa3bIBAEM KOMIIAKTHOCTH MHOXKECTBA
PpelieHuii.

IIpu paccmorpenun Boamytnenusi III-ro Twuma MBI ycTaHaBInBaeM
CBSI3b MEXKJ[y DENIEHUSIMU IIPOIECCA BHIMETAHUS C UCXOIHBIM BO3MYIIE-
HUEM U BO3MYIIEHUEM C OBBIIYKJICHHBIMU 3HadYeHusIMu. [loka3piBaeTcs,
9TO Il JIIOOOI'O PEIIeHHs IIPOIEeCCa BBLIMETAHUSI C OBBIILYKJICHHBIM
BO3MYIIEHUEM CYIIECTBYET CXOIAINAsCA K HEMY IOCJIEeI0BATEIHHOCTD
peIleHuil Iporecca BBIMETAHUS C UCXOMHBIM Bo3MmytnenueM. [Ipm srom,
€CJI BBIIOJIHAETCS YCJIOBHE DOCTa a), TO HPOCTPAHCTBO UHTEIPUPY-
eMbIX (QYHKIUHA B ITOM CJydae HAJEdeTcs HOPMO# AJjiekceeBuda
(A. Alexiewicz).

Mpr u3zyuaeM 3ajady MUHUMH3AIUA HHTETPAJIHHOTO (DYHKIOHAJA
C HEBBIIIYKJIBIM IO YIIPABJIECHUIO MHTEIPDAHTOM HA PEIIEHUsIX IIPOIECCa
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BbIMeTaHus ¢ orpanndenueM III-ro Tuna na ynpasienue. Hapsmy ¢ aToit
3a/1a4eil pacCMaTpPUBAETCS 331298 MIHIMU3AINN HHTEIPAJIBHOTO DyHK-
[IMOHAJIA, Y KOTOPOrO HMHTEIPAHTOM HABJISETCS OUIOJISAPA IO YIIPABJIEHUIO
UCXOJHOTO UHTErPAHTa (OBBILYKJICHHBIN 110 YIIPABJICHUIO MHTEIPAHT) Ha
peIlleHsIX IIPOIeCCa BBIMETAHUsI C OBBIIMYKJIEHHBIM OTPAHUYEHUEM Ha
yupasjenue. [Ipu 1ocTaTo9HO OOMIUX IIPEIIOIOKEHMSIX, OTHOCSIIIXCS
K MHTETPAHTY, [IOKA3aHO JJIs JI0O0r0 PEeIeHns IPOIECca BbIMETAHUS C
OBBIIIYKJIEHHBIM OUDAHMYEHNEM HA YIIPABJEHHE U 3HAYEHHEM HA ITOM
perernu (DYHKIMOHAJIA C OBBIIYKJIEHHBIM HHTEIPAHTOM CYIIECTBYET
CXOJIAIIASICS K HUM ITOCJIe/I0BATE/IbHOCTD PEIEeHNIT [IPOIecCa BEIMETAHMS
C WCXOIHBIM OIDAHUYEHHEM Ha YIIPaBJIEHHE U IIOCJIEI0BATEIbHOCTh
3HAYEHNN HA ITUX PeleHusX (MYHKIIMOHAIA C UCXOAHBIM HHTEDAHTOM.
IIpu sToMm TpaekTOpHH CXOAATCHA B IPOCTPAHCTBE HEIPEPBHIBHBIX CIIPABA
BV ¢&byuxnwmii, a ympaBiaeHus CXOAATCS B MPOCTPAHCTBE HHTETPUPYEMBIX
dyukuit ¢ nHopmoit AsiekceeBuda. Tak Kak 3HAYEHUs OHUIIOIAPHI IO
VIIPABJIEHUIO WHTErPAHTA HE IIPEBBINIA0T 3HAYEHWI CAaMOT0 HHTErPAaHTa,
TO IOJIyYEHHBIN Pe3yJIbTAT SBJISIETCS AHAJIOTOM KJIACCUIECKOI TeOpeMBbl
H.H. Boroso6oBa B BapnaIiimoOHHOM UCUUCICHUM.

IIpu HEKOTOPBIX JOMOTHUTEIBHBIX MPEIIOJIOKEHUIX TOKA3bIBAETCS,
9TO OBBIILYKJIEHHAS 33/[a98 MUHUMU3AIINA UMEET OIITUMAJILHOE PellleHue.

O6cyK1ar0TCsT BO3MOXKHBIE ODOOINEHNST YCJIOBUN, OTHOCSIIIUXCH K
JBUKYIIEMYCS MHOYKECTBY.

Bce ocnoBHble pe3yIbTaThl ABISIOTCS HOBBIMU.

Ecnu perpakiuss ABMKYIErocs MHOXKECTBA SBJISIETCS A0OCOJIOTHO
HEeIPEePBLIBHOM (DyHKIHE, TO MBI IPUXOIUM K aOCOJIIOTHO HEIPEPHIBHBIM
pemmenusimM. Jlaxke Jyisi TaKUX PEIIEHUiT B MTOJABJISAIONIEM OOJIBITUHCTBE
[TOJIyY€HHBIE PE3YJIbTATHI SIBJISIFOTCSI HOBBIMH.

Pabora BbinoniHeHa npu duHaHCOBOM momepxkke Poccuiickoro dhonga dyHga-

MEHTAJIbHBIX uccienoBannil (nmpoext Ne 18-01-00026-a).

BYV Solutions of a Convex Sweeping Process
of a Differential Inclusion with Perturbations

Alexander A. Tolstonogov

Matrosov Institute for System Dynamics and Control Theory,
Russian Academy of Sciences, Irkutsk, Russia, aatol@icc.ru

Abstract: The questions on existence and compactness of the solution set of
a convex sweeping process with perturbations are considered. The retraction
of the moving set describing the sweeping process is subject to a positive
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Radon measure. The perturbations are multivalued mappings having various
continuity properties with respect to the phase variable. A solution is the
pair consisting of a right continuous function of bounded variation and an
integrable selector of the perturbation defined on this function.

The results we obtain are applied to study minimization problems for integral
functionals with nonconvex integrands. A relaxation theorem and an analogue
of N.N. Bogolyubov’s theorem in the calculus of variations are proved.

YIK 517.977

3agada cTabuInM3aliiy CUCTEMbI C IIePeKJII0YeHUIMU
MIPU IOMOIIU KycouHO-ad(PUHHOrO ynpasJieHUs:

II.A. Tounmuu', A.A. Aranecsan?

1 BMK MI'Y, Mocksa, Poccusi, tochilin@cs.msu.ru
2 BMK MI'VY, Mocksa, Poccus, at-an-ar@yandex.ru

AmnnoTtanusi: CTaTbs MOCBSAIIEHA PEIICHUIO 331891 CTAONIN3ANN JIsT MaTe-
MaTHUYEeCKOl MOZEJN IMOPUIHON CHCTEMBI C MEPEKJIIOYEHUSIMI MEXK/ly PeXKu-
MaMu YHKIUOHUPOBaHUs. KaykIoMy TaKOMYy DPEXKHUMY COIIOCTABJICHBI HEJIN-
Heiiable auddepeHIaIbHble yPaBHEHNs] C YIPABIISIONMME [1apaMeTPaMHU.
MowmenTbl (ycJI0BUsI) NEPEKJIIOUEHUH SBJISIIOTCS KOMIIOHEHTON yIPaBJICHMUS.
TpebyeTcst mocTponTs CTAOUIN3ATOP B MO3UIMOHHON (pOpMe, 3a CIET KOTOPO-
r'o TPAEKTOPHUM COBOKYIIHOM HEJIMHEHHOW CUCTEMBI CMOTYT JIOCTUTHYTh 3a/[aH-
HOI'O 11€JIEBOI'O MHOXKECTBa B Cba?»OBOM IIPOCTPaHCTBE 3a (3apaHee HEeus3BeCT-
HOE) KOHeuHOoe BpeMsi. JIJIsl pelleHusl 3a/iadqy MCIOJIb3YeTCsl allapaT Helpe-
PBIBHBIX KyCOYHO-abdUHHBIX (QyHKIHUA JIAmyHOBa U COOTBETCTBYIOIIMX MM
KycouHo-adduHHbIX dYHKIMI ynpasienus. JJokasaHa TeopeMa O JOCTATOY-
HBIX YCJIOBHSIX CTaOUJIN3UPYEMOCTH TMOPHIHON CUCTEMBI B YKa3aHHOM KJIACCe
yupasienuii. IIpusesen aaropurm mocrpoenust dyukiun JIsmynosa u crabu-
Jm3aTopa.

KoaroueBble ciioBa: HelMHEHHasl AMHAMUKa, TMOpUHAsi CHCTeMa, 3aJ]a4a
crabunuzanuu, Kycouno-addunnas dyuknus Jlsmynosa.

BBenenune

Pabora nmocssmena penrennio 3a1a9u CTAOMIM3AIAN JJIsT THOPUTHOM CH-
creMbl [1-3] ¢ BO3MOXKHBIMHU [IEPEKIIIOUCHASME MEXKJLY COCTABJISAIOIIUMU
ee mojcucreMaMu. JluHaMUKa NI KasKIO0H TaKO# IOJCHCTEMbI 3aaHa,
HeJIHeRHbIMI  qudPepeHIaabHbIMU YPABHEHUSIMA C YIIPABJIAIONIAMU
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napaMeTpamMy CJIEYOIEero BIJA:
= f@i,z) +g(i)u, z€Q, i=1,.., N. (1)

aech t € [tg,00), byukuusa f(i,x) € R™ gapisiercd HeupepbiBHO nud-
depenrupyemoii mo nepemennoit r € (), () — HEKOTOPOE KOMIIAKTHOE
MHOXKeCTBO, ¢(i) € R"™=*™ — 33 /1aHHBIe MATPUIIBL, 4 — HOMEP HOJCUCTE-
Mbl (pexkuma (PYHKIUOHMPOBAHUSA COBOKYITHONH CHCTEMBI C MEPEKJII0Ue-
HusiMu), 4 = u(i,2) € R™ — NO3UIMOHHOE yIpaBJeHue, Ha BO3SMOXKHbIE
3HaYEHUsT KOTOPOTO HAJIOXKEHBI ‘2KECTKHE’, MOTOYEUHbIE OTPDAHNICHIUS:
u(i,x) € P, rue muozkecTBO P C R™* — BBILYKJIbIH KOMIIAKT.

IIpeanonaraercs, 9To Jj1st KayK A0 MOJICUCTEMBI OTIETHHO 33,1894, 110~
CTPOEHUsI CTaOMJIN3UPYIOIIErO ee MO3UIMOHHOTO YIIPABJIEHUS] sIBJISETCS
HETPUBHUAJIBHOM, & 00JIACTb MPUTSIXKEHUsI IeJIEBOI0 ITOJIOYKEHHsT PABHO-
BecHusl 3aMKHYTOW CHCTEMBI SIBJISIETCS HEJIOCTATOYHO OosbIoit. Hampu-
Mep, TaKas CUTyallis MOXKET BO3HHKHYTH B TOM CJIydae, €CJii CTabu-
JIN3ATOP TIOCTPOEH JIMIID JIJIsl JINHEAPU30BAHHBIX yPABHEHUIT W TapaH-
TUPYET aCCUMIITOTUYIECKYIO YCTONIMBOCTD 3aMKHYTON CHCTEMBI JIUIIb B
MaJIOH OKPECTHOCTH IOJIOXKeHUsl paBHOBecusi [4, 5. B To ke Bpems 3a
CUYeT MEePEKIIOYEHUI MEXKJLY MMOIACUCTEMAMH MOXKHO JOOUTHCS PacIIupe-
HUsI 00JIACTH TPUTSIPKEHUsT. TaKre TePeKTIOUeHUsT MEXKTy TTOJICUCTEMAMU
(MrHOBEHHBIE, CKAYKOOOPA3HbIE CMEHBI PEKUMOB (DYHKIMOHUPOBAHMS )
[IPOU3BO/ISITCsT IIPU OIPEJIEJIEHHBIX YCAOBUSIX, KOIJA TPAEKTOPHUsS CHCTe-
MBI TIOIIAJ[A€T Ha CIIeNUAJIbHBIE, BbIJIEJIEHHBIE MHOXKECTBA. YCJIOBUS IIe-
PEKJIFOUEHHU JTOJI?KHBI OBITH IIOA00PAHBI TAKUM 00pa30M, 4TOOBI JJIs T'U-
OPUIHOI CHCTEMBI, 3aMKHYTO TIOJIy 9€HHBIM yIIPABJIEHHEM, MOKHO OBLIO
KOPPEKTHO OIPEJIETUTD PEIeHMUS.

OCHOBHOM 11610 PABOTHI SIBJISIETCS ONPEJICJIEHIE TPABUIL JIJIsT [Tepe-
KJIFOUEHUN MeXKJIy IMOJCHUCTEMAMM, & TaKyKe IMOUCK CTaOMIM3UPYIOIIX
VIPABJIEHUIl B KaXXJOM U3 PEXKHUMOB C IeJIbI0 CTAOUJIN3AIUNA COBOKYII-
Hoit cucrembl. [IpeyiaraemMoe pererre BKIIIOYAeT KyCOTHYIO JTUHeapu3a-
[0 UCXOJIHBIX, HEJTMHEHHBIX JuddepeHnua bHbIX ypaBHEHUH, U j1ajee
nocrpoenne GbyHKIUH JISMyHOBA JJIsT yIIPABJISEMO CUCTEMBI B KJIacce
KyCcO4YHO-ahGUHHBIX (DYHKIWI CIEIUAJIBHOIO BHJIA, 38JaHHBIX Ha CETKE
13 CUMILIEKCOB B (a30BOM mpocTpaHcTBe. [lapasiiesibHO ¢ mocTpoeHneM
byuruyn JIsnyHOBa HEOOXOINMO OIIPEJIE/IUTh CBAI3aHHOE C Hell KyCOYHO-
addunHoe yrnpasaeHne — CTaOUIN3ATOP.

WNnes moucka dbyukimmum JlamymoBa B Kiacce KycoduHo-addUHHBIX
bYHKIUA YCHENHO WCIOJIb3yeTCsl MPU  UCCJIEIOBAHUN  YCTONIMBOCTH
cucrem (6e3 yupapjsiomux BoszeficTBuii). g HEKOTOPBIX KJIACCOB
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HEJIMHEIHBIX CUCTEM C YCTONYUBBIMU IIOJIOXKEHUSIMUA PABHOBeCHs! ObLIN
[OJIyYeHbl aJIrOPUTMbI HOCTpoeHus Takux yHkuumil [6]. B gyacrrocrny,
pa3paboran meTon mocTpoenusi Kycouno-addunnoit dbyukmun Jlsmy-
HOBa JJIsl CHCTEM C IIePEKJIFoUeHusIMU [7, 8]. DTH aJropuTMbl, OJHAKO,
ele MpeJCTOUT aJAllTHPOBATH JJIsi pelleHus Oojiee CJIOXKHBIX 3aad
CTaOMIN3AIIAN.

1. OcHoBHOII pe3yJsabTaT

B mammoit paboTe nccaeoBaHbI CBONCTBA KyCOIHO-apOUHHBIX DYHKITAN
JIsmyHoBa Utsi CHCTEM C MEPEKJIIOYEHUSIMHU, YKA3aHbI OMPDAHNYIEHUs HA
KycouHO-ahdUHHBIE YIIPABJIEHUs, FaPAHTUPYIOIINE BO3MOXKHOCTH KOP-
PEKTHOIO IIOCTPOEHUSI TPAEKTOPHUI 3aMKHY TOM CUCTEMBI, ITOJTy YeHa, OIIEH-
Ka 00JIaCTH MPUTsIzKeHUs JJIsi PYHKIMY JIsmyHoBa yKa3aHHOTO Bua. Jo-
Ka3aHa TeOpeMa O JIOCTATOYHBIX YCJIOBUIX CTAOMIN3UPYyEMOCTH THOPHI-
HOI CHCTEMBI B yKa3aHHOM KJjiacce yrpasienwii. [Ipemjioxken KOHKpeT-
HBII AJITOPUTM IOCTPOEHUS Hapbl KycouHo-addunnbix dyukiun Jlsmy-
HOBa W YIIPaBJIEHUsI, TTO3BOJISIFOIUX PENIUTh 3a/1a9y CTAOUIN3AIAN JJIsT
CHCTEMBI C aBTOHOMHBIMU [T€PEKJTIOUEHUSIMU.

TlostyuenHbIe TeopeTnyecKue pe3yJibTaThbl ITPOIEMOHCTPUPOBAHBI HA
KOHKPETHBIX BBIYACTUTEIHLHBIX IPUMEPaX.

Pab6ora BoinosineHa npu dpunancoBoit noagaepkke PODPU, npoektsr 19-01-00613a,
16-29-04191ocbu_ M.
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Stabilization Problem for Switched System
Using Piecewise Affine Control

Pavel A. Tochilin!, Anna A. Atanesyan?
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Abstract: The article is focused on the solution of stabilization problem for
mathematical model of switched hybrid system. It includes several regimes
corresponding to systems of nonlinear differential equations with control and
also some rules for switching between them. Switching conditions are also part
of control. It is required to construct a feedback stabilizator under which the
trajectories of the nonlinear hybrid system will reach the predefined target
set in a finite time, unknown in advance. The problem is solved using con-
tinuous piecewise affine Lyapunov functions and appropriate piecewise affine
control functions. The theorem about sufficient conditions of hybrid system
stabilization is proved. An algorithm for calculation of appropriate Lyapunov
and control functions is described.
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Crabuansanusa raMmujabTOHOBBIX CHCTEM Ha OCHOBE
perienusi ypaBsueHusi Pukkaru

A.A. Ycoa' A.M. Tapacbes?

L IMM VYpO PAH, Yp®V, Exarepuntypr, Poccusi, ausova@umm.uran.ru,
2 MM ¥YpO PAH, Yp®V, Exarepunbypr, Poccusi, tam@imm.uran.ru

AnHoTauusi: B pabore ycTaHAaBIMBAIOTCS JOCTATOYHBIE YCJIOBUSI CYIIIECTBO-
BaHUs HEJIMHEMHOIO peryssiTopa. BBIBOAUTCs MaTpudHOe ypaBHeHue Pukka-
TH, PelleHne KOTOPOro MO3BOJISIET IOCTPOUTH TAKON PEryJsTOp IJjisl TaMUJIb-
TOHOBOU CHCTEMBI, IIOJIyYeHHO! B paMKaX IPUMEHEHUs] IPUHIIUAIIA, MAKCUMYMa
TlonTpsiruna K 3ajade ynpaBiieHHUs Ha HEOTPAHMYEHHOM [IPOMEXKYTKE BpeMe-
uu. [IpuMeHeHre HEJIMHEHHOrO PEryJisiTopa K MCXO/HON yIIPaBJIsSeMOil CucTe-
Me, TIOPOXKIaeT aCUMITOTUYECKH YCTOWUUBYIO CUCTEMY, TPDAEKTOPUH KOTOPOit
BOCIIPOU3BO/ISIT MOBEJEHNE ONTUMAJIBLHBIX PEIIeHUI ¢ KBaJAPATUYHON TOYHO-
CTBIO.

KirroueBpie cjioBa: ONTHMAaJIbHOE yIIpaBJeHUe, CTAOMIN3alNs FaMUAJILTOHO-
BBIX CHCTEM, HEJIMHEHHBIN PEryIsTOp, MaTPUIHOE ypaBHeHHe Pukkarum.
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BBenenue

Anasmz mojeseit pocra, UCMOIB3YEeMbIX JJIsi TPOTHO3UPOBAHUS CIICHA-
pU€B Pa3BUTHUsI B SKOHOMUYECKHX, IKOJOIUIECKUX, JIEMOrpadUIeCKuX
U Apyrux o6JIaCTsIX, CBOAUTCS K WCCJIEIOBAHHUIO 3aJa9 OINTHMAJLHOIO
yIpaBJIeHUs] Ha HEOrPDAaHUIEHHOM IPOMeKyTKe BpeMent [1]. B mocrarou-
HO OOIIUX ITOCTAHOBKAX 334 YIPABJIEHUs AMHAMUKA [IPOM3BOJICTBEH-
HBIX PAKTOPOB X1, ..., T, OIMUCHIBAETCA CUCTEMON ypaBHEHMIA

i(t) = F(z(t)u(t) + Ga(t)) = @(a(t),u(t), «(0) =2 (1)

rpe MarpudHas ¢yakuus F(z) = { f”(a:)}:f’jzl U BEKTOP-(DYHKIUS

G(z) = {gi(x)}, nBaxzapl HenpepbiBHO-1UbbEPEHIIPpYeMble DYHK-
UM CBOUX I€peMeHHbIX. Bemwunmna u = (u1,...,Uy) €CTb BEKTOD
yupaBJienuii, cocrosiuii u3 wusmepumbix (1o Jlebery) dyukuuii,
u(+)[0, +00) — U, rme U — Hemycroe KoMnakTHOe MHOXKecTBO. KauecTso
[IPOLIECCa YIIPABJICHUS ONEHUBACTCS (DYHKIIMOHAIOM BUIA

+oo
J() = /O =P In o(x(t), u(t))dt, @)

rue BesanuuHa ¢(x, u), oupeeisgeMasl B MOJEJIIX KaK ypOBeHb 110TpebJie-
HUsl, BBIYUCSAETCS 110 hOpMyJIe

m

eft) = [T (@ = wilt) — wile(®)) f(2(1)): 3)

i=1

QOyuknus f(r) UrpaeT posb NPOU3BOJCTBEHHON (DYHKIINW, & BEJIMINHDI
wi(z) (i = 1,...,m) BBIpazKaOT UHBIE PACXOJBI, CBA3AHHBIE C IIPOU3-
BOJICTBEHHBIMU (pakTOopaMu. Bee ykaszanHble QyHKIUHA IPEIIOIaraioTCs
JIBaXKIbl HenpepbiBHO-nudg depenmupyeMbiMu. HeoTpuiareabHOCTL Be-
Jmaussl ¢(t) (3) HaK/IaAbIBAET OrPAHUYEHUSI HA [IAPAMETPI YIPABJICHUSI

0<> wi(t) <1 = 3u; € (0, 1): wi(t) € [0,w], i=1,2,...,m. (4)
=1

B MOIEJIAX POCTA 3THU OI'PAHUYICHUA ABJIAIOTCA CJICACTBUEM IIPEAIIOIOZKE-
HHUsA O 3aMKHYTOCTHU 3KOHOMUYECKON CUCTEMBI.

Bagaua (P). Tpebyemcs nocmpoumsv makoli ynpasasemuvili npoyece
(20(t),u’(t)), xomopuwiii marcumusupyem @ynryuonar noasesnocmu (2)
6doab mpaexmopudl durnamuveckolt cucmemus (1) ¢ yuwemom oeparuerudl
Ha ynpasaenus (4).
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VccnenoBanue 3aga9M 1 OCHOBHOI pe3yJbTaT

VccnenoBanne 3a7aqu MPOBOJUTCS B pPAMKAX TPHUHIANA MAKCAMYMA
Iourpsaruna, OGOOHMIEHHOM Jyist 3aJa49 HA OECKOHEYHOM ITPOMEXKYT-
ke Bpemenu [l, 2]. CranpoHapHasi TaMHIBTOHOBA (YHKIWS 381891
yupasiyierus: (P) umMeer cienyomyo cTpyKTypy

H() =Y (1= = wi(@) +n f(o) + ¢ @(,u),  (5)

rge 1) € R™ ecTb BEKTOD CONPSIKEHHBIX II6PEMEHHBbIX. B BHJLy CTPOroi
BOIHYTOCTH TaMUJIbTOHHAHA (5) 1o mapameTpaM ynpapieHus u [5] Hail-
Jetest Takoi BeKTop 1, KOMIIOHEHTBI KOTOPOTO Y/IOBJIETEOPSIOT OTDAHH-
deHusM (4) ¥ JIOCTABIISIOT MAKCUMYM raMujIbToHHAHY (5).

0, (z,9) € A,
w(@,p) = 1—wj(x) —Ti(x,¢), (z,9)€ Ag, (6)
Uj, (wi) € Aja

s
I

{(2,9): wi(x) + T;(x,9) > 1}, Tyz,0) = (WTF(x) ",
A2 ={(z,9): 1 —u; <wj(x) + Tz, ) <1},
A? :{(wi)wj(x)—’_rj(wi)gl_ﬂ]}a ]Zlvam

Cornacno crpykType BekTopa u’ (6) cymectsyer 3™ obacTeit ¢ pasamd-
HBIMU peKUMaMU yipasJenus. B cuiy riiagkoctu pyHKIMHE, COCTaBIISIIO-
X MaKCUMU3UPOBaHHLI ravunbTornan Ho(x, 1) = H(z,1,u), rerxko
y6emurnest, aro Ho(x, 1) ecrb HenpepbiBHO-nuddepeniupyeMast dbyHK-
[IUsI CBOMX IIEPEMEHHBIX T U 1) BO BCEX OOJACTIX YIPABJIEHUS U HA WX
rpanunax. [aMujIbTOHOBaA CECTEMa CTPOUTCS 0 (hOpMyJIaM

i(t) = OHo(x,) /0%, (t) = pv — OHo(x,)/Ox. (7)

B pamkax mpe/iiosioyKeHust 0 CyIecTBOBAHUA U €JMHCTBEHHOCTH YCTaHO-
BHUBIIErocs cocTosunsg P* = (x*,1*) ramMmuibToHOBO# cucreMsl (7) 1mpo-
U3BOAUTCH JuHeapu3anus cucreMsl (7) B okpectHocT Of Touku P*

i =A%+ By, T(t) = x(t) — 2,
v =CT+ (pEn —AT) Y, P(t) =9(t) -y
311ech UCIOJIBb3YIOTCsI ClIeyoue 0003HadeHrst OJI0KOB MAaTpHUIlbl kobu

" 5 A= 82Hy(P*)/owox,
Jr= ( C E — AT > ) B = 32H0(P*)/31/127
pn C = —9%Hy(P*)/022.

(®)
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3aava crabuM3anun JIMHEApU30BAHHO cucTeMbl (8) CBOJUTCS K MOHC-
Ky Taxoil MaTpuipl X, KOTOpas Ompejesser JIMHeHyo cssb ¢ = X T
(Ha30BBIX T U CONPSIZKEHHBIX 1) epeMeHHbIX B okpectroct OF, obecie-
YHMBasi ACUMITOTUIECKYIO YCTONUMBOCTD Caelytonieil cucreme (cM. [3])

i=(A-BX)i, 1=Xi. (9)

st ToKa3aTesbCTBa CYIIECTBOBAHUS MATPHUILI X PACCMATPUBACTCH
BCIIOMOTaTeJIbHAasl CUCTEMA

{5 =(A—p/2E,)E+ Bz, & = Te ™,

i = CE— (AT —p/2E,)z, = = der/ 10)

Marpuna M := J* — p/2E,,, cucremst (10) siBisiercsi raMIIbTOHOBOI, 1,
CJIEJIOBATEILHO, €e COOCTBEHHBIE 3HAYEHUS] CHMMETPUIHBI OTHOCUTEIHHO
MHIMOIA ocu [4]. D1o no3BossieT ¢cHOPMYIUMPOBATH CJIELYIOIIYIO TEOPEMY.

Teopema 1. Mampuua X, cmabuasusupyrowasn cucmemy (8), cyuwe-
cmeyem u HaxoduUMes Kax peuerue Mampuyno2o ypasrenus Puxkamu

C—X(A-p/2E,) + (p/2E, — AT) X — XBX = 0.

Bosee mozo, ecau sunoaneno yeaosue |Re (AM))| > p/2, mo cucme-
ma (9) acumnmomusecku ycmotuusa npu A1060M HALANLHOM COCTNOA-
Huu iy maxom, wmo (xf, v* + X (z§ —2*)) € O;.

Henunetinwiti peayaamop cmpoumes no npasuay u’(x) = u(z,* +
X(x — x*)), 2de u°(-,-) onpedeaena 6 (6), u cmaburusupyem cucme-
my (1), npueods ee x eudy i = F(z)u’(z) + G(x).

Uccnenosanne Ycosoit A.A. nognepxxano rpaarom PH®, mpoexr Ne19-11-00105.
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Stabilization of the Hamiltonian Systems by Means
of Solution for Riccati Equation

Anastasiia A. Usova!, Alexander M. Tarasyev?>

1 IMM UB RAS, UrFU, Yekaterinburg, Russia, ausova@imm.uran.ru,
2 IMM UB RAS, UrFU, Yekaterinburg, Russia, tam@imm.uran.ru

Abstract: The paper establishes sufficient conditions for existence of a
nonlinear stabilizer. The matrix Riccati equation is derived, whose solu-
tion grounds the construction of the nonlinear stabilizer for the Hamiltonian
system obtained within the Pontryagin maximum principle for the optimal
control problem on the infinite time interval. Application of the nonlinear
stabilizer to the original control system generates an asymptotically stable
system, whose trajectories reproduces the behavior of optimal solutions with
the quadratic precision.
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Saﬂaqa YiipaBJieHUsA C IIOMeXOil 1 Hen3BEeCTHBIM
MOMEHTOM HM3MeHeHNnd JMHAMNUKN

B.I. Yxo6oros', 1.B. IamecTnhen>

I Yenabunckuii rocynapcTBennbiit yuusepcurer, UYenabunck, Poccus, ukhQ@csu.

2 Yenabunckuit rocyaapcTBennbiii yausepcuter, Yensabunck, Poccus,
j748e8Q@gmail.com

Amnnoranusi: PaccmarpuBaercst juHeiiHasi 3amada yOpaBICHUS [IPU HAJIN-
YUY BO3JEHCTBUA CO CTOPOHBI HEKOHTPOJIUPYeMOil momexu. VI3BecTHO TOJIBKO,
9TO €€ 3HAYEHUs MPUHAIJIEXKAT 3aJAHHOMY CBSI3HOMY KOMIIAKTY. 3aJaH MO-
MEHT OKOH4YaHMsl Ipolecca ynpasieHus. CYuTaeTcs, 4T0 BOSMOXKHA OJIHA IIO-
JIOMKa, KOTOpasl NPUBOJAUT K U3MEHEHUIO JUHAMUKH yIIPaBJ/IseMoro Ipolecca.
Bpemst HacTymIeHnst IOJIOMKHI 3apaHee He H3BECTHO. YIIPABJICHHE CTPOUTCS
HMCXONs U3 IPUHIUIA MUHUMU3ALNUN FapaHTHPOBAHHOrO pe3yibrara. IIpoTus-
HOI CTOPOHOI BBICTYIIAeT IOMEeXa M MOMEHT HACTyIIeHus mojaoMKu. Haitmenst
HEOOXOAUMBIE U JOCTATOYHBIE yCJIOBUS, IIPU BBITOTHEHHH KOTOPBIX IOILyCTHU-
MoO€e yIpaBJIeHHe sIBJISETCs OINTUMAIBHBIM. B KadecTBe mpuMepa pacCMOTPEHA
3a/1a4a yIpaBJ/IeHUsl CTEPXKHEM, >KECTKO IIPUKPEIJIEHHBIM K POTOPY 3JIEKTPO-
nBuraressi. K gpyromy KOHILy CTEpKHSI IPHUKPEIVICH MaXOBHUK. YIIPABJICHU-
MU ABJISIOTCA HAIPsXKEHUsI, I0JaBaeMble HA POTOP M MaxOBUK. Llesb BbI-
6opa ymnpaB/IeHHII — MHUHHUMH3AIUS MOMIYJs OTKJIOHEHHUs yIJa, 06pa3yeMoro
CTEpKHEM U BEPTUKAJIBLHON OCBIO, OT 3aJaHHOIO 3HAYMEHUS B (DUKCUPOBAHHBIHN
MOMEHT BPEMEHH.

KiroueBsbie cioBa: yYipaBJieHUue, 1I1oMexa, II0OJIOMKa.
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1. IlocraBka 3amauun
PaccvarpuBaercs yrpaBasgeMblii Iporiecce
t=At)z+ B(t,")w+&+n, z(to) =z9, xz€R", to<t<p. (1)

3/1eCh MOMEHT OKOHYAHUS P 38JIaH, tg — HAYAJbHBIH MOMEHT BPEMEHU;
weW CR ué e M CR™ gapuaioresa ynpasiernusMu. MHoKecTBa
W u M 9BIA10TCA CBA3HBIMU KOMIAKTAMU, IpAYeM KOMIakT W sBJis-
eTcsl CAMMETPUIHBIM OTHOCHTEJIHLHO Havasa KoopauHar. [Tomexa 1 mpu-
HAJJIEXKUT CBA3HOMY KoMmiakry @ C R™. Hasuee, B(t,7) = Bi(t) upu
to<t<7uB(t71)=By(t) upu 7 <t < p. 3aecp A(t) u B;(t) nempe-
peiBHBIE TIpH tg < ¢ < p MaTpPUIBL.

Takasi cuTyanusi MOXKET BO3HUKHYTH TOTJA, KOTJA B MOMEHT BpEMe-
U tg < 7 < p OIPOUCXOMUT TOJIOMKA, U MEHSIETCs JMHAMUKA, ITPOIECCA.
MomeHT TOJIOMKH T 3apaHee HE M3BECTEH. [[09TOMYy MOMEHT MOJIOMKHA
BKJIIOIAETCST B TIOMEXY.

ITokaszaresieM KadecTBa siBisteTcst Beamduua |(1o, z(p)) — G|. 3mecn
BekTOp Yy € R™ 3azaH, (-,-) — crajsipHoe npoussejenrne B R™, G —
3aJIAHHOE IHCJIO.

Yupasienue CTpOUTCS UCXOJS U3 TPUHIANA MUHAMU3AIUA TAPAHTH-
POBaHHOTO pe3ysbrara |1] mokaszaress KadecTsa.

2. OcHoBHOIi pe3yJabTaT

Cuenys [2, C. 160], nepeiigeM K HOBOil yupaBJsieMoiil cucreme, B ypas-
HEHNHU JBUXKEHHsI KOTOPOil oTcyTcTByer (pa3oBblil BekTop. PaccMoTpum
upu tg < t < p pemenue ¥ (t) 3agaun Komn

G(t) = —A"(O)Y(t),  Y(p) = o (2)
3aecs A*(t) — TpaHCIOHMPOBAHHAS MATDUIIA.
O6o3HauNM
b(t,7) = mas((t), Bt 7)) 2 0,
c-(t) = min{y(t),£), e (t) = max(y(t), £),
B-(t) = min((t),n), B (t) = max(y(t),n).
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Torma

((6), Bt 7w +€) = —a(t,u+ 5(e4(t) + e (1), Jul < 1,

(). 1) = Beo + 5 (B () +6-(6), ol < 1,

Blt) = 5(6+(0) — 5-(6) 20,

Baecs obosnaveno a(t, 7) = b(t,7) + & (cy(t) — c_(t)) > 0.
Ilepeitmem K mepeMeHHOIM
1 p
2= (0lt)2) + 5 [ (Br(r) + B-() + elr) +e()dr — G.
t

Torma u3 (1) u (2) mosyumum, 9ro
Z=—alt,m)u+ B, Jul<1, Ju <1,

ITokaszaress kadecTBa IpuMeT BuJ, |z(p)|. YIIpaBieHue U IOMexa ULy TCst
B BHJe NPOM3BOJbHBIX dyHkimit |u(t,z)] < 1 u |v(t,2)| < 1. Pemenus
OIPEIEIAIOTCS ¢ IOMOIIBIO JIOMaHbIX Diiepa [2].

O603Ha41M

f@t) = /tpﬂ(r)dr — min /tpa(r, T)dr,

t<r<p

F(t) = max f(s),

t<s<p
d(z) = ﬁ upu |z| > 0 u ¢(0) — soboe ¢ orpanmdenueM |p(0)] = 1.
z
Teopema 1. Vnpasaenue u = ¢(z) obecnevwusaem 6uinosHeHUue

nepasencmea |z(p)| < Q(to, |2(to)|) dar arboli nomezu |v(t,z)] < 1 u
npu A1060M momernme nosomxu tg < 7 < p.

3aeck obosnaueno Q(to, |2(to)|) = max(F(to); |2(to)| + f(to))-

Teopema 2. Ilomexa v = ¢(z) ¢ HEKOMOPHIM MOMEHMOM
noaomru tg < T < p obecnewusaem GbMOAHEHUE HEPABEHCMEA
|z(p)] > Q(to, |2(to)|) dan arobozo ynpasaenus |u(t,z)| < 1.
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3. Ilpumep

B kadecTBe npuMepa paccMOTpUM 3a/1a4y yupasienus crepxkaem OA [3].
B Touke O cTepKeHb KECTKO IPHUKPEILICH K OCH POTOPA, 3JIEKTPOIBHUTA-
TeJIsl TaK, YTO OH MOKET BPAlllaThCsl BMECTe ¢ POTOPOM BOKPYT €ro OCU B
3aaHHoi mockoeTu 1I. CuMMeTpUYHbBI OTHOCHTENILHO CBOeHl ocu Bpa-
IIeHUsl MaXOBUK CMOHTHPOBAH TaK, YTO €ro IeHTP HAXOIUTCA B TOYKE
A. MaxoBUK MOXKeT BpalllaThCsad BOKPYT OCH, IIPOXOJSINeil dyepes TOUKY
A mepnenaukynsapao miaockocetu 1I. Och BpalleHHsST MaXOBHUKa ABJISCTCA
0CBIO POTOPA BTOPOI'O 3JIEKTPOBUIATEIL.

VopaB/IeHUSAME SBJISIOTCS HAIIPSAXKEHHUsI, IOJaBaeMble HA 3JIEKTPO-
npurarenn. 1lesab BoIOOpa yIpaBaeHUil — MUHAIMU3AINS MOJLYJIS OTKJIO-
HeHusl yria, o0pa3zyeMoro cTepXKHeM M BepTHKAJIbHON OChbIO, OT 3aJaH-
HOro 3Ha4eHusl B (PUKCUPOBAHHLI MOMEHT BPEMEHN.

Bynem cuuTarh, 9TO BO3MOXKHO OTKJIIOYEHUE IIePBOr0 3JIeKTPOIBUTa-
TeJIsl B HeU3BECTHLIIT MOMEHT BpeMeHH 7. Y paBHEHHE JBUKCHUS JIJIs PaC-
CMaTpHBaeMOl cucTeMbl MOXKeT ObITh 3anmcano B Buje (1). Ciuenyst [4],
[IPUHAMAEM HeJIMHeHHbIE cllaraeMble B 9TOM yPaBHEHUY JBUYKEHHUS 34, T10-
Mexy. st paccMaTpUBaeMOro IpHUMepa ObLIM HaliJeHbI YCJIOBUS OKOH-
YaHUsl ¥ HOCTPOEHbI COOTBETCTBYIONINE TapaHTUPYIONIHe yIIPABJICHHS.

Pa6ora Boimosinena npu dunancosoit mogaepxke Poccuiickoro Haywunoro @onna
(mpoekT Ne 19-11-00105).
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Control Problem with Disturbance and Unknown Moment
of Change of Dynamics
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Abstract: A linear control problem is considered in the presence of exposure
from an uncontrolled disturbance. It is known only that its values belong to
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the given connected compact. The end time of the control process is set. It
is believed that one breakdown is possible, which leads to a change in the
dynamics of the controlled process. The time of occurrence of breakdown is
not known in advance. Control is constructed based on the principle of min-
imizing the guaranteed result. The opposite side is the disturbance and the
moment of occurrence of a breakdown. The necessary and sufficient condi-
tions are found under which an admissible control is optimal. As an example,
we consider the problem of controlling a rod rigidly attached to an electric
motor rotor. A flywheel is attached to the other end of the rod. The controls
are the voltages applied to the rotor and flywheel. The goal of choosing con-
trols is to minimize the modulus of the deviation of the angle formed by the
rod and the vertical axis from the given value at a fixed time moment.
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HOCTpoeHI/Ie MHO2KeECTB JOCTHN2KMNMOCTHA HeJIMHEeNHBIX
yYiupasBJideMbIX CUCTEM CO BTOPBbIM IMOPAOKOM
TOYHOCTA OTHOCUTEJIbHO IIIara 1o BpeMeHHA

B.H. Vmakos', A.A. Epmos?

L IMM VpO PAH, Yp®YV, Exarepun6ypr, Poccusi, ushak@imm.uran.ru
2 UMM YpO PAH, Yp®V, Exarepun6ypr, Poccus, ale10919@yandex.ru

Annoranusi: B pabore ucciieyercs MUKCEJBbHBI METOJ HOCTPOEHHUS MHO-
2KECTB JOCTHXKUMOCTU AUHAMUYIECKHUX YIPaBIAeMbIX cucreM. [losywaensr mo-
CTATOYHbBIE YCJIOBUS HA YIIPABJISAEMYIO CUCTEMY, IIPH KOTODPBIX SIBHBIM METOJ
Pynre — KyrTa Broporo nopsiika (MogudbuupoBannblii MeTos Dityiepa) obec-
nevnBaeT BTOPOIl MOPAJOK TOYHOCTA OTHOCUTEJIBLHO IIara 110 BpeMeHU IIPU T10-
CTPOEHUHN MHOXKECTB JIOCTHKUMOCTH, Ja*Ke €CJIU Pa3pbIBHbIE DYHKIIUHA BXOIAT
B KJIaCC JOIIYCTHUMBIX YIIDABJIEHHUI, a CUCTEMa SBJIAETCA HEJIWHEHHOMU.

KuroueBble cjoBa: mMoaudunmpoBaHHbIN MeTox Dityiepa, meron Pynre —
KyTra BrOporo nopsiaka, ynpasiseMasl CACTEMa, MHOYKECTBO JOCTHKUMOCTH,
[IEPEKJIIOYEHNE YIIPABJICHUSI.

BBenenue

B cuity MHOrOYHC/IEHHBIX NMPAKTUYECKUX IPUJIOXKEHUH 3ajad yIpaBJjie-
uus (cM., Haop., [6]), MHOrHe COBpEMEHHbIE MCCJIeJI0BAHUS HAIIPABJICHDI
Ha TOBBIIeHne 3(PHEKTUBHOCTU IUCIEHHBIX METOJIOB UX pernrenus. Kak
[IPABUJIO, TIEPBBIM M CAMBIM PECYPCOEMKUM IIANOM ITOCTPOEHUSI OITH-
MaJIbHOIO YIIPABJICHUS SIBJISIETCS BHIYUCIEHIE MHOYKECTB JOCTUKUMOCTH
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yupasisiembix cucreM [1, 3]. Cpejiy mepCeKTUBHBIX METO/I0B BBIUHCIIE-
HUsI MHOYKECTB JIOCTUKMMOCTHU YIPABJISIEMBIX CHCTEM BBIIEIUM CeMeii-
cTBO MeTos0B Pynre — KyTTa, MOCKOIBKY JaHHBIE METOIBI ODECIevn-
BAIOT BBICOKHE IOPSIIKA TOYHOCTH OTHOCUTEJIBHO IIara Mo BpeMeHH [IpU
peleHnr OOBIKHOBEHHBIX JTuddepeHnuaibabix ypapaennii. OqHako, Te
JKe Camble MeTOJbI (¢ TOYHOCTBIO JI0 HEKOTOPHIX MoauduKaimii, orpa-
JKAOMUX CrenuduKy ynpaBiseMbIX CUCTeM) He IapaHTUPYIOT TeX Ke
MTOPSIZIKOB TOYHOCTH TIPU UCIIOJb30BAHUHT UX JIJIsI BBIYUCJIEHUST MHOXKECTB
JIOCTUKUMOCTH YIPABJISIEMBIX CHCTEM, €CJIM He OTPAHUYUTH KJIACC JI0-
[yCTUMBIX yIpaBJjeHui raaakumu Gyskimsyu [4]. Tem ze meHee, B pa-
Gore [4] mokazaHa BO3MOYKHOCTD BBIUHMCJIEHUS] MHOYKECTB JOCTUXKIMOCTH
C BBICOKHUM IOPSIJIKOM TOYHOCTH OTHOCHUTEJHLHO IIara M0 BPEMEHU JJIsi
JINHEWHBIX yIPABJISIEMbIX CHCTEM BUJIA

{ #(t) = Ax(t) + Bu(t),
z(0) = 2(®,

riae A u B — MOCTOSHHBIE MATPUIBI, a KJIACC JOIMYCTUMBIX yIIPABJICHHI
COCTOUT U3 M3MEPUMBIX (DYHKIUI CO 3HAYEHUSMU M3 P-MEPHOro Kyba
[0, 1]P. B pabore [7| anajorudnbie pe3ysibTaThl IOJLY YeHbI JJIs JTMHEHHBIX
g epeHnuaIbHbIX BKIIOYCHHI.

Hacrosmas paboTa mocpsineHa HaXOXKICHUIO MAKCHMAJbLHO HIMPO-
KOTO KJIacca HeJUHEHHBIX yIPaBIAeMBbIX CHCTEM, /IS KOTOPBIX sABHBII
Mmetoj; Pyare — KyTTa BTOporo nmopsjika rapaHTHpyeT BTOPOil MOPSIIOK
TOYHOCTH BBIMUCJIEHUS MHOXKECTB JOCTHXKUMOCTH OTHOCHTEILHO INara
10 BPEMEHMN.

PaccMOTpUM yIIpaB/IsieMy 0 CUCTEMY:

% = f(t,z(t),u(t)), te (to,?), (1)
x(to) = 37(0);

rae x(t) = (z1(¢), ..., xn(t)) — daszosast mepeMeHHAs] CO 3HAUCHUSIMU U3
R™ v : R —- R — ¢yHKnusa, mpeacTaBsionas cobOi MporpaMMHOE
ylpaBJieHue, co 3HadeHusMu u3 orpeska P = [a,b], a < b, t — Bpems,
(to,z(?) € R x R® — nauasibnas nosumus cucremsr (1).

Iycrs 'y = {to, ...tn, = ¥} — pasbuenue orpeska [tg, J] Ha N paBHBIX
qacreit, A = t;11 — t;, ti+1/2 = (ti + ti+1)/2, i=0,N—1.

O6o3naunm uepe3 X; = X (t;, to, a:(o)) — MHOXKECTBA JOCTUZKUMOCTH
B MOMEHT BpeMeHN t;, a depe3 X; — HX AlPOKCHMALMA. DTH AIIIPOK-
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cumanuu 110 Metony Pynre — Kyrra Broporo nopsiika [2, 5| 6ymem Bbl-
YUCJISATH CJIELYIONIIM 00Pa30M:

Xo = {2},

> > A . o (2
Xi+1:Xi+ LJN AU A- f(ti+1/2,J)—‘-E‘f(ti,l‘,u),u), ZZOaN_l' ( )
reX,; WEP

Ienpio nannoit paboOTH ABJIsIETCS HAXOXKIEHNE MAUHUMAJIBHBIX YCJIO-

BHil, JOCTATOYHBIX i Toro, uTobbl max d(X;, X;) = O(A?) npu
i=1,N
N — oo.

1. OcHoBHOII pe3yJsbTaT
Ob6ozHaunmM vepes
U={u() : () € Cqlto, 0], u() ey o) <Mas u(t) € P pi ¢ € [fo, 9]},
rae My > max{|al,|b|} — HeKoTOpAast mOCTOSIHHASL.

Ounpenesenne 1. Jloboe ynpasaenue u(-) € U nazosém ynpasae-
Huem b6e3 nepexaotenul.

Omnpenenenne 2. [Ipednososicum, 4mo HEKOMOPOE YNpasieHue

_ [ wa(t), teftot,
U(t) B { u2(t)7 te (t*a’l?]v

20e u1(-) € U, ua(:) € U. Takoe ynpasaenue na308ém ynpasieruem ¢
00HUM NEPERAIOUEHUCM 6 TOUKE Ty, KOMOPYIO MDL HAZ06EM  MOMEHMOM
NEPERAIOUCHUA.

AHAJIOTUYHO MOYKHO OIPEJICUTD YIIPABJICHHE C HECKOJIBLKUMU IIepe-
KJIIOYEHUSIMU.

ITocpencrBom V' 0603HAUMM KJIACC YIPABJIEHHI CO CKOJIb YTOJHO
GOJIBIIIMM YHUCJIOM IIEPEKJIFOUEHUIl, HO MOMEHTBI KOTODPBIX OTIEJIeHbI 110
BPEMEHHU He MeHee YeM Ha HeKOTopoe (bHUKCHpOBaHHOE |nciao € > 0.
Yepes L obozHaInM KJIacC MPOrPAMMHBIX YIIPABJICHUN U3 M3MEPUMbBIX
byuknmit co 3nadeHusMu n3 P.

Beezném B paccMorpenue cieyiomue ycaoBus Ha cucremy (1).
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C1. CymecrByer HeKOTOPBIH KoMIakT D C [tg, 9] xR™, B KOTOpOM ra-
PAHTHPOBAHO MOMEIACTCH HHTerpaabHas Boponka X (to, {2(*)}) ympas-
JiieMoii cucreMbl (1) BMecTe ¢ HEKOTOPOIi €€ OKPECTHOCTHIO.

C2. F(t,x) = {f(t,x,u) : w € P} — BbinykJblii Komnakr B R npu
mobeix (t,z) € D.

C3. ®yukmus f(-,-,-) € C*(D x P).

C4. Kiraccet ynpasiennit L u V mopo:K1afoT OUHAKOBBIE HHTETPAJTb-
Hble BOPOHKH J[JIsl YIIPaBJisteMoil cucreMspr (1).

C5. Huis nByx npou3BosbHbix yupasienuii uq(-) € U, us(-) € U 060-
sHaunM f1(t, z) = f(t,z,ui(t)), fo(t,x) = f(t,x,uz(t)). Torna momkuo
BBIIIOJIHATHCS TOXKIECTBO

dfa o _O0h df2
o (t,l‘)fl(t,l‘) - o (t,ﬂ?)fg(t,l‘) = ot (t,l‘) - ot (t7x)7
rme gud k = 1 u k = 2 mpousBogHbIe PABHbI
oft oft of}
—k(tvx) —]i(tax) —I:L(tvx)
ot ox ox
8fk - . afk _ . .
ofg fy oy
O (1,2)) Tty i)
of
C6. %(t,x,u) # 0 s Beex (¢, z,u) € D x P.

Teopema 1. Ilpu swnosneruu ycaosuti C1-C6 memod Pymnee —
Kymma (2) npu nocmpoenuu mmodicecme JoCmudicumocny, Ynpasae-
Mot cucmemnv (1) umeem emopotli nopadox mownocmu, m.e. nozpeu-
HOCTND NOCTMPOEHUA MHOHCECTNE JOCTNUNCUMOCTIUY 6 TaYCOOPHO6oT mem-
puke daa 06020 N ne npesocrodum MA2, 20e A = (9 —to)/N — wae
no epemenu, M — HEKOMOPaA NOCMOAHHAA, 3ABUCAULAA TOADKO OM, 8UIG
dynryuu f u komnaxma D C [tg, 9] X R™, 8 xomopom 3asedomo aesrcum
unmeezpasvras soporka X (t,{xo}).

PaGora Bbinosnnena npu dbunancoBoil nopuepkke POP®PU (upoekra Ne 18-01-
00221) u nocranosnenus Ne 211 Ipasurenscrsa Poccuiickoit @enepanun (KOHTPAKT
Ne 02.A03.21.0006).
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Construction of Reachable Sets of Nonlinear
Control Systems with a Second Order of Accuracy
with Respect to the Time Step

V.N. Ushakov!, A.A. Ershov?

1 IMM UB RAS, UrFU, Ekaterinburg, Russia, ushak@imm.uran.ru
2 IMM UB RAS, UrFU, Ekaterinburg, Russia, ale10919@yandex.ru

Abstract: The paper investigates the pixel method for constructing reach-
able sets of a dynamic control system. The sufficient conditions on the con-
trol system are obtained under which the explicit second-order Runge—Kutta
method (modified Euler method) provides the second order of accuracy with
respect to the time step in constructing reachable sets, even if discontinu-
ous functions includes in the class of the admissible controls and the control
system is nonlinear.
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KoncTpyupoBanue perieHuii B 3ajia4e O COJTMKEHUN
CTAaIlMOHAPHOUN yHpaBJIIEMOU CHUCTEMBI

B.H. Ymakos!, B.II. ¥Yxo60ros?, A.B. Vmaxkos!

L MM VpO PAH, Exarepun6ypr, Poccusi, ushak@imm.uran.ru
2 Yeal'V, Yensbunck, Poccusi, ukh@csu.ru

AHHOTaI.(I/IH: PaCCManHBaeTCH KOH@)JII/IKTHO-praBJ’IHeMaH HeJIUHeHHad CcHU-
cTeéMa B KOHEIYHOMEPHOM €BKJINJOBOM IIPDOCTPAHCTBE W Ha KOHEYHOM IIpOME-
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KyTKe BpeMmenu. Ob6cykgaeTcst 3a4a1a O COMMKEHUH CHCTEMBI C KOMIIAKTHBIM
[IeJIEBBIM MHOXKECTBOM B (DUKCHDOBAHHBIM MOMEHT BPEMEHH. 3aJada H3yda-
ercsi B paMKax IMO3UIMOHHOIO MOJX0/a IpeIozkeHHoro B 60-e rompr XX Beka
H.H. Kpacosckum. [laercst ommcanue ajropuTMa pelIeHnst 3amadu O cOIn-
JKEHWH, IPUBOAATCS PEe3yJIbTaThl IPUMEHEHUs aJrOPUTMa JJIsi KOHKPETHBIX
MEXaHUIECKUX 3a1ad.

KirroueBbie ciioBa: MHOXKECTBa AOCTHUZKUMOCTH, CETOYHBbIE METOAbl, JUHa-
MHUYECKUEe CUCTEMBbI, cOJIMKEeHUE.

1. OcHoBHOII pe3yabTaT

PaccmarpuBaercst KOH(MDJIMKTHO-yIIpaBisieMasl HeJIMHEHHasi CHCTeMa B
KOHEYHOMEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE U HA KOHEYHOM IIPOMEXKYTKE
Bpemenn. O6CyxKmaercs 3a7a4a O COJMKEHUN CACTEMbI C KOMITAKTHBIM
[IEJIEBBIM MHOXKECTBOM B (DUKCHPOBAHHBII MOMEHT BpeMeHH. 3ajada
A3y9YaeTcss B PaMKaX ITO3UIIMOHHOIO IIOAXO[a IpeijoykeHHoro B 60-e
romel XX Beka H.H. Kpacockum. [Ipeamonaraercs, 9To mpaBasi 1acTh
KOH(JINKTHO-YIIPABJIsIEMO CUCTEMBI [IPEJICTABAMA B BUJIE

X f(tnw0) = FO( ) + 7O 0,0), (1)
tefto,d], zeR™, () =2z eR™,
u€e P, veQ, (2)

311€Ch U U U — YIIPABJIEHUs, COOTBETCTBEHHO, [IEPBOI'O U BTOPOI'O UTPOKOB,

P € comp (RP), Q € comp (R?), tie o6ozrageno comp (R¥) — merpude-

CKO€e IPOCTPaHCTBO KOMIAKTOB B R ¢ xaycmopdoBoil MeTpukoii.
Cucrema (1), (2) yaoBIE€TBOPSET YCIOBHUAM

A. Bekrop-dbyuxmn f (¢, 2,u) u fP)(t,z,v) onpenenens: u Herpe-
PBIBHBI [0 COBOKYNHOCTH &, Z,% U t,Z,U COOTBETCTBEHHO HA
[to, 9] x R™ x P u [tg,¥] x R™ X Q, a Takke Jmjs J106oro
kommakTa D € comp ([tg, 9] x R™) maiimerca rTakas KOHCTAHTA

L =L(D) € (0,0), aro
1D 2V u) = D2, )| < Lz = 2@,
172t 2V, 0) = fO (2, 2@, 0)|| < Lfja™ = 2@,
(t,x(i)) eDh, i=12 weP veQ.
B. Cymecrsyer Takast mocrositas vy € (0,00), uro

1tz w o)l < (T +[l2l),  (E2,u,0) €DXR™ x P xQ,
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3zech || f|| — HOpMa BekTOpa f B €BKIMIOBOM IIPOCTPAHCTEBE.

Hapsiny ¢ cucremoit (1), (2) 3agan komnakr M € comp (R™).

3amava o comumkenuu. [lepsoMy urpoxy Tpedyercs HATH TO3UIIH-
ounyio crpareruio u = u(t,x) obecrednBaronlyio npusenenue GazoBoro
BekTopa x(¥) cucremsl (1) ma M, kak Obl HU OefCTBOBAJ B IIPOLECCE
UrPBI BTOPOIl HIPOK B PaMKaX JOIyCTHUMBIX yIIpaBieHuit v = v(t, x).

ITpumep. Cucmema cea3anHbix maamHuukos. B mpumepe paccMar-
puBaeTcs YeThbIpexMepHas yIpaBjseMas CHCTEMa — JIBa WICHTHUIHBIX
MagTHUKA 0e3 TPeHUsl, CBA3aHHDbIE TIPYKUHON KPYIEHUS.

st 9Ol yrpasiisieMoil cucreMa (bOpMYyJIUPYETCs U PEIIAeTCsl UTPO-
Bas 331244 O COJMXKEHUH C IeJIEBBIM MHOXKECTBOM M — IIapoM B 9eThbI-
pexmepHOM mpocTpancTse R™. B urposoit 3agate yqacTByeT 1Ba UTPOKa,
— MepBLIi 1 BTOPOi urpoku. 1lerb mepBOro urpoka 3aK/II09aeTCs B IIPHU-
BEJICHUN YIIPABJIAEMON CHCTEMbI Ha MHOXKeCTBO M B 3aaHHBI MOMEHT
BPEMEHHU, & BTOPOI UTPOK CTPEMUTCS BOCIPEIIATCTBOBATH MEPBOMY WUT-
POKY B JIOCTUKEHUHU TIEJIU.

Nrposas 3aga4a 0 COMMKEHNN PACCMATPUBACTCS M PEIIAETCST B PaM-
Kax nogurnmonuoit popmanuzaruun H.H. Kpacosckoro. Ee pererue ocy-
IECTBJIAECTCA B B dTama. Ha mepBoM sTame OCyMIeCTBISETCS TPUOIn-
JKEHHOe BBhIUNCJIEHIE BPEMEHHBIX CeUeHnil MHOXKeCTBa pasperumocta W
UTPOBOM 33J1a91; HA BTOPOM 3Talle IPUMEHSETCS B XOJIe YIIPABJICHUS IIPa-
BUJIO 3KCcTpeMaJsibHOro tipunienuBanus H.H. Kpacosckoro maoxxecto W.

IlepBblit UIPOK LIPEICTABIIEH B BUJE IIAPDL CUJL U1, U (CKAJIADDI), IIPU-
JIO?KEHHBIX K MadTHHUKaM, & BTOPOU UI'POK BJIMAET Ha CUCTEMY C IIOMO-
b0 mapaMeTpa v (CKajsdp) — HapaMeTphl CBA3H, IPOIOPIUOHAILHOIO
2KE€CTKOCTH MPYKUHBL. [Ipu 9TOM CUJIBI %1 U U U TApaMeTp ¥ OrpaHute-
HBI 110 BeJINYUHE.

JurnamMuka yrpaBiisieMoil CHCTEMBI OIIUCHIBAETCH YPABHEHUSIMU:

T1 = T3,
o = —sin(xy) +v- (3 — x1) + U1,
T3 = T4,
4 = —sin(xs) + v - (1 — x3) + us.

MopesupoBanue npoBoausiocs Ha npomexyrke T = [0;4] ¢ auckpe-
TH3amuel 3Toro npoMexkyTka ¢ marom mo spemern At = 0.01. Orpanu-
YeHMsl Ha yIPaBJISIOIIAe NapaMeTphl uy U ug: u1 € [—1;1], ug € [—1;1]
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Puc. 1. I'paduxu ynpasmennit ui*(t), uz*(t), v*(t)

¢ maroM pasbuenus unrepsasa [—1;1] pasasim Au = 0.1. Orpanude-
HUe Ha yupasisomuil mapamerp v: v € [0;0.2] u ¢ marom pas3buenus
unarepsaia [0;0.2] pasabim Av = 0.05. HavanbHoe cocrosiHue xo =
(—5.39;3.16; —4.39; 2.11). Ienesoe muO)KecTBO M — map B IpOCTpaH-
cree R* pagmyca r = 0.3 u ¢ nearpom B Hauase koopauuar 0. 3amaua
3AKJIIOYAETCA B TOM, 9TOOBI M3 HAYAJIBHOTO COCTOSTHUS T( IPUBECTU CH-
CTEMY HA MHOXKeCTBO M TIpu HAJIWYIWN TIOMEXH V.

I'pacdux ynpasiieHnii IEPBEOro U BTOPBIX UTPOKOB IIPUBEJIEH HA PHC. 1.

Pabora Beinosinena npu dpunancosoi nogaepkke PODU B pamkax HayIHOTO IPO-
exra Ne 18-31-00018 mos-a.
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On Constructing Solutions in a Problem of Approaching
for Stationary Control Systems

V.N. Ushakov!, V.I. Ukhobotov?, A.V. Ushakov'

L IMM UrO RAN, Yekaterinburg, Russia, ushak@imm.uran.ru
2 ChelGU, Chelyabinsk, Russia, ukh@csu.ru

Abstract: Non-linear conflict-control system in Euclidean space on a finite-
time interval is under consideration. Problem of approaching system with a
compact target set in a fixed time moment is investigated. The problem is
being considered within the approach proposed by N.N. Krasovsky in 1960’s.
Description of algorithm for approach problem is provided.

YIK 517.977.58

BH,Z[EILII/I yYiipaBJjieHUsA MHOI'O3HaYHbIMU ABU2KEHUAMU
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T.®. ®uaunmnosa’, O.I. Marpuiiuyk>
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21IMM YpO PAH, Yp®Y, Exarepun6ypr, Poccusi, vog@imm.uran.ru

Annoranms: PaccmarpuBalorcst 3a/ladu yIpaBJeHHUs! M OLEHUBAHUs COCTO-
SHUNM HeJIMHEeHHOH ynpaB/IsseMOii CHCTEMBI C HEONIPEee/IeHHOCTBIO 10 HadaJIb-
HBIM JIaHHBIM U B IIPEJIIOJIOXKEHUH O KBaJIPAaTHU4YHO! HEJIMHEHHOCTHU, IIPUCYT-
CTBYIOIIEH B BeKTOpax (ha3oBBIX CKOPOCTeil muHaMu4eckoil cucremsl. Ilpen-
TnoJjiaraeTcsl TaK»Ke, UTO 3HAYEeHHs] HeOIpeJeSIeHHBIX HavaJbHBIX COCTOSHUI
¥ JOIYCTUMBIX YIPAaBJICHUH CTECHEHbI SJUIMIICOUAJIbHBIMY OIPDAHUYEHUAMU.
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Ha ocuoBe mpumeneHust pe3yabTaToB U METOLOB TEOPUU SJLIHIICOMIAILHOIO
OIIEHUBAHMUSA MHOTO3HAYHBIX JIBUXKEHUI CHCTEM YKA3aHHOI'O THUIIA UCCIELYIOT-
cs1 IpO6JIEMBI rapaHTUPOBAHHOI'O YIIPABJIEHNsI TPYOKON TPAeKTOPUl HEJIMHEN-
HOH CHCTEMBI C HEOIPeIesIeHHOCTEIO. Ipemaraiorcs asropuTMbl TapaHTHPO-
BAHHOI'O IIPUBEJIEHUS MHOT'O3HAYHOI'O COCTOSIHHSI CUCTEMBI B MHHUMAJIbHYIO
OKPECTHOCTB 33JIaHHOT'O II€JIEBOI'O MHOXKECTBA, PE3YIbTAThl UIJIIOCTPUPYIOTCH
PSIOM MOJEJIbHBIX IIPUMEPOB.

KiroueBsbie ciioBa: yYIIpaBJ/IeHUE, OIl€HUBaHNE, HEOIIPEACJICHHOCTb, MHOXKe-
CTBO JOCTU2KHUMOCTH, KBaJpaTUuIHad HeJIPIHeﬁHOCTb, SJIJTATICONJAJIbHOE NCYUC-
JIEHUE.

3aaun, CBA3aHHBIE C TOYHBIM IIOCTPOEHUEM WM IIPHUOJINZKEHHBIM
OIEHMBAHMEM MHOXKECTB JOCTUXKMMOCTH yIIPABJISEMbIX CUCTEM, SIBJIAIOT-
Csl OTHUMU U3 PYHIAMEHTAJIBHBIX TPOOJIEM B TEOPUN YIIPABJIEHUS U TEO-
pun juddepeHimaibabx urp [1-3], ux perenne MoKeT OBITH HCIOIb-
30BAHO TAKXKE€ B UCCJIEIOBAHUU CJIOXKHBIX PEAJIBHBIX CUCTEM Pa3/IMIHON
upupobl (MEXaHUYECKUX, Y9KOHOMUIECKUX, FKOJOIMIECKUX U 1p.). U3
BECTHO, 4TO OpMa M CTPYKTYPa MHOXKECTB JOCTUXKUMOCTH JUHAMUYE-
CKUX CHCTEM MOXKeT OBITH JOBOJIBHO CJIOXKHOU. B sTmx ciydasx mpej-
CTaBJISIeT MHTEPEC MPUOINKEHNE MHOXKECTB IOCTUXKUMOCTHU OOJIACTIMU
OIIpeIeJIEHHON KaHOHUYIeCKoi popMbl. B KadyecTBe Takux objacreil Hau-
60J1ee eCTECTBEHHBIMU SIBJIAIOTCSH SJUIMIICOUIbI, ITapaJlIeeIuIIe b, MHO-
FOTPAHHUKHU M HEKOTOPBIE JAPyIue KAHOHMYECKHNE MHOZKECTBA.

B Hacrosiiee Bpemsi paspaboraHa IOJIHAs TEOPHUsl I[TOCTPOEHUS
OLEHOK (BHEIIHUX U BHYTPEHHUX) MHOMKECTB JOCTHKUMOCTH JIMHEHHBIX
VIPABJISIEMbIX CHCTEM U pPsifa KJIACCOB HEJMHEHHBIX JTUHAMIIECKUX
CHCTEM, OCHOBAHHAs HA TEXHUKE 3JUIMIICOUIAJIBLHOrO ucuuciaenus [4-6|.
B pamkax 3TOro Imoaxoja OCHOBHAas 3aJa4a COCTOUT B HAXOXKIEHUU
uunconsa (Wi ceMeiicTBa JUIMICOUIOB) B (DA30BOM IPOCTPAHCTBE,
OIEHMBAOIIEr0 CBEPXY WJIM CHU3Y II0 OTHOIIEHWIO K OIepaIluyl BKJIIO-
YeHHsI MHOXKECTB HCKOMYIO 06JacTh JocTmkuMocTH. B padorax [7-10]
TEXHUKa JUIAIICOMJAILHOIO HUCYUC/IEHUs Oblla HUCIOJb30BaHa st
pelleHnst 3a1a49 OLEeHUBaHUsS TPYOOK TPAEKTOPUl HEKOTOPBIX HeJIUHE -
HBIX YIPaBJSEeMbIX JIMHAMUYECKUX CHCTEM C HEOIPEIeJIEHHOCTHIO IIO
HaYaJbHBIM JaHHBIM. IIpm 3ToM mpemmosarajoch, 9TO JUHAMUYECKAS
CHCTeMa UMEeT CIEIUAJIbHYI0 CTPYKTYPY, B KOTOPOii HEJIMHETHbIe 1IeHbI
ABJISIIOTCS KBAJAPATUYHBIMU 10 (DA30BBIM KOOPIUHATAM, & 3HAYCHUSI
HEOIIPEIEJIEHHBIX HAYAIbHBIX COCTOSHHI M JIOIyCTUMBIX YIIPaBJIEHUN
CTECHEHBI 3JINIICOUIAIbHBIMY OrPAHNYEHUSIMHU.

B nannoit paboTe m0ax0/l, OCHOBAHHBIN HA MEAX SJIIAICOUIAILHOTO
UCYUCJIEHNSI, PA3BUBAETC JIJIsI PEIleHns 3a1a9 YIIPABJIEHUs U OIeHIBa~
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HUsT TPYOOK TPAEKTOPUIl HEJIMHEHHBIX YIIPABJISEMbBIX IMHAMUYIECKUX CH-
CTeM C HEOUPeJIeJIEHHOCTHIO 110 HaYaJ/IbHBIM JIAHHBIM U HEJIUHEHHOCTBHIO
KBa/IpATUYHOI'O THUIIa, IIPU 3TOM OCHOBHOI aKIEHT C/leJIaH Ha pelleHuNn
3a/1a491 IIPUBEJIEHUS MHOTI'O3HAYHOT'O COCTOSIHUSI CUCTEMBI B MUHHUMAJIb-
HYIO OKPECTHOCTBH 33JIaHHOTO IIeJIeBOI0 MHOXKecTBa. Ha OCHOBe BBIBO-
JIa, COOTBETCTBYIOIIEr0 HEOOXOAMMOIO YCJIOBUsI ONTHUMAJBHOCTH B (POp-
Me IIPUHIIAIE, MAKCUMYMa, UCCIEIYIOTCA CBOUCTBA TPYOOK ONTHMAJIHHBIX
JBUYKEHUI, PEIaonux 3a1a4dy. lIpeacraBieHnbl pe3yabraThl KOMIbIOTED-
HOT'O MOJEJIMPOBAHUA, UIJIIOCTPUPYIONIIE IIPe/II0XKEHHbIe METO/Ibl U aJl-
TOPUTMBI YIIPABJIEHUS U OIIEHUBAHUS.

Pabora BeinosiHeHa nipu puHaHCOBOM nojepkke Poccuiickoro donma dyHsmamen-
TaJbHBIX ucciaenoBanuil (nmpoektsr POOU Ne 18-01-00544-a u Ne 16-29-04191-ofi-m).
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Control Problems for Set-Valued Motions of Systems
with Uncertainty and Nonlinearity

Tatiana F. Filippova', Oxana G. Matviychuk®

1L IMM UB RAS, UrFU, Ekaterinburg, Russia, ftf@imm.uran.ru,
2 IMM UB RAS, UrFU, Ekaterinburg, Russia, vog@imm.uran.ru

Abstract: The control and estimation problems are considered for a non-
linear control system with uncertainty in the initial data and with quadratic
nonlinearity in vectors of system velocities. It is assumed also that the values
of unknown initial states and admissible controls are constrained by ellip-
soidal constraints. Basing on the application of the results and methods of
the theory of ellipsoidal calculus applied for estimation of set-valued motions
of studied systems, the problems of guaranteed control for the tubes of trajec-
tories of a nonlinear system with uncertainty are investigated. Algorithms for
guaranteed moving of the set-valued state of the control system to the small-
est neighborhood of a given target set are proposed, the results are illustrated
by a number of model examples.
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HpI/IHHI/Il'I MHBAPUNAHTHOCTHU [JId Pa3pPbIBHbIX CUCTEM

N.A. ®uHoreHko

NACTY CO PAH, Upkyrck, Poccus, fin@icc.ru

Awnnoranms: Vccienyercss acHMITOTHYECKOe IOBeJleHNe peltenuii gudde-
PEHIIMAILHBIX YPaBHEHHUI C pa3pBIBHON HpaBoil 4dacTbio. [losyueHmble pe-
3yJILTATBl HOCAT (bOpMy OOOOIIEHMI IPUHIUIA HHBAPHAHTHOCTU, KOTOPBIM
06BIYHO Ha3BIBAIOT TeopeMmy Jla-Casuts, rae (B pamkax mpsiMoro merona JIs-
[IyHOBa JJIsl ABTOHOMHBIX JnddepeHnnaabHblX yPaBHEHHN) IPEIOIaraeTcs,
470 IpousBonHas (pyukiunu JIsmyHoBa HenosokuTeabHA. {151 HEABTOHOMHBIX
YPaBHEHHI Ha 9TOM IIyTH BO3HUKAIOT TPYAHOCTH, CBA3AHHBIE C OTCYTCTBHEM
CBOICTB THIIa UHBAPHAHTHOCTU W-IIPEJEJIbHBIX MHOXKECTB DELIEHUIl, a TaKKe
C OIIMCaHUEM MHOXKECTBa HyJsel npon3BonHoil dyukiuil JIsmymnosa. Ilonsrrku
IIPEONOJIETh STH TPYAHOCTH IIPUBEIN K INOHATHIO IPENesbHBIX nuddepeHIu-
aJbHBIX ypaBHEHUI. 37eCh METOJ IPENEe/IbHBIX YPaBHEHUN PacCMaTpPUBACTCS
7151 60oJIee MUPOKUX KJIACCOB CUCTEM M [IJIsl CUCTEM C CYyXUM TPEHUEM.

KimroueBble cjioBa: NPUHINN HHBAPUAHTHOCTH, NpeneabHOe nuddepeHiiu-
ajpHOE ypaBHeHHe, dyHKuua Jlamynosa, guddepeHnnasbHOEe ypaBHEHUE C
Pa3pBIBHOII IIPaBoOil YaCThIO, CyXOe TPEeHHUe.
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BBenenue

CyTb MeTO/Ia NpeIe/IbHBIX YPABHEHHUI COCTOUT B CJeAyIomeM. PaccMoT-
pUM ypaBHEHHUE

z = f(t,x). (1)
Iycrs 2(t) — orpaHudeHHoe peleHue ypapsHeHusi (1), onpeieseHHOe
Ha npomexkyTke (a,+00). Yepes AT (x) obosmaumm w-npesenbHOE
MHOYKECTBO 3Toro pemenus. [Ipemnonoxkum, uto yo € AT (z). Torga cy-
LIECTBYET HOCJIEeI0BATEILHOCTD TOYeK Z(ty) — yo upu t — 400, t < .
O6osnaanm yy(t) = x(t+t;) mascex k= 1,2,..., ¢t < 0. ODyaknun yy (1)
ABJIAIOTCS perneHusMu ypasuenuit §x(t) = f(t + tg, yx(t)). Ipeamoso-
KuM, 910 Yi(t) — y(t). BosHukaer Bonpoc 06 ypaBHEHHH, KOTOPOMY
YZAOBJIETBODSAET NpenenbHas byHKnus y(t), pemenne KOTOPOro MO3BOJIHAT
ONpEJIE/IUThL CBOMCTBO THIA WHBApUaHTHOCTH MHOxKecTBa AT (z). Tlpn
YCJIOBHM PABHOMEPHON HENPEPBIBHOCTH W OIPAHUYEHHOCTH (DYHKIUH
f(t,z) Ha kaxgoMm MHOXKecTBe BHIa (a,+00) X K, rme K C R" —
KOMIIAKTHOE MHOXKECTBO, CYIIECTBYET MOJIIOCIIeI0BATEIbHOCTD {{k, },
taxasi, aro f'i(t,x) — f'(t,r). lIpegenbHoe ypaBHEHUE ONpPEIEIAETCS
B Buse & = f'(t,x) u bynkuua y(t) asuserca ero perrenuem. lasee,
ecsim V(t,x) — dyukuusa JlanyHoBa, yIOBIETBODSAIONAST HEPABEHCTBY
V(t,x) < w(t,z) < 0 B cuity ypasaenusi (1), TO HEKOTODBIi AHAJIOL
[PUHIMIIA MTHBAPUAHTHOCTH JIJIsi HEABTOHOMHOTO ypaBHenusi (1) moxer
OBITH YCTAHOBJEH B TepPMHUHAX TAaK Ha3bIBAEMOI IIpeJe/bHON Iapbl
('),

CuTyanus cymecTBEeHHO OCTIOKHACTCS, €CJIM PACCMATPHBATD PA3PbIB-
oole Gyakmyyu f u auddepeHnmalibible BKIIOYEHNs, T.K. JJI HAX HET
MOJXOJSIIAX TEOPEM MAaTEMAaTHIECKOI0 aHAIN3a O CXOJUMOCTH (DyHKITH-
OHAJILHBIX IOCJIEJ0BATE]ILHOCTEH 1 BOZHUKACT TPUHIUIHAIBLHDII BOIIPOC
0 IpeJiesIbHBIX ypaBHeHusX. B paborax [3, 4] npenenshble quddepennn-
aJbHBbIE COOTHOIIEHUS TOJYIeHbl B (popMme auddepeHITnaIbHBIX BKIIO-
YeHUil.

1. HpI/IHI_II/Il'I MHBAPHUAaHTHOCTHU AOJisI HEaAaBTOHOMHBIX pa3pbIB-
HBIX CHUCTEM

PaccmorpuBaercst auddepumanbaoe ypasienue (1) ¢ mamepumoit mo
COBOKYTIHOCTH TlepeMeHHbIX (¢, 1) € R dyukiueit f(t,x). O6mee 1o-
onpegenenne Gynxmun f o Pumunmosy |2, crp. 66] nvmeer Bu

F(t,x) = Ns=oo f(t,2°\No(t)),
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rae No(t) — MHOXKECTBO HyJIeBOH Mepbl, Ha KOTOPOM (byHKIHUSI
x — f(t,x) anupoKCUMATUBHO HEIIPEPLIBHA.

BeemeM B paccMOTpeHWE MHOTO3HaYHOE oToOpakenme F'(t,xz) =
Np>10 Ug>n F(t + tg,x), toe t, — +00 — Ipou3BOJbHAs IIOCJIEIO-
BaTEJILHOCTD (OJ(HA W Ta Ke Jyisi JIIObIX TOueK (¢, Z)) U paccMOTPUM
nuddepeHnnaIbHOe BKIIIOUEHNEe

© e F'(t,x). (2)

Bynem roBoputs, uro maokecrBo D C R™ kgazuunsapuarmmo, eciu 1iist
J06oit Touku Yo € D cymecrByer pernenne y(t) Briouenus (2) ¢ HEKO-
TOPBIM TPeJIeJbHBIM MHOIO3HAUHBIM oTOOpaykeHueM F'(¢,x) B mpapoii
gacTh, Takoe, 9ro y(0) = yo u y(t) € D mis Beex t > 0.

Teopema 1. Hycmv w : R xR” — Rt — uamepumasn not u nenpe-
poiehas no x gyrkyus, f(t, ) — usmMepuMas, 02panuMeHHas GYHKYUL,
VR xR = R! — nenpepuiero duddepepenyupyemas u o2pamurier-
naa crudy na xasicdom mmoorcecmee suda R x K dynwyua, 2de K C R
— Komnaxmmoe mroxcecmeo. Ilpednoaostcum, wmo oas nowmu ecex t u
aoboix & No(t) cnpasedauso nepaserncmso

VAV, + (VV, f(t2) < —w(t,z).

Toz0a Oasn a0b6020 ozpanuvernozo pewenus x(t) ypashwenus (1) mro-
2ICECNEO 6CET €20 W-NPEOCALHBIT MOUEK NPUHAOAEHCUM HAUBOALULEMY
K6A3UUHBAPUAHTMHOMY NOOMHONCECTNEY MHOHCECTNEA

E, ={x € R": a(x) =0},

ede a(r) = limys oo infyc(p 00y W(t, ) daa 1060t mouru x.

2. MexaHn4ecKne CUCTEMBI C TpeHueM

PaccvarpuBaercs mexanndeckasi cuctema ¢ k CTEIeHsIME CBOOOIBI, CTEC-

HEHHAasl TOJIOHOMHBIMU, HE 3aBUCSIIIMUA OT BPEMEHH UJI€ATbHBIMU CBSI3sI-

MU C CHJIAME TPEHUsI CKOJIbXKEHUsI, TOOABJISIEMBIMI K AKTUBHBIM CHJIAM.
YpaBHeHHS €€ JBUKEHUSA NMEIOT B, [1]

dor 0T

—_— Y — = = T A .:1...k.
HoE ~ag S @rrel =1 (3)
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3mech T — KMHETHIECKAs] SHEPTHUsT CUCTEMBI, ITPEICTABIISIIOIIAST OO~
TEJILHO OMPEJIETIEHHYIO0 KBAIPATHIHYIO (hOpMYy 0OODIIEHHBIX CKOPOCTEIt C
cummerpuanoit Marpuneit A(g) = [a;j(q)]}. O6obmenuble cubl TpeHust
CKOJIb2KEHUsI 3aIUIIeM B BUJIE

Q'LT(L q, q) = _f’i(t7 qia qz)|Nz(qa q)l Sgnq.i

npu yciosuu, uro ¢¢ # 0, rae fi(t,q',4") > 0 — koscbdunments!
rtpenust, |N;(q,q)| — Momymu HOpMmasbHBIX peaknuii. IIpennosaraem,
aro Q2 (q,q) = Di(q,q) + Ki(q), tne D;i(q,§) — IMcCHTIATHBHbBIE CHTLI,
Ki(q) = 011/0q", 1I(q) — moTeHImaIbHAS SHEPIUA CHCTEMBI

A y
Tosoxkum Vy = I+ T. YMuoxkas ypasaenus (3) Ha ¢° 1 3aTeM CKJa-
JIBIBAs UX, TIOJIyYaeM

Ky k
D*Vo(q,q) = =D _ fi INi|ld" |+ Di(g,d)d" (< 0),
i=1 i=1

rae DTV, — npasag npoussonnas dynkoun Jlamynosa. Teneps mpe-
HOJIOKUM, UTO JJIs KaXKJIbIX (DUKCUPOBAHHBIX (¢, () HUXKHUE IIPEJeJIbl
koacbdunmentos Tpenns f;(t,¢',¢') Gombmre wyms mpm t — +oo m
Ni(g,4) # 0, ectm ¢* # 0. Torma mmoxectso E(DYVy = 0) my-
Jleit mpomsBOAHON dyHKIMU JISIyHOBa COCTOMT W3 3JIEMEHTOB BHIA
(¢,0) U OpPUHAUIEXKUT HEKOTOPOH IIOBEPXHOCTU YPOBHsI (DYyHKIUK
Vo(q,0) = I(q).

Cie/tlyer OTMETUTH, UTO MPUHIAI HHBAPUAHTHOCTU HE JIAeT IOJTHON
rH(MOPMAIINHN O JIOKAJU3AINH IPABBIX IPEIEIbHBIX MHOXKECTB CACTEMBI.
YT00bI yTOYHUTH DPACIIOJIOXKEHNE MHOXKECTBA, IIOJIOXKEHUI DABHOBECHUSI
paccMaTpUBAaEeMORl CHCTEMBI, HYXKHO WCIIOJIb30BATh JOIOJIHUTE/IbHBIE
CBeJIEHUsI O CTPYKType CUCTeMbI U (DYHKIMH JIsmyHoBa.
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Principle of Invariancy for Discontinuous Systems

I.A. Finogenko

Matrosov Institute of Systems Dynamics and Control Theory of SB RAS,
Irkutsk, Russia, fin@icc.ru

Abstract: Asymptotic behavior of solutions of the differential equations with
a discontinuous right-hand part is studied. The obtained results have the form
of generalizations of the principle of invariancy also known as the LaSalle
theorem where (within the framework of the Lyapunov’s direct method for
the autonomous differential equations) the derivative of Lyapunov’s function
is supposed to be non-positive. For the non-autonomous equations this way
brings the difficulties related with the absence of properties such as invariancy
of w-limiting sets of solutions, and also with the description of set of zero of
a derivative of Lyapunov’s functions. Attempts to overcome these difficulties
have led us to the concept of the limiting differential equations. Here the
method of limiting equations is considered for wider classes of systems, as
well as for systems with the dry friction.
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HOSI/II_H/IOHHI)IG MMITYJIbCHBbI€ U Ppa3pPbIBHbIE

yIpaBJjeHus Ajasa audpepeHnmaarbHbIX BKJIIOYEHUN
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Amnnortanusi: PaccmarpuBaiorcst HeltmHeHHbBIE yIpaBiIsieMble CUCTEMBI, IPE/-
craBjieHHBIe B dopMe quddepeHnraabHbIX BKIIOYEHNN ¢ UMILYJIbCHBIMU UJIU
Pa3pBIBHBIMYU ITO3UIMOHHBIME yIpasjieHusiMu. llpusenena dopmanusariis
HMMITYJIBCHO-CKOJIB3SIIIEro pexkuma. Ob6cy»xK1aeTcss BOIPOC O KOMOMHHPOBAH-
HOM HCIIOJIb30BaHUU HMIIYJIbCHO-CKOJIb3SIINUX U CKOJIBb3SAMINX PEsKUMOB.

KuroueBble cJioBa: UMILYJILCHOE MTO3UIMOHHOE YIIPABJIEHNE, PA3PBbIBHOE IIO-
3UIMOHHOE yIpaBiieHrne, auddepeHIualbHoe BKIIOYEHNE, CKOIb3AIINI pe-
KHUM.

Muer uccJjaeayemM JMHaMUIYeCKYI0 CUCTEeMYy BHU/Ia:

#(t) € F(t,2(t)) + B(t,a()u, tel=][t,9],
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€ HavYaJIbHBIM ycjoBueM (ty) = xg. 3aech F(+, ) — MHOro3HaYHast (DYHK-
IUST C BBIILYKJIBIME, KOMIIAKTHBIME 3HadeHusMr B R™; maTpuna-gyHKus
B(+,-) pa3sMepHOCTH N X M HelPePbIBHA 110 COBOKYIIHOCTH [I€DEMEHHBIX B
paccMarpuBaeMoii obsacru. OrHocuTenbHo F(-,+) GymeM IIpe/noararb
CJIe Iy olTee.

(B1) IIpu nourn kaxkuoMm t € R orobpaxkenue F(t,x) mosynenpe-
PBIBHO CBEPXY IO .

(B2) Hus sroboro x muOro3nadnoe orobpazkenue t — F'(t,z) umeer
U3MEPUMBIN CEJIEKTOP.

(B3) MuorosuauHoe orobpazkenue F(t,x) ynoBiaeTBOpsieT yCIOBHIO
HojIHeltHOro pocTa: Mg mobbix (t,x) € R w € F(t,z) sumomnns-
erca mepasenctso ||w| < (1 + ||z||).

IIpu coenaHHBIX TPEAIONIOKEHUIX A PepeHInaaIbHOe BKIIOUCHNTE

& € F(t, x) (2)

umeer perterne x(t), KOTOPOe MOXKET ObITh IIPOJOJIKEHO HA BCIO UHCJIO-
Byt ock R (cm. [1]) Hpemnonaraercst, uro marpuna B(t, ) ynosaerso-
pster ycnouio Ppobennyca

" 8bij(t,l‘) - ~ 8bil(t,x)
o, by (t,x) = b

v=1 v=1

KOTOpOe, 06eCHeYnT eJIUHCTBEHHYIO Peakiuio cucreMbl (1) Ha ynpasie-
HUe U B CJIydae, KOTJa U — UMILYJIbCHOE BO3JEHCTBHE HA 3Ty CUCTEMY.
Ilom WMITYyJILCHBIM TIO3MIMOHHBIM yIPaBJICHUEM Oy/eM ITOHUMATD
HEKOTODBIN abcrpakTHbIl oneparop (¢, 2) — U(t, z), orobpaxaroruii
MIPOCTPAHCTEO MEPEMEHHBIX , & B MIPOCTPAHCTEO 1M BEKTOP-PACIIPEIETE-
Huit 2] no npasuiy: U(t, z) = r(t, x(t)) ¢, e r(t, ) — BekTOp dyHKIUS
co 3HaveHusMu B R™, §; — ummyibcHas GyHKnus Jupaka, cocpemo-
rToueHHas B Touke t. “Berymmit ummynne” r(t, z(t)) d;, Kak 06oOIIeHHAS
BYHKIMS, CMBIC/IA HE UMEET U O3HAYAET JIUIIb TOT (PaKT, UTO B CHCTEME
DYHKIIMOHUPYET UMITYTHCHOE YIIPABJIEHUE, TIOIPA3yMEBAIOIee JTUCKPeT-
HYIO peajn3anuio “0erymero mMIyabca’ B BHIE IOCIEIOBATETHHOCTH
KOPPEKTUPYIOIUX UMILYJIBCOB, COCPEIOTOYEHHBIX B TOUKAX HEKOTOPOTO
pasbuenust h: tg < t; < ... < ty = 6 orpe3ka [. Pesysbprarom Takoii
TIOCJIe/IOBATETLHON KOPPEKIUH SABJIsIeTCs paspbiBHasg Kpusas z'(-),
Ha3bIBaeMasl 371eCh JIOMaHO#W Ditjlepa WM UMITYJIbCHO-CKOJIB3SIIIM
pexxkumoM. Onmrrem 60716 TOTHO UMITY/TECHO-CKOIB3SIIIUI PEZKIM.
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Omnpenemam ceTs “momanbix Ditnepa” x/'(+), coorsercryomux Ha-
upasjiearoMy 1o Besuuuse d(h) = max(ty41 — tx) MHOXKeCTBY pa30u-
ennit h : tg < t; < ... < t, = ¥ orpeska [. [ast sroii mesn BHAUAIE
onpeiesiuM (PYHKIMIO CKAYKOB YPABHEHUSIMU:

S(t,z,r(t,x)) = z(1) — 2(0), 2(&) = B(t,z(&))r(t,z), =z(0)==zx.

Ckadku “JIoMaHbIX Jitgepa’ B TouKax pas3buenuii h orpeska I ompee-
JISATCS yPABHEHUSIMU:

S(ti " (i), r(ts, 2" (8:)))=2(1) = 2(0),  2(€)=B(te,, 2(€)) r(ti, " (t:)),

¢ HavabHbIME yesaosusamu z(0) = x"(¢;). “Jlomanas Ditnepa” 2" (+) crpo-
uTCcs Kak PyHKIUA OrPAHNYEHHON BAPUAIINHN, COBIIQIAIONIAS C PEIIEHIEM
nuddepeHuanbHOro BKIIUeH s (2) Ha KaXKI0M IPOMeXRyTKe (t;, tit1]
¢ HawampHBIME yesousmu x(t;) = al(t;) + S(ti, " (L), r(ts, 2 (t;)),
Ji(to) = X0, 1= m

Byziem npejonarars, 9To Jyisi BCEX JIOIYCTUMBIX ¢ U & CIPABEIJINBO
PaBEHCTBO

r(ta+ S(ta,r(ta) =0, 3)

KOTOPOE O3HAYAET, ITO IOCJIEe UMITYJIbCHOIO BO3JCHCTBHUSI HA CUCTEMY B
MoMeHT t azoBasi TouKa x(t) OKayKeTcss Ha MHOroobpasum (1eseBoM
muoxkecrse) ® = {(¢t,z) : 7(t,x) = 0}. IIpn HEKOTOPBIX JOIOJHATEIb-
HBIX TIPEJIIOJIOKEHUSIX TIPEJIEST TIOCIEI0BATEIHHOCTH “JIOMaHBIX Difaepa”’
okaxkercs Ha nosepxuoctu . B [3] monydeno ypaBHeHue nieasbHOro
UMITYJIbCHO-CKOJIB34IIEro PesKUMa B BUJIE:

6 0S(t,z,r(t,x)) n 0S(t,z,r(t,x)) 8r(t,x)+

ot or ot
_|_<E—|- 33(13,%;«(13,3:)) N 85(75,32:(75,3:)) 8rg;x)>F(t,a:), (4)

z(to +0) = z(to) + S(to, z(to), r(to, z(to))).

Bymem paccmarpuBaTh ympapisemoe anddepeHInaaIbHoe BKIIoTe-
HUe
€ F(t, z) + 4, (5)

e U = (Ug,...,Un) ;(t,x) = Hi(t,z)signsS;, H;(t,z) > 0 — Heko-
TOpBIe HenpepbiBHble GyHKimu, S; — -1 KOMIOHEeHTa (QyHKIMH CKad-
koB. O6o3uaunm uepes U, (t, x) orpesok [—H,(t, x), H;(t, z)] n momoxum
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Ult,z) = Uy(t,z) x --- X Up(t,z). Hox pemennem 3anaun (5) Gymem
HOHUMATH perienue udhepeHInaILHOr0 BKIIOUYSH ST

i€ F(t,x) + U(t,z). (6)
Bxutouenne (5) mpejicTaBuM B BHJIE yIPABJISIEMOl CHCTEMBI
teF(t,x)+a, ueU(tz). (7)

Permennem jyist 3a1a4u (7), onpeeneHHbIM Ha otpeske I = [to, to+T],
HasbiBaercst napa (z(t),4(t)), cocrosimasi u3 abCOMIOTHO HEIPEPBIBHOM
dyukuun z(t) (rpaekropun) u usmepumoii byukuu 4(t) (yupasienus),
YAOBJIETBOPSAIONTAX BKIIOYeHusIM (7) movITH BCroy Ha I.

Iycrs S; — uwactHag npoussoguas dyukuuu t — S(t, z.r(t,z)) mo
nepeMeHHO# t u S, ecTh skobuan Gyukmu x — S(t, z, (¢, x)) 1o nepe-
Mennoit z. [TosoxKum

Ud(t,x) = S; + S, F(t, z).

OaHUM 13 OCHOBHBIX CIIOCOOOB IOJIyY€HHs YPABHEHUN CKOJIb3SIIIUX Pe-
JKUMOB SIBJISIETCsI METOJL 9KBUBAJEHTHBIX yIpaBjeHuit (cM. [4, cTp. 44]),
KOTOpbIE BBIOMpAIOTCH Tak, 4ToObl BeKTOp Z(t) B Toukax (t,z(t)) se-
JKaJl B KaCaTEeJIbHOMN IJIOCKOCTH K MEPECEUCHUIO MMOBEPXHOCTE! pa3phiBa
ylpasjenuit. MHOrO3HAYHBIA aHAJOT SKBUBAJEHTHOTO YIIPABICHUA JIJIsT
nuddepenuaibLHOro BRIodenus (6) onpeaesnM B Buje

U*eq(t, x) = Ueq(t,x) N ﬁ(t, x).

Teopema 1. ITycmv evnoansiomes ycaosus B1-B3, yeaosue (3) u
nepasencmso ||S(1,y,r(r,y)) — S(t,z,r(t,x))|| < L7 —t| + ||y — z]|),
ons scex donyemumuix t, T, x u y. Toeda das exarouenus (1) usz 410600
nocaedosamesbhocmu “Aomanvix isepa” MooHcHO 6bL0EAUND PABHOMED-
HO CTOOAWYIOCA K UIEGALHOMY UMNYAOCHO-CKONLIAULEMY PEAHCUMY NOO-
NOCAEI0BAMEALHOCTNL, 10601 UICANLHVIT UMNYABCHO-CRONDSAWUT, pe-
orcum E(t) ydosaemeopsem ycaosusm r(t,z) = 0, S(t,z,r(t,z)) = 0,
ABAAEMCA pewenuem paspuerot cucmemv, (7) u mpaexmopuet ynpas-
AAEMOT, CUCTILEMDL

i€ F(t,x)+a, ucU“t ). (8)

¢ navaavrum yeaosuem T(tg + 0) = xo + S(to, xo, 7(to, Zo)).
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Teopema 2. Ilycmo S, = —E,,, 6oinosnsomes yciosus meopemovs 1
u cywecmeyrom € > 0 u oxpecmnocmo Ws mnozoobpasus © makue,
WMO CNPAGEOAUGDH. HEPAGENCEA MAX e (¢ 21y |Sf + wi| < Hyi(t,x) — ¢
Ons scex das ecex undekcos i = 1,m u (t',2") € Ws. Toeda a10600 ude-
ANLHOIL UMNYALCHO-CROAB3AWUT pestcum T(t) exarovenus (1) asasem-
CA CROAD3AUUM PEAHCUMOM 6KA0UEHUA (6) ¢ PASPBIGHBIM TLOSUYUOHHDLM
ynpasaeruem T u mpaekmopuets ynpasaaemoti cucmemo

i€ F(t,x)+a, ucU“t ). (9)

Pa6ora sBbmonnena npu dunancosoit nognepxke PODU (mpoekr Ne 19-01-
00371).
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YIK 517.977

O TouyHOCTU H806XO,Z[I/IMI)IX KpaeBbIX yCJ'IOBI/Iﬁ AJIA
3aa4 yIIpaBJI€eHUsdA Ha O0EeCKOHEYHOM IIpoMe2KyTKe

A.B. Xaonouu

MM ¥VpO PAH, Exarepunbypr, Poccus, khlopin@imm.uran.ru

AnsoTauus: s 3aga4d yrnpasieHusi Ha GECKOHEYHOM IIPOMEXKYTKE CO CBO-
OOMHBIM MPABLIM KOHIIOM IIPEJJIOKEHO KPAEBOE YCJIOBUE HA COIPIKEHHYIO
IIepEeMEHHY 0, HEOOXOAUMOE JJIsi CJ1ab0 OOrOHSOIIEr0 KPUTEPHUsi. DTO KPAaeBoe
yciioBue He TpeOyeT HUKAKUX AIlPUOPHBIX MPEIIIOJOYKEHUN Ha ACUMITOTHKH
COIIPSI?KEHHBIX ITEPEMEHHBIX, TPAGKTOPHUI WM MX MEPEMEHHBbIX. Brpouem, B
Cilydae JOCTATOYHO IVIAIKOrO Ha OECKOHEYHOCTH (DYHKIIMOHAIA KAadeCTBA 9TO
ycioBue sKBuBajieHTHO npemyoxkennoit A.B. Kpszxumckum u C.M. AceeBbiMm
dopMyiie, BBIIEISIONEN POBHO OIHO PEIIeHHE CUCTEMbI IPUHIMIA MAKCUAMY-
Ma.

KuroueBble ciioBa: npuHnun MakcumyMa [loHTpsirnHa, HEOOGXOAUMOE YCII0-
BUE, KPaeBOe yCJIOBUE Ha HECKOHEYHOCTH, CJ1ab0o OOrOHSIONUN KPUTEPHUIl.

Pacemorpum na GeckoOHEIHOM IMPOMEKYTKE CJIELYIOIIYIO 3a/1a4dy:

/ fo(t,xz,u) dt | min,
0
ft:f(t,l',u), $(0)2$*7 UGU, xz € R™.

3aecs U — HEKOTOPOE 3aMKHYTOE IIOJMHOZKECTBO KOHETHOMEPHOTO IIPO-
CTPAHCTBA, JIOLMYCTHMbIC yUpaBienus u = u(-) nmpoberaoT BCe OrpaHu-
YeHHbIe Ha KaXKJOM OTpPe3Ke M3Mepumble orobparkenust u3 [0,00) B U.
Iycrs dyskuuu fo : [0,00) X R™ x U = R, f:]0,00) x R™ x U — R™
HEIPEPBIBHBI 10 (X, U), JJIsl BCIKOrO JOIYCTUMOIO YIPABJIEHHS U OTO6-
paxenud [0,00) X X 3 (t,z) — f(t,z,u(t)) € Xu [0,00) x X 3> (t,z) —
fo(t,z,u(t)) € R BMecTe cO CBOMME IIPOU3BOJHBIME 110 & JIOKAJIBHO JIAII-
IIAIEBBI [0 & U YIOBJETBOPSIOT OBIIEMY YCJIOBUIO IOJIMHEHHOTO POCTa
0o . BesKUM JIONYCTUMOMY YIPABJIEHHIO U U HAYAJIBHON MO3UIMH I
COIIOCTABUM TPAEKTOPHIO t — y(x, u;t) u dyHKIMOHAT

0
0— J(x,u;0) = /0 folt,y(x, us t), u(t)) dt.

HaszoBem momyctumoe yrpaBiaeHue 4 A0KAADHO CAGOO 0020HAI0OULUM,
ecu Jijisi HEKOTOporo € > 0, Jjist BCIKOTO JOILyCTUMOIO YIIPABJIEHUST U
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u3 ycsosus meas {t > 0|u(t) # 4(t)} < e caegyer limsup[J(z.,u; T) —
T—o00
J(xw,0;T)] > 0.
Beesiem jyist Beex (z, 1, u, A, 1) ER™ x (R™)" x U x [0, 0)
H(x7w7ua A7t) = wf(t,a?,u)—/\fo(t,x,u)

Xoporo usBectHo [5], uro st (&, 1) Tak:Ke HafijeTcsi TaKas HE TOXKJIe-
CTBEHHO paBHasi HyJro mnapa (A, ) € [0,00) x C([0, 00); (R™)*), uro

2

(1) = T (#(0), b(0) (1), A, ) (1)
sup H (2(),4(t), p, A, t) = H(2(2), (), a(t), A, t). (2)

peU

OTa cucreMa mMeeT OOBIYHO KOHTHHYAaJBLHOE CeMEHCTBO pelleHuii, Imo-
CKOJIbKY HE COJIEPKUT KaKOro-jimbo KpaeBoro ycjosus Ha 1. [Ipenoxe-
HO MHOI'O TaKMX KPaeBbIX YCJIOBHH [2], HO, BO-IIEPBBIX, MMEETCsI MHOTO
[IPUMEpPOB, TJe Kakoe-Huby/ b u3 HUX (MM J1azKe BCEe ONHOBPEMEHHO) He
SIBJIIETCSL HeOOXOIUMBIM; IoApobHee cM. B |2, § 6]; BO-BTOPBIX, UM MOL'YT
YZAOBJIETBOPSATD Bee pertennst cucteMsr (1)—(2) (em. [8, Example 10.2]).

CII03KHOCTD pellleHns CUCTEMbI TPUHIIUIIA, MAKCUMYMa, MOXKHO IIPOMJI-
JIIOCTPAPOBAThL HA MAKCUMAJBHO YIIPOHMIEHHOM, (PaKTHIECKHU WA bHOM
cilydae, KOIJIa M3 COOTHOINEHus (2) yupapieHue 4 OJHO3HAYHO BOCCTa-
HABJIMBAETCSI 110 U3BECTHBIM &, 1), \, 60JIeE TOT0, IIOCIIEIHSS 3aBICHMOCTD
allpoOPH JOCTATOYHO Iajkas. Torma Mbl HMeeM 3aMKHYTYIO CHCTEMY
nuddepeHnmaIbHbIX yPABHEHU , 3aBE€J0MO MMEIONLYI0 OJHO W TOJIBKO
OJIHO PENICHHE 9TOM CHCTEMBI JUIsl KAXK0r0 HAYAIBHOTO yesaosms 4)(0)
U KayKJIOTO 3HAUCHHS \ € {0,1}. B 3azaue co cBOGOIHBIM IPABBIM KOH-
OM Ha KOHEeYHOM IpoMexkyTke [0,7] Mbl Obl 3HAJIU, YTO A B TOYHOCTU
paBHa 1, a Tak:Ke uMesH ObI COOTHOIICHUE @(T) = 0, cBojgIIEe 3a1aTy
K KOHEYHOMY I1epebopy B CUTYAIMU OOIIEro MoJIoXkKeHus ([I0APOOHO s
JINHEIHOTO CJIydasi 3TO PACCYKJEHUE CO BCEMU HEOOXOIMMBIMHU IIPEIIO-
JIOXKEHUSIMU 11poBejieHo, Hanpumep B [3, 11.14]). Ha 6eckoneunom npome-
KyTKe (POpMaIbHO Mbl 00S3aHbI, BO-IIEPBLIX, PACCMOTPETh KaK CJIydaii
A =0, Tak m A = 1, BO-BTOPBIX, B KasKJOM CJIydae, Mbl HUMEeM, BO-
001Ie roBopsi, B CUTyallud OOMIEro IMOJIOYKEHUS KOHTHHYYM PpeIleHHi y
(1)—(2). Bes kakoro-amubo JAOIOJHUTEIHLHOTO KPAEBOT'O YCJIOBUSL, MbI I10-
peXKHeMy JO0JKHBI lepebparsb Bee pertenus (1)—(2), a B ciyvae Kpure-
pus finite optimality [5], nake orpanuuuTs 1epe6op KaKUM-I160 Kpae-
BBIM yCJIOBHEM He YJaCTCSL.
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OKka3bIBaeTCsI, UYTO MIPUBEIEHHOE PACCYKIEHIE B HEKOTOPOM CMBICTIE
UMeeT MECTO U IS C1abo 0OroHsonero Kpurepus. IIpocToit Mmoguduka-
upeil sinneitnoro ocuussitopa us |7, Example 1] moxkuo qo6urbest, 400661
BCSIKO€ KOHCTAHTHOE JIOITyCTUMOE yIIpaBJjieHre Ob1JI0 ¢J1ab0 OOrOHSIONINM,
yaosaieropsist (1)—(2) ¢ A = 1 pm Beex 1 (0) u3 eguumaHOrO MWAapa. Tem
CaMBbIM, BCSIKOE HEOOXOJIIMO€e KpaeBoe yCJIOBUe, IPUMEHEHHOe K ITOI 3a-
Jlade, BBIJIEJUT B KAUECTBE YKCTPEMAJIN KAK MUHUMYM BCe KOHCTAHTHBIE
yupassienusi. C Apyroit CTOpOHBI, MOYKHO HANTU yCJOBHE, BBIIEISIONEE
B 9TOM MPUMEpPE B TOYHOCTU €JUHUIHBIA IIap; IPU 9TOM OT 3aJIa9u Tpe-
OyeTcs PEIIIOJIOKUTD €€ PEryJIsTPHOCTD:

Teopema 1. /Jlaa a0kaavho caabo 0020HAN0WE20 YNPABAEHUS U CO
ceotcmeom

limlimsup  sup [J(g,a;T)—J(a:*,a;T)} —0, (3)
0 Troo  ||g—a.||<x

natidemesa makoe nempusuasvroe pewenue (P, A) coomuowenuds npun-
yuna makcumyma (1)—(2), wmo

—Q/AJ(O)ECO Limsup {)\%(f,ﬁ;f))}.
0100,E =, ALA Oz

Boaee mozo, ecau 0J/0x(E,1;0) ozpanuvenv, das scexr docmamowro
borvwur momenmos 0 u 6AUKUT K T, movek &, mo npednosodrcenue
peeyasprocmu (3) svinoaneno asmomamuyecku, a A = 1.

Emme ofuH MEeTo IIONCKa HeOOXOIMMOr0 KPaeBOro YCJIOBUSA — CPasdy
HCKATh ACHMITOTHUKY, BBIICIAIONLYI0 POBHO OJHO PENICHHE CONPHAKECH-
HO#t cucrembl (Mpn (PUKCHPOBAHHBIX yIIPABJICHAN W TPAEKTOPUM) — MO-
BUJIIMOMY, BIIEPBbIe ObLT paccMoTpeH B padore [1]. O6brano [2] aro yeio-
BUe 3aj1aeTcst Ha ocHoBe dopmyiibl Kommu, Ho umerores [6] u apyrue ero
IpeJICTaBJICHNs, HAITPUMED CJIe Iy IoIIee:

—1(0) = lim a—i(x*,ﬂ;f)), A=1. (4)

HeobxoaumocTs TaKoTO yea0Bus ObLIa TOKAa3aHa JJIsl PA3HBIX KPUTEPUEB
[IPY PA3HBIX JOIOJIHUTENbHBIX [IPeIIoIoKenusx (2, 4, 6, 7]. 113 ykazan-
HOIl BBIIIIE TEOPEMBI TAKXKE CJIEyeT IIOJ00HBINA PE3yJIbTAT:
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CaenctBue 1. Ilycmov das HEKOMOPO20 AOKAABHO CAGOO 0020HAI0-
We20 Ynpasaerus U cyuecmeyem caedyrouul npedea:

oJ

1m —_—
6100, —zy O

(&, u;0).

Toz0a cucmema (1)—(4) cosmecmua u umeem eJurcmeenHoe pewerue.
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Abstract: An infinite-horizon control problem with free right end is con-
sidered. For the weakly overtaking criterium it shown an necessary boundary
condition on a co-state arc regardless of the asymptotic behavior of adjoint
variables and its derivatives. In the case of smooth quality index at infin-
ity this condition educes the unique solution of the Pontryagin Maximum
Principle.
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IIporpaMmMHBIe KOHCTPYKIIUM B aOCTPAKTHOM
UT'POBOI1 3ajlavue yJaepKaHUus

A.T. Yenuos

MM ¥VpO PAH, Exarepuntypr, Poccusi, chentsov@imm.uran.ru

Amnnoranusi: PaccmarpuBaercs urpoBasi 3amada yaeprkaHust B (pas3sOBBIX
OrpaHUYEHUSAX JJIsi AOCTPAKTHONW JMHAMUYECKOW CHCTEMBI C 93JIEMEHTa-
Mu HeompenesieHHoCcTH. Paz30BOEe NMPOCTPAHCTBO CHUCTEMBI IIPEJIIIOJIATAETCS
METPHUYECKHUM, a MHOXKECTBA, OIPEIesIoe (Ha30Bble OTrPAHUYCHUS, —
3aMKHYTBIMA ¥ 3aBHCANIMMU OT BPEMEHU MPOU3BOIBHBIM obpasom. J[lo-
IIyCKAeTCsl CJIydail “mpepbIBUCTOrO” BpPEMEHH, YTO IIO3BOJISIET OObEINHUTH
obIIeil OCTAHOBKOW 3a/ladi C HENPEPLIBHBIM M JUCKPETHBIM BPEMEHEM.
HomycTuMble mponenypsl yIPaBICHUs OIPEAEISIIOTCS B BHE MHOTO3HATHBIX
KBazucrpareruii. Vcciemyercss BOmpoc 0 MOCTPOEHUU MHOYKECTBA YCIEIIHOM
Pa3penInMOCTH U CAMHUX MHOTO3HAYHBIX KBa3UCTPATErHil UIPOKa, 3auHTepe-
COBAHHOTO B DeaJIM3aldN yAeprkaHus. J[jsi pelreHust MCIOIB3yeTCsl METOZ,
IPOrPaAMMHBIX UTEPAIIHIA.

KuroueBble cJjioBa: KBa3UCTPATErusi, METOJ UTEePalyii, MHOYKECTBO YCIIeIll-
HOU pa3perImMOCTH.

BBenenune

Bormpocsl, uccieayemble B Teopun quddepennunanbubix urp (JIW) ces-
3aHbI C AKTyaJIbHBIMI WHKEHEPHBIMU 33[a9aMU YIIPABJIEHUsI B YCIOBUSIX
HeompeaesieHHocT. B dymmamentanpubix ucciaenopanusax H.H. Kpacos-
ckoro, JI.C. IMourpsiruna, B.H. TliennyHOro u ux y4eHUKOB 3aJI03KEHBI
OCHOBBI JIAHHOT'O BaKHOTO pasjiejia COBPEMEHHON TeOpUHU YIpPaBJICHUS
U TIOJIyY€eHBI KJIIOUEBble HaydHbIE Pe3y/bTarhl. [IpuHIUI 9KCTpeMabHO-
ro capura H.H. KpacoBckoro mo3Bo/inji KOHCTPYUPOBaTh yIIPABJISIOIIAE
BOBJEHCTBYS B BHIE TIPOIEJLYDP YIIPABJIEHUs TI0 TPUHIIUAITY OOPATHON CBsI-
3u. KJioueBbIM CBOMCTBOM, OIIPEIEJISIONIAM yCIIeX B IPUMEHEHUH TPOIe-
JIyp YIPABJIEHUsI 110 TIPUHITUILY OOPATHON CBSA3H, SIBJISETCS CTAOUIHLHOCTD
MHOKECTB B IIPOCTPAHCTBE No3uiuii (Wi, B Apyrux 3a1adax, crabuib-
HOCTH (DYHKIMH 103UIUK ). YIOMSIHYTOE CBOHCTBO MOXKET OTCYTCTBOBATH
y “IepBOHAYAJIBHBIX MHOYKECTB — ITapaMeTPOB 3aJa4l, a, CJIeJ0BaTe b
HO, TpeOyercsl NMpUMEHEHWe TeX WU WHBIX MPOTEIYP, JOCTABJIAIONIIX
HyKHBIE cTabmwIbHbIe MHOXKeCTBa. OKa3bIBaeTCsl, UYTO Psijl TAKUX IMPO-
1eJyp, CBSI3AHHBIX C PEIeHHeM UTPOBBIX 3aJ1a9 MPOrPAMMHOIO YIIPAB-
JIEHHSI, MOYKET HMCCJIE/IOBATHCS B YCJIOBUAX, O0Jee OOIUX B CPABHEHUU C
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“obpranbivMu” V. A mMeHHO, COOTBETCTBYIONIUE IOCTPOCHNUS, CBABAHHbIE
C TIOJIy9eHHEM aHAJIOTOB CTAOHMILHOCTH U HEYIIPEXKIAEMOCTH PEAKIIuil Ha,
IIOMEXOBEIE BO3IEHCTBHSA, MOTYT OBITh PEAJM30BAHBI I aOCTPAKTHON
[IOCTAHOBKH, OILIpeJe/IsieMOil B akcuoMaTu4decKoi ¢popme. JJaHHbIi Bapu-
AHT [TIOCTAHOBKH IIPUHAT U B HACTOSIIEM UCCJIEI0BAHIY, IIPOI0JIZKAIOIIAM
MK 6ojiee paHHUX paboT aBTOpA.

1. OcHoBHOII pe3yJsabTaT

PaccmarpuBaercs 3a1a4a yIepKaHUs TPAEKTOPUH aKCHOMATHIECKH
OIIPENIENSIEMONl  IMHAMMYIECKON CUCTEMBI TIPU  HECTAIMOHAPHBIX (ba-
30BBIX OIPAHUYEHMAX U ([MOTEHIUATBHO) “IPEPBHIBUCTHIM’ BPEMEHEM.
TocsieiHee o3HAUAET, ITO 3aJAHO HelycToe HMoaMHOKecTBO (11/M) T Be-
HIeCTBEHHOM npsaMoit R, oryimanoe oT cuHrierona. Kak Ba BOZMOXKHBIX
Cilydas peajiu3yIoTCs a) BapUaHT B BHJE IIOJIyNPAMOIl (3a1a4a ¢ Hempe-
PBIBHBIM BpeMeHeM) U b) BapuaHT, Korja yromsiayroe /M R saisercs
HATYDPAJbHBIM PsJIOM (3a/a4a ¢ JUCKPETHBIM BpeMeHeM). MHOKecTBO
X, ompenensorniee $a30Boe MPOCTPAHCTBO, OCHAIIEHO TOIMOJIOTHEH T.
MuozkecTBo X Bcex oTobpazkennit u3 T' B X OCHAIAETCH TOIIOJIOTHEH
®T(7) Tuxonosckoit cremenu (X,T) ¢ MHIEKCHBIM MHOXKecTBOM T
dbukcupyem menycroe muozkectso C, C C X7, u mosaraem, 9To Tpaex-
Topun cucreMbl peajmsyorcs B C ¢ Tonosorueil, nHIyIMPOBAHHONW U3
(X7, 7 (7).

IIycre 2 — HemycToe MHOXKECTBO HEOMPEIEJIEHHBIX (haKTOPOB MPO-
necca: Q C YT, rme T — memycroe MaOMkecTBO. PUKCHPOBAHO MHOYKECTBO
N, N CTx X, czamguyrsivu B (X, 7) cedenusimu N (t), t € T'; nanuble
cedyeHus 06pa3yorT B coBOKyIHOCTU (hazosble orpanndenus (PO), B co-
OJTI0IEHNN KOTOPBIX 3aMHTEPECOBAH UTPOK I, OCYIIECTBIIAIONINI BHIOOD
TPaeKTOPUU U3 MyUKa, 3aBUCAIIEro orT w € (). JlomycruMmble mporieaypbi
YIIOMSIHY TOI'O BBIGOPA IOJIArAIOTCS MHOIO3HAYHBIMU KBA3UCTPATET UMY,
TO ecTh Heynpexaaromuma Myabrudyaknuaya u3 ) B C.

Tpebyercss HAWTH MHOXKECTBO YCIENTHON Pa3permMOCTUH BO3HUKAIO-
el TP 3TOM 38JIa4H YIEPKAHUS, TO €CTh MHOXKECTBO BCEX MO3UIUNA U3
T x X, “ycriemnabix” 1ijist urpoka I B CMBIC/Ie TapAHTUPOBAHHON peajin3a-
un TpaekTopuii B cucreme N(t),t € T. Beibop w € ) ocyiiecTBIisier ur-
pok I1, 1ejib KOTOPOro MPOTUBOIOJIOKHA. [[JIsT MOCTpOeHNsT MHOYKECTBA
YCIENTHOM Pa3peInMOCTH 381891 yJIEPKAHNAS 1 KOHKPETHBIX MHOTO3HAY-
HBIX KBA3UCTPATErUil, pa3peraomux JaHHYIO 33149y, IPE/JIOKEHBI JBa
BapuaHTa MeTo/a IporpaMMubiX urepanuii (MIIN) u mosrydensr cooTHO-
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MEeHUs JIBOMCTBEHHOCTU YIOMAHYTBHIX BapuanToB MIIU, nossossiomiue
MIPEICTAB/IATH UTEPAIMOHHYIO MMPOTIEAYPY B TPOCTPAHCTBE MYTbTU(MYHK-
Uit B TepMUHAX UTEPAIMOHHON IMPOIEIYPhl HA MPOCTPAHCTBE ITOAMHO-
xkKectB T X X. Ilokazano, aro jyist mo3unuu u3 N, He IPUHAJJIEXKAIIEi
MHOZKECTBY YCITEIITHON Pa3PEIIMMOCTH B KJIacCe KBA3UCTPATErnil, CyIe-
cTByeT mporpamMma w € (), HCKJII0YAIIas TapaHTUPOBAHHOE Ylep:KaHue
B cevennsax N JJisT BCeX KBAa3UCTPATEr Ui, MOAINHEHHBIX B €CTECTBEHHOM
CMBICJIE TIEJIEBOMY MHOTO3HATHOMY OTOOParyKEeHUIO UTPOKA I, CBA3AHHOMY
¢ ocymmecrBiaenueM yuepxkanus B ©O.

2. OG6cyxaeHue 3aga4u

3ajiavun ynpaBieHUs B YCJIOBUSX IIOMEX U HEOIPEJIEJEHHBIX (aKTO-
POB TPAJIMIIMOHHO paccMmaTrpuBaiorTcss B Teopuu U, dynmamenraib-
HBIM [IOJIOXKEHUEM KOTOpOil $IBJISIETCsI TeopeMa 00 aJjibTepHATHBE B
AU commxenus-ykiaoneranss H.H. Kpacosckoro u A.Jl. Cy66oruna;
cm. [1, 2]. Urpa yaepxkaHus HA KOHEYHOM IIPOMEXKYTKE BPEMEHU IS
HEJIMHEHHON KOHMJIMKTHO-YIPABJISIEMON CHCTEMBI TaKXKe MOXKET pac-
cMarpuBarbcd Kak U cONMMKeHUs-yKJIOHEHHUSI, B KOTOPOIl IiejieBoe
MHOKECTBO, OTCYTCTBYIOIIEE B UCXOJIHON 3ajade y/Iep2KaHusl, BBOIUTCS
KaK THUIEPIIOCKOCTh MMPOCTPAHCTBA MO3UINI, OTBEYAONas (DUKCAIMN
MOMeHTa okoH4aHus. [IoaToMy JjIsT JAHHOTO CJiydasi UTPhl YiIeprKAHWSs
Ha OCHOBe mosioxKeHui [1, 2| peasmsyercs ajbTepHATHBHOE pasbue-
HUE TIPOCTPAHCTBA MO3UIMUI, OJHO M3 MHOXKECTB KOTOPOTO ITOJIHOCTBIO
OIIPE/JIE/IeT BO3MOYKHOCTU UIPOKa I B YACTU peasu3alliyl y/IeprKaHus
tpaekropuii B @O 3amaumn. Ecim urpoByio 3amady yiaepKaHUs pac-
CMATpUBATHL Ha OECKOHEYHOM IIPOMEXKYTKE BPEMEHH, TO NPUMEHHUTH
TeopeMy 00 aJIbTepHATHBE y2Ke He ynaercs. TeMm He MeHee UCCIIeI0BAHIe
MHOKECTBa YCHENTHON Pa3PEIINMOCTH BCE YK€ BO3MOXKHO OCYIIECTBHUTH
C TIOMOIIBIO TPOrPAMMHBIX KOHCTPYKIIAN, UCIIOJIb3Ysl JIOTUKY PelleHuUsl
U, nnsa koropsix anbrepuarusa H.H. Kpacosckoro, A.M. Cyb6oruna
“MeeT MecTo. lUlaBHOe COjiepXKaHWe ITUX KOHCTPYKIUN COCTABJISIIOT
uTepaloHHbie (BOOOIIE MOBOPs) IPOIELYPhl IOCTPOEHUS CTAOMIBHBIX
MOCTOB U (B 3amadax ¢ GyHKIMOHAIOM IaThl) (bynkuuu ensl. Kon-
CTPYKIMH TAKOrO pojia obbeauHsorest B pamkax MITN; cm. [3-5, 10] n
nap. Boisee Toro, B 3ajavax, CBSI3aHHBIX C IOCTPOCHUEM DPa3PENIAIONIX
KBA3UCTPATEruii, OKa3aJ0Ch BO3MOXKHBIM [6—9| mccienoBarb akcuoma-
TUYECKU OIpeJIesIsieMble BADUAHTHI IIOCTAHOBOK, YTO WCIIOJIB3YETCS U B
Hacroseil padore (cMm. pases 1).
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Bapuantr MIIU, npumensiembiit B [5, 6], siBisiercst (o cMbicity),
HEIPSAMBIM C TOYKHU 3PEHUS HOCTPOEHUS PA3PENIAIONIUX MHOTO3HAYHBIX
KBa3UCTPATEruil: MPOIeaypa pertenns 6a3upyercsd Ha IPeoOPaA30BAHUM
MHOXKECTB B IIPOCTPAHCTBE IMO3UIHIl, OCYIIEeCTBIISIEMOM OIIEPATOPOM IIPO-
IPAMMHOIO TIOIJIOIIEHUsI. 3aTeM B TEPMHUHAX IIPEJEJIbHOINO MHOXKECTBA
(B mpocTpaHCTBE MO3UIMIA) [0 BIOJIHE ONPEIEJEHHOMY IIPABUILY IJIst
[IO3UIUI U3 YIOMSAHYTOIO MHOXKECTBA KOHCTPYHUPYIOTCS MHOTO3HAYHBIE
peakIuy Ha HOMeXOBbIe (110 CMBICJY ) BO3ZEHCTBHSI; 9TH PEAKINU KaK pa3
7 OKa3bIBAIOTCS HYKHBIMU MHOTO3HAYHBIMU Ka3uctparerusmu. JIpyroit
papuantT MIIN [9], siBistfoInuiicst B yIOMSIHYTOM CMBICJIE IIPSIMBIM,
peaim3yeTcs HellOCPEACTBEHHO Ha IIPOCTPAHCTBE MYyJIbTU(DYHKIIAN, TMe-
IONUX CMBICJI IPOIPAMMHEBIX PEAKIUil Ha MOMeX0Bble Bo3eiicTus. 11pn
3TOM cooTBeTcTByIoMe BapuanTbl MIIN cBsa3anb ¢ perenneM UrpoBoit
3a/a9u yepKaHus B KJIACCE MHOIO3HAYHBIX KBA3UCTPATErnil, omnpese-
JISIEMBIX AKCHOMATHIECKU. BaXKHO OTMETHUTD, 9TO B YIOMSHYTOM CJIydae
yaaercst [8] copMynmmpoBaTh OCHOBHBIE TI0JIOXKEHHsI B TOIOJIOTMYECKUX
TepMUHAX; METPUKH, €CJIM TAKOBBIE M UMEIOTCsI, IPOSIBJISIFOTCSI B IIOCTPO-
€HUsIX TOJBKO Yepe3 TOIOJIOTHH, STHMH METPUKAMH HOpOXKaaeMmble. B
CYIIECTBEHHOE OTJIMYNe OT KOHCTPYKIuii [6].

9TOM
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Program Constructions in Abstract Game Retention Problem

Alexander G. Chentsov

IMM UB RAS, Ekaterinburg, Russia, chentsov@imm.uran.ru

Abstract: For abstract dynamical system with elements of indeterminacy,
game problem of retention with phase restrictions is considered. It is supposed
that phase space of our system is metric, and sets defining phase restrictions
are closed and depend arbitrarily on time. The case of intermittent time is
assumed. This allows you to combine problems with continuous and discrete
time by single task statement. Admissible control procedures are defined as
multi-valued quasistrategies. It is investigated the question about construc-
tion of the solvability set and multi-valued quasistrategies of the player in-
terested in the retention realization. To solve the problem, program iteration
method is used.

YK 517.955

Kycouyno-nuHeiiHoe MUHIMAaKCHOE penieHue
ypaBHeHnda l'amuibToHa — 4KOOUM C HEOTHOPOIHBIM
raMmJIbLTOHUAHOM

JI.T. ITTaramoBa

MM ¥YpO PAH, Exarepunbypr, Poccus, shag@imm.uran.ru

AnHoTanusa: PaccmarpuBaercs TepMuHasibHas 3aada Komm i ypaBHe-
Husi 'amuibrona — fIkobu ¢ HEOIHOPOJHBIM TaMUJIbBTOHHAHOM. lIpexarosiara-
eTCsl, 9TO FaMUJIBTOHUAH U TEPMUHAJIbHAs (DYHKIMS KyCOIHO-JIMHEHHBI, & pa3-
MEPHOCTB (Pa30BOro MPOCTPAHCTBA PABHA ABYM. DTa 3aa4a CBOJUTCS K 3a/a-
Ye C OJHOPOJHBIM I'aMHUJIbTOHUAHOM B TPEXMEPHOM IIPOCTPAHCTBE, JJISI KOTO-
poit pa3paboTaH aJrOPUTM TOYHOI'O MOCTPOEHUSI MEHUMAKCHOTO / BA3KOCTHOTO
pelieHusi. AJITOPUTM COCTOUT M3 KOHEYHOTO YHCJIA IOCJIEJOBATEIbHBIX dTa-
OB, Ha KaXXJIOM M3 KOTOPBIX PENIAIOTCA dJI€MEeHTapHbIe 33Ja4l HECKOJIbKUX
TUIIOB M OCYIIECTBJISIETCs] HEIPEepPbIBHAs CKJeHKa 3Tux pemrenuii. [locTpo-
€HHOE B Pe3y/bTaTe aJIOPUTMa MHUHHMAKCHOE DEIIEHHE $SBJIFIETCS KYCOYHO-
nuHeHON dyHKImell. BbliesieHbl Tak»Ke cilydau, KOrJa HCXOJIHas 3aJada C
HEOJHOPOIHBIM FAMUJIBTOHHAHOM MOXKET OBbITh pellleHa Ha IJIOCKOCTHU, 0e3 me-
pexona K 3a/Jade C OJHOPOIAHBIM I'aMUJIbTOHHAHOM B TPEXMEPHOM ITPOCTPAH-
CcTBe.

KiroueBbie caoBa: ypasaenue [amunprona — SIxobu, MUHMMAaKCHOE perrre-
HUE, BA3KOCTHOE DEILEHHE, AJITOPUTM, KyCOYHO-JINHENHbIE (DYHKIUN
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IlocTanoBKa 3aaun

PaccvarpuBaercsa cremyromas 3amada Kormm.

ow(t, ) ow(t, )
— 1+ H|—%)=0, t<9v eR" 1
i (M) =0 i< cer. )
w,z) =0(z), xe€R™ (2)
3aecy ¥ — 3aJaHHOE MOJIOKUTENBHOE UHCI0, ramMuibToHnan H(-) m
dyukius o(-) — smmmmnessl. sBectro [2, 9], 4ro MuHHHMAaKCHOe

pererne w(-) 3amaun (1), (2) cymecrsyer u exunHCcTBeHHO. Ecam xors
6b1 oA n3 Gyukiwi H(-) miam o(-) sBJseTcst BBITYKJIION MM BOTHYTOM,
MOXKHO BBIIIICATH sIBHbIE (DOPMYJIBI JIJIsI PEIEHHsl, UCIIOJIb3Y sl H3BECTHBIE
dopmyubr Xonda — Jlakca [1, 5, 6]. Oxuako B obieM cirydae MOy YUTh
sBHbIe (DOPMYJIbL Jyisl penienus He yuaercs. B [3, 7] 6bur paszpaboran
KOHEUHBIHl aJrOPpUTM TOYHOIO MOCTPOEHHs] MUHUMAKCHOTO DeIlleHUsl B
cilydae, KOrja PasMepHOCTh (a30BOrO HPOCTPAHCTBA pPaBHA JBYM, a
ramusibToHnaH H(-) u dyHKmst o(+) SBIASIOTCS KyCOYHO-JIMHEHHBIMU U
YZAOBJIETBOPAIOT YCJIOBHSIM TOJIOKUTENBHOM OTHOPOJTHOCTH

o(Ax) = Ao(z), z€R™, IXeR, AX>0, (3)
H(\s)=MH(s), s€R" XeR, A>0. (4)
B [3, 7] ycnosue (4) 65110 cymecTBeHHBIM. B HacTosAmEed pabore 3a/1a-
4a (1), (2) Takzke paccMaTpUBAETCA B CJIydae JBYMEPHOro (pa30BOIo Ipo-
CTPAHCTBA U KyCOYHO-JTUHEHHBIX BXOAHBLIX JaHHbiX. Ho ceiivac me Tpe-

Gyercs BBINOJHEHUE YC10BUs (4) 0JHOPOAHOCTH raMUIbTOHUAHA. 11e/IbIio
SIBJIAETCS TIOCTPOCHUE MUHUMAKCHOTO / BAZKOCTHOTO PEIIeHHUS .

OcHOBHBIE Pe3yJIbTAThI
Ompenenum HyHKIUA
s
|r|H<ﬂ), upu r % 0,
r

limrH(f), npu r = 0,
rl0 r

H*(s,r) = (s,r) eR" xR, (5)

ota,y) = o) +y. TER, yeR. (6)

Ipeanosaraem, uro npege B (5) CyliecTByer.
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Paccemorpum 3agaay Ko s ypasuenust ['amunbsrona — Axkobu ¢
[IOJIOXKUTEJHHO OJHOPOIHBIM OTHOCUTEJLHO IepeMeHHON § = (s,r) ra-
MuibTonuanom H*(+)

ou(t,z,y) « (Ou(t,x,y) Oult,z,y)
qLTY) g - <
ot + ( or Oy 0, t<9, (7)

u(d, z,y) = o (z,y), (®)

e x € R™, y € R. CupaBeiiuBo cJieytoriee yTBEPK ICHHUE.

Teopema 1. Qynxyus w(t,T) ABAAEMCA MUHUMAKCHYM PEUEHUEM
3adawu (1), (2) mozda u moavko mozda, xoeda Pynruyus u(t,z,y) =
w(t, ) +y asasemca munumarcrsim pewenuem sadawu (7), (8).

Eciu n = 2, H(:) u o(-) — KyCOYHO-JIMHEIHbI, MUHUMAKCHOE DeIleHUe
w(t, ) Takzke OyueT KycouHO-JuHeiHON dyHKImeH. AIropur™M TOIHOrO
[IOCTPOEHUST MUHUMAKCHOI'O PENICHUs B 9TOM CJIydae U CTPYKTypa pe-
IeHus: onucasel B [4, 8]. 31ech oTMeETHUM JIMINIb, YTO AJITOPUTM 3aKJIO-
9aeTCs B [IOCJIE0BATEILHOM PEIIEHNN SJIEMEHTAPHBIX 33129 HECKOJIbKIX
THUIIOB U HETIPEPBIBHOM CKJIeiiKe penrennii 3Tux 3amad. 113 BIIen310KeH-
HOT'O CJIEJIyeT, 9TO B ODIIEM CJIydae PelleHne 3aJa9u ¢ HEOTHOPOIHBIM
raMIJIBTOHHAHOM CBOJUTCS K PEIIEHUIO 33aJa4YU C OJHOPOIHBIM I'aMUJIb-
TOHHAHOM B IIPOCTPAHCTBE PA3MEPHOCTU Ha eJUHUILY OoJibiine. Boiiennm
cay4ail, Korja He Tpebyercs Hepexo/UTh B IIPOCTPAHCTBO DOJIbIIeil pas3-
MEPHOCTH.

Iycre mis Heogropoauoro raMusbronuana H(s), s € R™ cymecrsyer
BekTOp a € R™ Takoii, uro rammisronnan H,(s) = H(s + a) aBiasgercs
[IOJIOZKUTEJIBHO OJHOPOAHBIM. Pacemorpum 3amady Korm

Ow(t,x) Ow(t, ) n
_ —_— = <
T + H, ( e 0, t<9, zeR (9)
w,z) =0(z) —ax, x€R". (10)

MozxaO JA0Ka3aThb CJAeAYyIoIiee yTBEep2KACHUE.

Teopema 2. ITycmo wgy(t,x) — munumarcroe pewerue 3adavwy (9),
(10). Tozda Ppyrxyus w(t,z) = we(t, ) + ax AGAAEMCA MUHUMAKCHBLM
pewenuem 3adavu (1), (2).

Takum ob6pasomM, B paccMaTpUBAEeMOM CIydae MpU N = 2 U KyCOIHO-
JINHEHHBIX BXOJHBIX JAHHBIX JJIsi [IOCTPOEHUS MUHMUMAKCHOIO PeIleHuUsl
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331291 C HEOJIHOPOIHBIM TaMUJIbTOHUAHOM MOXKHO UCIIOJIb30BaTh pa3pa-
GoTaHHbI B [3, 7] ajgropurM Jyis 3889 C OJHOPOIHBIM MAMUIBTOHUA-
HOM, He TPeOyIONunii mepexo/ia B MPOCTPAHCTBO OOJBINEl pa3MepHOCTH.

Pabora BeinosineHa nipu puHAHCOBOM nojepkke Poccuiickoro donma dyHsmameH-
TaJbHBIX uccrenoBanuii (mpoext Ne 17-01-00074) u KommuekcHoit mporpammsr ¥ pO
PAH (upoexr Ne 18-1-1-10).
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Piecewise Linear Minimax Solution
of Hamilton—Jacobi Equation
with Nonhomogeneous Hamiltonian

Lyubov G. Shagalova

Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg, Russia,
shag@imm.uran.ru

Abstract: The terminal value Cauchy problem is considered for Hamilton—
Jacobi equation with nonhomogeneous Hamiltonian. The Hamiltonian and
the terminal function are piecewise linear, and the dimension of state space is
two. This problem reduces to a problem with a homogeneous Hamiltonian in
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three-dimensional state space. A finite algorithm for the exact construction
of the minimax and /or viscosity solution is developed. The algorithm consists
of a finite number of consecutive stages, at each of which elementary problems
of several types are solved and the continuous gluing of these solutions are
carried out. The solution built by the algorithm is a piecewise linear function.
Cases are also indicated when the original problem with an inhomogeneous
Hamiltonian can be solved on a plane without going to the problem with a
homogeneous Hamiltonian in three-dimensional space.

VIIK 330.42

MaremaTudeckoe MoaeJIiMmpoBaHUue I/IHBeCTI/IHI/Iﬁ Ha
HeCOoBepIII€HHOM PbIHKE KalIuTaJia

A.A. IITananuu

M®TU, Mocksa, Poccus, alexshan@yandex.ru

AnHoTanus: B skonomuke Poccum ciiokmiiack curyarsi, B KOTOPON KOM-
MepUeckKue 6aHKI/I O6Haﬂa}OT JIMKBUJIHBIMU pecypcCaMu, JINIIb HE3HAUYNTEeJIbHAA
YacTh KOTOPBIX HCIOJIb3YETCs JJIsl MOAAEPYKKU UHBECTULANA B PEAJIbLHOM CEK-
TOpe SKOHOMMKH. YCKOPEHHE TEMIIOB POCTa U BBIXOJ[ U3 PEXKUMa CTaCHAIUU
TPeOyIOT IPEOJOIEHIs NHCTUTYIIMOHAJILHBIX JIOBYIIIEK, B KOTOPBIX OKa3aJaCh
3KOHOMHMKA.. AﬂeKBaTHBIIﬂ A3BIKOM aHAJIN3a KOCBEHHBIX HOCJ’IG,ILCTBI/IIL/'I TaKHUX
SKOHOMHUYECKHUX PedOPM SABJIAIOTCA MaTeMaTudeckue moaenu. s onucanms
IPeJIPUHUMATEBCKON CpPeJibl UCIOJb3yeTcst Mofenb Kanropa — Jlummana.
Uccnenyercst 3aga4da 06 oneHke (bUHAHCOBOM MO3UIUN MHBECTOPA HA HECOBEP-
IIEHHOM PBIHKE KanuTasia. [IpesjioyKeH ajirOpuTM JJis aHAJIN3a JIMKBUIHOCTH
dbuHaAHCOBOI TO3UIMU. AJITOPUTM OCHOBAaH Ha UTepalusix oneparopa besima-
na. [Tokazano, uTo B KauecTBe 1edJisATOpPa PU OUEHKE (PUHAHCOBOM IIO3HUIIMHI
UHBECTOpa cjieayer BBIGI/IpaTb MUHUMAJIbHBIA MOJJIOXKUTETbHBIN KOpEeHb WHBE-
CTUIIMOHHOW (DYHKIMH THPaYKUPYEMBIX IPOEKTOB.

KuroueBbie ciioBa: oneparop Besuimana, BBIIYKJIO€ NPOrpaMMHUPOBAHUE,
HECOBEPIIIEHHBII PBIHOK, JedJIsaTOp, NHBECTOD, (DUHAHCOBAs ITO3UIUS.

/HBECTUIIMOHHBII IPOEKT B PeaJbHOM CEKTOPE S5KOHOMHUKH XapaKTe-
pusyercs pacupeleséHHBIME 110 BPeMEHH JICHEesKHBIMU IIOTOKAMHU 4 =
(ag,a1,...,ar), Tae @; — BEJUYMHA JEHEXKHOIO [OTOKA B i-i I1epuoj
BpEMEHHU OT HadaJja peau3allud IpoeKTa. 110I0xKuTelbHble 3HAUYCHUS
@; COOTBETCTBYIOT JIOXOJIaM OT peaU3alluyl IIPOEKTA, MOy IeHHBIM B i-il
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[IEPHOJ, BPEMEHHU, & OTPHUIATEJIbHbIE 3HAYEHHS — BJIOXKEHHSIM B HHBE-
CTUIMOHHBIN MPOeKT. B Teopnnm KOPIOPATUBHBIX (PUHAHCOB JJjI OTOO-
pPa WHBECTUIUOHHBIX MTPOEKTOB HMCIIOJIB3YeTCsl TIOKA3aTe b ITPUBEIEHHON
quctoii npubsiin NPV (net present value). Ecau mnarexu (u sobast
JIpyras GUHAHCOBasI JEATEJLHOCTD) OCYIIECTBIISIOTCI Yepe3 HEKOTOPBIE
paBHbBIEe ITPOMEXKYTKHU BpeMenn, To NPV mpoekTa ¢ BEKTOPOM IIOTOKOB
miaTexeil @ BBIYUCIISETCS IO (DOPMYJIe

NPV (d,r) =ap+aie " + -+ ape ™",

31ech T — MOKa3aTesb JIOXOJHOCTU ODINEIOCTYIHOIO JIJIsi NHBECTO-
pa aJbTEPHATHUBHOTO CIIOCO0A BJIOXKEHUsI JI€HET, KOTOPBI MCIIOJIb3yeTCs
B pacuére B KadecTBe JedJIsTOPa, MPUBO/SINETO PACIPEIEIEHHbIE 110
BPEMEHU JIEHEeXKHbIE IOTOKU K IIePHOY HAYAJIA WHBECTHUIMOHHOTO IIPO-
ekTa. Besmunna nediiaTopa J0/KHA OBITH 3aK/II0U€HA MEYKY ITPOIEHT-
HBIMH CTABKaMU 10 JICIIO3UTAaM U KpejuTaM. Eciim pa3Huia Mex iy 3Tu-
MJ TPOIEHTHBIMUA CTABKAMM HE3HAYUTEIbHA, TO BBIOOD meduisTopa u3
9TOr0 UHTEPBAJIA HE BJIMSET HA IIPUHATHE PEIIeHUs O MO/ JIEPKKE OCHOB-
HOI MacChl HHBECTUIIMOHHBIX TPpOoeKTOB. Haburomarommeecst B 9KOHOMHUKAX
JIOTOHSIIOIIETO TUIIA 3HAYUTEJILHOE IIPEBBIIIEHNE TPOIEHTHBIX CTABOK 10
KpeJuTaM HaJl IPOIEHTHBIMU CTABKAMH 110 JICIIO3UTAM IIPUBOJUT K TO-
My, 9TO J1ehJIaTOD JIEHEXKHBIX IOTOKOB U PEHTabEIbHOCTH IPOEKTA 3aBHU-
CAT OT NPEIIPUHUMATEILCKAX KAaIeCTB HHBeCTOPa. B pabore B kadecTse
MOJIeJI SKOHOMUYECKOH CPebl, B KOTOPOU Peajn3yercsi MHBECTUIINOH-
HBII IIPOEKT, MIPEJJIOZKEHO UCIIOJIb30BaTh Mosiesib Kantopa — Jlunmana.
DTa MOEJb [03BOJISIET OIEHUTD JOXOIHOCTD IIyJIa JOCTYIIHBIX HHBECTO-
Py THPaXKUPYEeMbIX HHBECTHUIIMOHHDBIX IIPOEKTOB, MOJICJIUPYIONIUX SKOHO-
MHUYECKYIO CPeNy, B KOTODO#l OyIeT peasinm30BhIBATHCS AHAJU3UPYEMBIN
UHBECTULIUOHHBIN 11poeKT (cM. noxpobuee [1]). Ilpeamonoxum, 4ro mis
WHBECTOPA B JII00OH mepro BpeMeH! JOCTYIHBI B JII0O0M 00béme M Tu-
[I0OB UHBECTHUIIMOHHBIX IPOEKTOB. IIpoeKT m-ro Tuma 3a1aéTcsd BEKTOPOM
uHaHCOBBIX OTOKOB @™ = (af', af,...,an"). 3ueck n + 1 — HanbOIbL-
A MPOJOIKATETLHOCTD CPe BeeX MpoekTosl, a m = 1,..., M. Jlaa
TOTO, ITOOBI 3TH MPOEKTHI MOKHO OBLIO CINTATEH OOIIEIOCTYITHBIM AJTh-
TEPHATUBHBIM HCTOYHUKOM BJIOYKEHUIl, OHHU JIOJ2KHBI OBITH CTAI[HOHAD-
HBIMH (JJOCTYIHBIMU B HEM3MEHHOM BHJIE B JIOOOW [EPHOJ, BPEMEHH) U
THpaKUpyeMbIMu. BysieM mpejonararb, 9TO Cpe/id IPOEKTOB NMEETCs
[IPOEKT COXPaHEHMs JeHer, KOTOPbIi 3amaérea Bekropom (—1,1,0,...,0).

1Ecam KaKoii-To TIPOeKT JIJTUTCS MEHbIIe, YeM 1 TIePHOJIOB BPEMEHH, TO JIOTIOTHIM
COOTBETCTBYIONIUH BEKTOP HYJISMH.
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O6ozaauumM uepes Sk (t) GuHAHCOBOE COCTOAHUE UHBECTOPA B IEPH-
o4 t + k upn yciaoBuu, 9T0, HAUMHAS C IEPUOJA {, UCIOJIB3YETCH TOJIb-
KO mpoekT coxpamennsi aener. Torga sextop S(t) = (so(t), ..., s, 1(t))
OIIMCHIBAET Pe3yNbTaT (PUHAHCOBOI CTPATErN HHBECTOPA K IIEPUOJLY BPe-
Menu t. O603HAYNM YeEPE3 Uy, (t) MHTEHCUBHOCTH IIPOEKTOB 1M-TO THUIIA,
nauaThix B mepuos spemen t. Torna S(t + 1) = DS(t) + Bii(t). 3necs
i(t) = (u1(t),...,up(t)) — BEKTOp UHTEHCUBHOCTEH MHBECTUIMOHHBIX
IPOEKTOB, HAYATHIX B Iepuof Bpemenu t, D = (D;;) — MATpPHIA
n X n, Takas, 4To

4,7=0,n

1, eecmmj=i+1, +1=0,...,n—2;
dij =41, ecmi=j=n-—1;

0 wumaue.

K2
B = (bm)Z’j}’,gM — marpuna n X M, takast, 9T0 by, = Zagn.
§=0

JlonOIHATEILHBIX BO3MOXKHOCTEH 3aHMMAaTh, BKJIAILIBATL JEHLIU
WM TepeHOCHTh UX M3 OJHOrO IIepPHOJa B JPYroil y MHBECTOpa HET:
BCE €ro BO3MOXKHOCTH BXOJSAT B JOCTYIHBIA €My ITyJl IIPOEKTOB; HHLIMA
CJIOBaMH, JIOJIZKHO BBLINOJHSATHLCA YCJIOBHE caMopuHaHcupoBanus. Llebo
MHBECTUIIMOHHOM CTpPaTernu sIBJIAeTCS MaKCUMU3AIHUs J0X0a B IIePHOL
BpeMeHH He mozaHee 1, T.e. ONTUMAJbHAs CTPaTerusl WHBECTUIMIt

onpeaesadeTrcd N3 peuieHnd 3a/1a91:

e "Th(S(1)) — omax

S(t+1)=DS(t)+ Bi(t), t=0,...,7—1;

e h(g) _ ) 8n, ecim S e RY;

— OO MHa4ve.

O6ozuaunm gepes W (€, r) onrumanbioe 3HadeHue PyHKIUOHAIA B
sT0it 3azaue onrtuMuzanuu. Oyuxuus Wr (€, r) onenuBaer dbuHAHCOBOE
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HadvaJIbHOE COCTOsiHue mHBecTopa ¢ geduisitopom 7. OTmeTum, 94TO IM0-
crpourb dyuruuo W (€, r) MoxKHO, uTepupys oneparop Besuvana:

WT+1(€, r) = max{WT(g, r),e " sup{WT(Dg—i— Bi) ‘ >0,

—

M
€+ D afum >0}, Wo(Er) = ().
m=1

MuBectunmonnast GyHKIWMS IyJIa HpoeKTOB OIIpeJIeJIEeTCs Ha TPOMEXKY T-
ke [0,00) o dopmyse F(r) = max E aj'e ~7J. Bynem IIpeamosaraTh
1<m<M =0
BBIIIOJIHEHHBIME yC10Bus npudbuibaoctu F(0) > 0 u orcyrerBus apbur-
paxa, T.e. cymecrsyer r > 0 rakoe, uro F(0) < 0. Ilycrs p — mu-
HUMAJIbHBIA II0JIOYKUTEJIbHBI KOPEeHb MHBeCTUIMOHHOM byukiuu F(r),

Hm|é‘6a§”’e"’j =F(p)} =1u F'(p) #0.

Teopema 1. Ilpu a0bvx 3HaueHUAT 56 RY, r > 0, cywecmsyem
Koneurwil uau beckorewnuil npedea Tlim Wi (&) = Wao (€, 7). Dyn-
—+oo

wua Wao(€,7) a6aAEMCA NOAOKHCUMENDIO 001HOPOINOT NEPEOTi cTEnen,
602HyMOtl, MOHOMONHO Heybueatowet Gynryued no nepemennoti §. Ec-
./Lur<p,m0W(§,) —l—oonpufER/{O} ECJLur>p,m0

oo(g,r) =0npuf e R% . Ecau Wy (f, r) >0 npu € € R 1 /{0}, mo
r=p.

Pabora Bbmosnena npu dbunancosoit mogaep:xkke PH® (mpoekr 16-11-10246).
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Mathematical Modeling of Investments in the Imperfect
Capital Market

Alexander A. Shananin
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Abstract: The Russian economy has developed a situation in which com-
mercial banks have liquid resources, only a small part of which is used to
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support investment in the real sector of the economy. Accelerating growth
and getting out of stagnation requires overcoming the institutional traps in
which the economy finds itself. Adequate language for analyzing the indirect
effects of such economic reforms are mathematical models. The Cantor —
Lippman model is used to describe the business environment. We study the
problem of assessing the financial position of investor in the imperfect capital
market. An algorithm for analyzing the liquidity of the financial position is
proposed. The algorithm is based on iterations of the Bellman operator. It is
shown that the minimum positive root of the investment function of replicated
projects should be chosen as a deflator in assessing the financial position of
an investor.

YIK 517.977

AnnpokcuMupymoIiiue CUCTeMbl B 3aJa4e
SKCIIOHEHIIMAJIbHOU yCTOMYUBOCTU CUCTEMBI C
3ana3bIBaHuEM

P.N. IIleBuyenko

Yp®V, Exarepunbypr, Poccusi, omal70@hotmail.com

Awnnoraums: s guHeHON HeaBTOHOMHOIN cucreMbl AuddepeHIaIbHbIX
YPaBHEHMIA C 3al1a3/[bIBaHIEM PACCMATPUBAETCs [IPOOJIEMa SKCIIOHEHIINAIBHOM
YCTOMYMBOCTH TPUBHAJIBLHOrO pemenusi. Vlcxonuoit cucreme nuddepeHuaib-
HBIX yPaBHEHUI CTaBATCsS B COOTBETCTBHE alllIPOKCUMUPYIOIINE CUCTEMBI Jud-
depeHnuaIbHbIX YPABHEHU C KYyCOYHO-IIOCTOSHHBIMY apryMenTamu. Ilomyae-
HBI YCJIOBHSI JJIsI IAPAMETPa AlllIPOKCUMAIMY, [IPH KOTOPBIX SKCIIOHEHIUA b
Hasl yCTOWYNBOCTD AIIIPOKCHMHUPYIOIINX CHCTEM BJIEUET IKCIOHEHIHAIBLHYIO
YCTOMYMBOCTD cUCTEeMBI auddepeHIalbHbIX YPABHEHUI C 3ala3/ibIBAHUEM.

KiroueBbie cjioBa: cucrema ¢ 3ara3ablBAaHUEM, IKCIIOHEHIIUAJIbHAA yCTOﬁ-
YUBOCTD, aIIIPOKCUMAaIUs SJIEMEHTa 3alla3JblBaHUsl

Bsenenune

Pemennio 3aza4 ycTORUNBOCTH U ylpaBJIeHUA JJId cucTeM auddepen-
[[AJIbHBIX YPAaBHEHUII C 3aIa3/bIBAHIEM METOIOM AIIPOKCHMUPYOIIIX
crcTeM OOBIKHOBEHHBIX MU DepeHITNAIbHBIX YPABHEHU TOCBAIIEHBI pa-
601bl [1-4]. B crarbe [1] o6ocHOBaHA CXOAMMOCTH TAKUX AIIIPOKCAMAIIUIL
JUIST JIMHEHHBIX CHCTEM C IOCTOSIHHBIM 3amas3zpiBaHueM. Penun F0.M. B
pabote [3] 06061 9T pe3yIbTaThl Ha CJIydail HeJMHENHHBIX CHCTeM, a
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Kypxanckuit A.B. B pabore [2] — Ha ci1ydail mepeMEHHOTO 3amna3IblBa-
uus. [losnuee B crarbe [4] 9TH aIpoKCUMAIMU IPUMEHSJIUCH B 3a/a1e
9KCIOHECHIIMAJIbHON YCTOWYUBOCTUA TPUBUAJBHOIO DPEIIeHUd JIAHEHHBIX
CHCTEM C IMOCTOSIHHBIM 3alla3/IbIBAHUEM.

B macrosimeit pabore mjs HeaBTOHOMHOW cHCTeMbI TudDepeHIy-
AJIbHBIX YPaBHEHUI C 3alla3/IblBAHUEM IIPEJJIAraeTCsl UCIO0/Ib30BaTh
ANMIPOKCUMUPYIOMnE CUCTEMBI U PePEeHITNANBHBIX  YPABHEHUN €
KYCOYHO-IIOCTOSIHHBIMU apryMenTamMu. llosrydeHnbl ycjaoBusi, Ipu KOTO-
PBIX U3 9KCIIOHEHIMAIHHON YCTONYINBOCTU ANMPOKCUMUPYIOMIAX CHCTEM
cJIelyeT SKCIIOHEHITHAJIbHAST YCTONIMBOCTD UCXOIHOM CHUCTEMBI.

1. IlocTranoBkKa 3amga4yun

Pa,CCI\lanI/IBaeTCH cucremMa ,HI/I@(I)epeHHI/IaJIbeIX ypaBHeHI/Iﬁ C 3alla3dbl-
BaHUEM

PO — 40e) + Aot —7), 121020, ()
¢ HavaJbHbIM ycioBueM z(tp + ¥) = ¢(¥), ¢ € [-7,0]. 3umecw
x:fto—7,+00) = R™;  Aq(-),A2(-) — wu3MepuMble OrpaHUYEHHBIE

MATPUIHO3HAYHBIE (DYHKIMW; T — 3amas3jblBanue, o(-) — HempepbIBHAS
Ha orpeske [—7, 0] dyukuus.

Hasee ucrnosbsyercss BeKTOpHas HopMa |z|| = maxi<i<p |@i| 1
COIJIACOBAHHAsI C HEll HOpMa MaTpHIBl KaK JIMHEHHOro omeparopa. B
upocrpancrse HenpepbiBabX dyukuuit C = C([—7,0],R™) ucnosibsyem
sopmy [ llc = maxoer—ro e ()|

Ounpenenenne 1. Cucmema (1) mHazvieaemes 9KCNOHEHUUAALHO
yemotinueol, ecau das amobozo tg > 0 u arbozo pewenus x (t,tg, ) ¢
navasvnot pynryuetd ¢ € C' cnpasediuso nepagencmeo

lz (¢, to, @)l < Pe= " gl o, ¢ 2 to,

2de P, & > 0 — nocmoannsie, e 3a8uciwyue om GyrKuuL @ U MOMEHMa
epemeru ty.

Sagava uccienoBanus cucreMbl (1) Ha KCHOHEHIIUAJIBHYIO YCTONYU-
BOCTb 3aMEHSIeTCs AHAJOTMIHON 3aaadeil st cucTeMbl auddepeHIim-
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aJIBHBIX ypaBHeHI/Ifl C KYCOYHO-IIOCTOAAHHBIMU apryMeHTaMn

dy((i)t(t) = A1 (yo(t) + A2 (yn (1), )

dy(;t(t) _ ¥<yi_l< {g] %) _yi< {g} %)) i=1,...N, (3)

rue [a] — nemnas wacrb uncaa a, y; € R™, ¢ =0,..,N, N > 1.

Onpegnesnienne 2. Cucmema (2), (3) sxcnonenyuaivio yemotivuea
pasromepro no N > Ng, Ng > 1, ecau daa xkasicdozo tg > 0 u npo-

uzeonvroir y°,y~t € RPN+ pewenue zadavu Kowu ¢ navasvrsmu

0 toN T 1
YCAo8UAMU y(to) =Y,y — N =y ydofmemeopﬂem Hepaser-
T
cmey

ly (£ 0, 9%y ™) [y < Kem T (||| + Iy~ 5) = to-

Bdecy K,a > 0 ne sasucam om to, y°, y~1, N > Ny; y = {yk}év,
Iolly = ol

Crasurcst 3ajiaua — JI0Ka3aTh, YTO JUIsl SKCIOHEHIMAIBHON ycToiun-
BocTH cucreMbl (1) HEOBXOAUMO M JOCTATOYHO, YTOOBI IIPH JOCTATOIHO
Gosbiux N cucrema (2), (3) ObLia KCIOHEHIMAIBHO ycTolunBa. Jlo-
HOJIHATEIBHO TPEOYEeTCs OJLY IUTh OIEHKY BEJIMYUHBL anciaa N.

2. OcHOBHBIE PE3YyJILTATHI

JlokazaHa CjIemyIonas TeopeMa.

Teopema 1. Jas sxcnonenyuasohotl yemotuusocmu, cucmemse (2),
(3) pasromepro no N > 1 neobrodumo u docmamowro, 4mobui

o (¢ to, %y~ ) || < Kem = ("l y + Iy [[5) £ =10
3decv K > 1, a > 0 me sasucam om ty, y°, y=*, N > 1.

st pemenuii cucremsr (3), Kak cucreMbl ¢ 3ajaHHOl dyHKImeR yo(-),
HOCJIEIOBATEILHO YCTAHOBJICHDI JIEMMBI.
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JIemma 1. ITycmo {yz(t)}iv — pewenue cucmemvs (3) € HAUAALHDL-
MU Yeaosuamu y) = yi_1 =yo(to—i/N-7), 1 <i < N, N >1. Toeda
ecau Pyrnruyua yo(t) npu t > tog — T umeem usMeEPUMYIO BMOPYIO NPOU3-
600HY10, YAOBAEMEOPAIOULYIO YCAOBUIO

H deo

dt? H<K et > hy —

2de Ko, ag > 0 — nocmoarnvie, Mo cnpasediuso HEPaeeHCmeo
372 (N42)/N—an(i—to)
||yN (t) —yo(t—T)H SWKQG e y t> to, N > 1.
JIemma 2. ITycmo {yz(t)}iv — pewenue cucmemvt (3) ¢ HAUAALHDL-
mu yeaosuamu ¥ =yt = yo(to —i/N-71), 1 <i < N, N > 1. Tozda
ecau Pynruus yo(t) nput > to — T umeem USMEPUMYIO NEPEYI0 NPOU3-
6800HY10, YOAOBAETNBOPAIOULYIO YCAOBUIO

deo H < Kje —a (t— to) t>ty—T,

2de K1, a1 > 0 — nocmosarHvle, Mo cnpasediuso HEPABEHCMEO

1/2
Iy (1) =go(t = )| SVOL Kae™ "7 (9 57 1) T ementew,

t>to, N>1.

OxkoHYaTEeILHO UMEET MECTO TeopeMa.

Teopema 2. Ecau daa N > 2v/15/a-Ktnag (a1 + az) cucmema (2),
(3) axcnonenyuanvio yemotuusa, mo u cucmema (1) sxcnonenyuasvHo
yemotinuea. 3decv a1 = sup;sg || A1(t)]], az = sup;>q [[A2(t)||-
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Approximating Systems in the Exponential Stability Problem
for Retarded System

R.I. Shevchenko

Ural Federal University, Yekaterinburg, Russia, omal70@hotmail.com

Abstract: Under consideration is the problem of exponential stability of
the trivial solution of the delay differential system. In our research we use
the special approximating systems of differential equations with piecewise-
constant arguments. The conditions on the approximation parameter, which
guarantee that the exponential stability of the approximating systems implies
the exponential stability of the initial system, are obtained.
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AJII‘OpI/ITM pemeHnsd 3aJa91 MMHUMAKCHOT'O
AJJAalITUBHOI'O yIIpaBJICHU:A PACXOJO0OM TOILJIMBA
PaKeTbI-HOCHUTeJIsd
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L Vp®YV, Exarepunbypr, Poccus, afshorikov@mail.ru
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Amnnoranusi: B pabore paccmarpuBaercs 3agatda MEHHHMAKCHOIO aJaIllTHB-
HOI'O TE€PMHHAJIBHOI'O YIIPAaBJIEHHUSI PACXOJOM TOIJINBA KUJKOCTHOU pPaKeTbI-
nocurens. VcxonHasi HemuHENHAs MOJEIb OOBEKTA YIPABJICHUS AMIIPOKCHU-
MUpYyeTCs JIMHEMHOUW JUCKPETHON IMHaMHu4ecKoi cucreMmoil. Ilpu 3amaHHBIX
OrPaHMYEHHSX Ha BEKTOPbI yIPaBJIeHUs M BO3MYIIEHHS JIJIsl allllPOKCUMUDPY-
fo11eil cucTeMbl (DOPMYJIMPYETCS OCHOBHAS 3a/1a4a MUHUMAKCHOTO aJallTUBHO-
0 TEPMHUHAJIBLHOIO YIIPABJICHUS PACCMATPUBAEMBIM OOBLEKTOM, IJISl PEIICHUS
KOTOPO#1 IIpe/JjlaraloTcsl METOAMKA M UUCJIEHHBIN ajJrOPUTM.

KuroueBble cjioBa: MUHUMAKCHOE AJAITUBHOE YIPABJIEHHE, YIIPABJIEHUE
Pacxo/oM TOILINBA, »KUJIKOCTHAsI paKeTa-HOCUTEJIb.
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1. IlocTraHoBKa 3a/la4M U OMUCAHUE Pe3yJIbTATOB

SaJava yupaBieHus PACXOI0M TOILUIUBA [3] — OiHA U3 OCHOBHBIX 33124,
peraeMbIx Ha GOpPTY KUAKOCTHBIX paker-nocureseil (ZKPH).

Ha mnpomexyTke Bpemenu [fp,0f] paccMaTpuBaeTcss THCKPETHO-
HelpepbIBHAS yIPaBJseMast JUHAMUIIecKas! cucTeMa [3], onuceiBaromas
pexxum paborbl jsurarenbHoil ycranosku (V) 2KPH (3mecs 6y —

HAYaJIbHBIA MOMEHT BpeMeHH, a ff — (QHHAIbHBIA MOMEHT BpeMeHH
JUIS TIpoTiecca yrpas/ienus). Yrpasienne u(t) € R peammsyerca B muc-
KpeTHble MOMeHTHI BpeMeHH {0y, 61,...,07_1} C [6p,0f], tme 07 = 05

(t€0,T —1, T € N), uameHsist yroJ HOBOPOTa JAPOCCeIst ap, (t) 1 BIIHsist
Ha PACXOJ MacChl OKUCIIUTENS My (#) u roprodero my(6):

ap(t+1) = aw(t) + cou(t), am(0) =0, (1)

me() = (P+ Clath(9)2 + caan (0)) (K + csaun(0) @)
’ (I + c3aen(0)? + cacun(9)) (1 + K + csoun(0))

my(6) = P+ cram(0)° + csoum0) .

(I + czan(0)2 + caazn(0))(1 + K + csaun(0))’

rme P,I, K — 3HavYeHuss CUJIbI TATH, YAECTBHOTO HMITYJIHLCA TITH U KO-
¢ durmenTa COOTHOIIEHNST PACXOJ0B KOMIIOHEHTOB TOILINBA, COOTBET-
CTBEHHO; Cg, C1, . . . , C5 — Ko dunumenaTsl guaamukn padborsr 1Y 2KPH.

Maccsr oxucnurenst M,(0) u ropiotero My(f) B TomnusHbIx Oakax
pacCcUUTHIBAIOTCS IO (hOPMyJIaMm

0 0
My(0) = Moo — | mo(8)d0, Ms(0)=Moy— | mp(6)dd. (4)
90 90

Ucxonnas cucrema (1)—(4) smHeapusyercs OTHOCUTEIHHO OIOPHOI
TPAEKTOPHH U JUCKPETH3UPYETCs TAKUM 00Pa30M, UTO JIUHAMUKA 00b-
€KTa YIIPABJICHHs ONHUCHIBAECTCS JIMHEHHON JUCKPETHON cHCTeMOli BUa:

z(t+1)=At)z(t)+B)ult)+D()v(t), =z(0)=x0, t€0,T -1, (5)

rie z(t) € R* — dasossiit BexTop 06bexTa (2(0) = 29 — 3aK2HHOE
ero madambpHoe coctosmme); wu(t) € R! — cramapHoe ympabienue;
v(t) € R? — BEKTOp TIOTPEITHOCTH ATTIPOKCHMAIAH MO (BO3MY-
menwue); A(t), B(t), D(t) — wusBecTHble IEHCTBUTEIbHBIE MATPUIIB,
COOTBETCTBYIOIIUX Pa3MEPHOCTEA.
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Ipeanonaraerca, 9ro yupasienue u(t) u BosMymienue v(t) ymoBie-
TBOPSIOT 33/]AHHBIM OrDAHUYEHUSM:

u(t) € Ui(t), o(t) € Va(t), t€0,T-1, (6)

npudem muozkecrso U (t) C RY — xomeunoe, a muoxkecrso Vi(t) C R?
€CTb BBIILYKJIbLi, 3AMKHYTBI{l U OrPAHUYEHHBIl MHOIOIDAHHUK.

[ycts U(7,T) u V(7,T) ecTb COOTBETCTBEHHO MHOYKECTBA BCEX JI0-
IyCTUMBIX PeaIi3aliii IPOrPAMMHBIX YIIPABJICHHIl U BCEX JOILyCTUMBIX

peanu3anuii BeKTOpa BO3MYIIeHU Ha TpoMeKyTKe Bpemern 7,1 C 0,7,
a W(r) = {7} x R* ectb MHOXECTBO BCeX JIONYCTUMBIX T-IO3UIM{
w(r) = {7, 2(7)} aus paccmarpuBaemoro npoiecca yupasiaenus. Toraa
KadecTBO yrpajeHus pacxogom tommsa JIY 2KPH wna npomexyTke
BpeMeHu T, 1 OIEHUBAETCH BBITIYKJIBIM TEPMUHAJILHBIM (DYHKIIMOHAJTIOM
v : W(r)xU(r,T)x V(1,T) — R, 3mauenus KoToporo jjis JOIyCTHMO-
ro mabopa (w(7),u, (-),v-(-)) € W(r)x U(7,T) x V(7,T) Bbraucismorcs
o dpopmyiie:

Yo (w(T), ur (), v () = [lo-(T) — zalls = 2(2-(T)), (7)

s

rue (1) = Z(T;2(7),ur (), v-(-)) — dbunanbaoe cocrosinue GazoBoit
TPaeKTOPUY allpoKcuMupyiorieii cucremsl (5), coorBercrByioiiee Habo-
py (@(7),ur(-),v,(-)); za € R* — Bekrop HOMHHAIBLHOTO (¥Ke/1aeMoro)
cocrosaug cucrembr; ® : R* — R — poimyxssiit dynkunmonar; || - |4 —
eBKJIIOBa, HOpMa B R4,

[ycrs cormacuo [2, 3] U (7, T,w(r)) € U(T,T) ecth MHOMkKECTBO
MUHUMAKCHBIX OPOrPAMMHBIX yrpassenuii cucremsl (5)—(7), T.e. pere-
HHUE COOTBETCTBYIOMIEH 32141 MUHUMAKCHOI'O IIPOIPAMMHOTO yIIpaBJie-
HUSL.

Jis dpopmanmuzanuyu aJanTUBHONO YIIPABJICHUS BBEIEM DPsifl OLPEIe-
snenwnit. Jlomycrumoit crparerneit U, aJanTUBHOTO YIIPABICHNS PACXOIOM
tommusa JIY 2KPH, omucsiBaemoii Ha mpomexxyTke spemenu 7,7 C 0, T
JUICKpETHOI JuHamMudeckoil cucremoii (5)—(7), Oyaem Ha3bIBATH O0TOO-
paxenne U, : W(7r) — Uj(7), KOTOpOEe KazKJIOMy MOMEHTY BpEMe-
Hu 7 € 7,7 — 1 n peamuzanuu T-nosuiu w(r) = {r,z2(7)} € W(r)
(w(0) = {0,290} = wp) HazHagaer MHOKecTBO U, (w(T)) yupasieHnii
u(r) € Uy(7). MHOXKeCTBO BCeX JOMYCTHMBIX CTPATErHil aJIallTHBHOTO
yupassienust pacxogom romusa Y 2KPH obosnaunm cumsosom Uj.

Coruacho [1, 2], onpeiesium cTpaTeruo MUHUMAKCHOTO IAITHBHOIO

yupasjenus jjg cucrembl (5)—(7) ma npomexyrke Bpemenu 7, T C 0,T
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KaK peasmsanmo crenuduieckoi crparernn UYY = UL (w(r)) € UL,
w(r) = {r,z(r)} € W(r) (w(0) = wp) u3 KiIacca Bcex JIOIMYCTUMBIX
cTpaTernit aJIallTUBHOrO ylpasjeHus pacxogoM romnusa 1Y 2KPH U},
KOTOpAasi ONPEJIEISIETCS CJIEIYOIUMEI COOTHOIIEHUSIMU:

1) 1151 BeceX MOMeHTOB Bpemenu T € 7,1 — 1 u T-nozumuit w'®) (1) =

{ral(m)} € W(r) (@®)(0) = w) nyers
Ul (@) (7)) = T () (1), )

e muozkectso U (w(®) (1)) onpenensiercs n3 pemenus 3amadm MuHi-
MAKCHOI'O IIPOrPAMMHOTO yIIPABJIEHUs!, & UMEHHO

0O (7)) = {ul(7) |« (r) € U1(7),

9
w9 () = {uO Oz € U T, w(n) ], Y

e Jyis JOIMYCTHUMbIX Ha MPOMerKyTKe Bpemenu 0, T peajusaiuii yrpas-
nennst ul? (1) € U(0,7) n Bosmymenus v,(-) € V(0,7), mOpOsK 1eHHbIX
crpaTerueit Ugf), z(®) (1) = z(7; 20, ugf)('),va());

2) mtst Beex mMomenTos Bpemenn T € 0,7 — 1 u 7-nozummit w(7) €

{W(r)\w(7)} nycrn
UL (w(r)) = Uy (7). (10)

CdopmyiipyeM MHOTOIIATOBY IO 3aJa9y MUHUMAKCHOTO aIJAIITHBHOTO
TEePMHUHAJILHOIO yIpaBjenns pacxonom rommsa Y 2KPH.

Bagaua. [Ijig 3a1aHHBIX OPOMeKyTKa Bpemenu 0,7 U HavabLHOIN
nosunnu wo = {0, 9} € W(0) B cucreme (5)—(7) Tpebyercs HaiiTu crpa-
TErui0 MIHUMAKCHOTO QJAIITUBHOIO YIIPaBJIEHUS UEf’ € U7, xoropas
yzoBieTBopsier coorHomenusaM (8)—(10) u uucio c,(fzy((),—T7 Wp) — MUHU-
MAaKCHBII pe3yJibTaT PEIIeHus 3aJ1a9d, KaK PeaU3aIiio KOHEIHOH I10-
CJIeJIOBATEILHOCTU TOJIBKO OJIHOINATOBBIX OIIEPAIIH.

Ha ocuose pabor [1-3|, B HoKJa/e IpejiaraloTCs METOAUKA U IHC-
JIHHBIf aJITOPUTM perneHus: ¢chpopMyTupOBAHHON MHOTOIIIATOBON 3318~
YU, CBOJSIIMECS K Peau3alid KOHETHON IMOC/Ie0BATETbHOCTA TOTBKO
OJIHONIATOBBIX ONTUMHU3AIMOHHBIX orepaluil. [lojnydenubie pe3yibTaTsl
JIEMOHCTPUDPYIOTCS Ha MOJIEJIBHOM IIPUMEPE YIIPABJIEHUS IIPOIIECCOM Pac-
xoma romusa 1Y tperbeit crynenun 2KPH.

Pabora Bomonnena npu dpunancosoit nogaepxkke PODPU (npoekt Ne18-01-00544).
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Abstract: The paper considers minimax closed-loop propellant consumption
terminal control problem for liquid-propellant launch vehicle. The initial
plant model is approximated by linear discrete-time dynamical system. Under
given state and disturbance constraints in approximated system we formulate
main problem of minimax closed-loop terminal control of considered plant.
An approach and numerical algorithm are proposed to solve the problem.
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Abstract: An abstract filtering problem for multistage stochastic inclusions
is considered. For its solution, three various schemes for building of the sets
of conditional distributions are proposed. We are interested in coincidence of
these sets. Some sufficient conditions for this are given. Two theorems on the
coincidence are proved for finite sets and for 2-multidimensional Euclidean
special case.

Keywords: stochastic inclusions, statistically uncertain filtering, conditional
distributions, selectors.
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Introduction

Given a probability space (2, F, P), a flow o-fields F1C ... CFy=F, two
Borel spaces X and Y, and multistage stochastic inclusions

2 € Qi(zi-1,w), 2z =[zi,yi] € XY, i€1:N, (1)

where the multifunctions @Q; are strongly measurable, one needs to obtain
a set of conditional distributions P(zx € AlyY) VA € Bx. Hereafter,
yN = {y1,...,yn} is a set of observable projections, Bx is the Borel
o-field on topological space X. The strong measurability means that
Qi (Z) = {[z,w] : Qi(z,w)NZ # 0} € Bxy - F; VZ € Bxy. The
sets QF(z,Z) C 2 given z are defined similarly. A topological space
is said to be a Borel space if it homeomorphic to a Borel set of some
Polish space. If P is a class of subsets of a set X, then o(P) is the
smallest o-field containing P. If X7, Xo,... is a sequence of sets, the
Cartesian product of X7, Xa,... is denoted by X;X5.... For two o-
fields A and G on X and Y, respectively, their product is defined as
A-G=0({AG: A€ A,G€G})on XY. We have Bxy =Bx -By. If f
is a random measured function with the finite expectation E|f| < oo and
A is a o-subfield of F, then E(f|.A) is the conditional expectation. For
the sequence y, the o-field o(y") equals o(y; ' (By) U - Uy (By)).
For brevity, E(flo(y")) = E(fly™).

1. Statistically Uncertain Filtering

Denote by S(Q;) the set of all measurable selectors: S(Q;) = {h; :
XYQ — XY, Bxy - Fi|Bxy-measurable, h;(z,w) € Q;(z,w)Vz,w}. Let
hi(z,w) = [fi(2,w), gi(2,w)] € XY and h; *(z,Z) = {w : hi(z,w) € Z}
VZ € Bxy. First, measurable stochastic kernels are introduced:

¢i(Z|z) = P(h;*(2,2)), Z € Bxy, (2)

on XY given z. Denote by P(X) the set of all probability Borel mea-
sures on X. It is known [2] that P(X) is a Borel space in the weak
topology. Each the stochastic kernel ¢;(-|z) is a collection of proba-
bility measures in P(XY) parameterized by z € XY. The measura-
bility of kernels (2) means the following. Let v : XY — P(XY) be
the map of the form v(z) = ¢;(-|z), then v~ '(Bp(xy)) C Bxy. This
is equivalent to the Borel measurability of functions ¢;(Z|z) in z for
all Z7 € Bxy. If X)Y,Z are three Borel spaces then according to
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[2, Proposition 7.27] for any kernel ¢(-|z) on XY given z there exists
a kernel r(-|z,y) on X given [z, y] and a kernel s(:|z) on Y given z
such that q(AB|z) = [,r(Alz,y)s(dylz) VA € Bx, VB € By. Here
s(B|z) = q(XB|z). Using this fact on the first stage, one can write
q1(ABlz) = [571(Alz0,y1)s1(dy1]z0) YA € Bx, VB € By, where
r1(:|z0,y1) is a stochastic measurable kernel. Therefore, the conditional
distribution equals P(z1 € Aly') = p1(A|z0,y') = r1(A|z0, y1).

Further, we act by induction. Let the distribution p;_1(-|z0,%° ') be
already constructed. Then on the stage ¢ we have

/Qi(AB|Zi—1)pi—1(d$i—1|ZO;yi_l) = /ri(A|z0,yi)si(dyi|z0,yi_1), (3)

X B

where si(‘B|Zani71) = fX ¢ (X B|zi—1)pi—1(dzi_1|20,4°"1). So, we have
pi(A|Zo,yl) = ri(A|207yl) VA e Bx.

Particulary, let X = R", Y = R™, and ¢;(AB|zi—1) = [,5hi(x
ylzi—1)dxdy, where h;(x,y|z;—1) is a Lebesgue measurable non-negative
probability density. Then on the first stage one has the conditional den-
sity (|20, y1) = ha(z, y1]20) / [pn ha(z,y1]20)de. Let hi—1(z|20,° ")
be the conditional density on the stage ¢ — 1. Then on the stage ¢ one
has the conditional density fzi(x|z0, y') = [p. hilz, yi|zi_1)ﬁi_1(xi_1|zo,
yi_l)dxi—l/f o Jin hi(@, yilzio1)hiot (21
the conditional measure 7;(-|z,y*). Knowing the conditional measure,

one can calculate the conditional expectation or dispersion of any real
measurable function of xy.

20,y" " Y)dxi—1dz, i > 1, for

Various Filtering Schemes. Unfortunately, the stochastic kernel like
(2) is unknown. We supposed that the multifunction Q; are Bxy -
Fi|Bxy-measurable, where the flow is given. Consider the sets S(Q;) of
selectors for inclusions (1). In order to exclude the case S(Q;) = 0, the
multifunctions have to satisfy some conditions (see [3]). For each selector
hi(z,w) we construct the conditional measures r;(-|z9,y*), i > 1, accord-
ing to (3) Thel.refo're, we can get the set Ry = UhleS(Ql){rl('Vanl.)}
of conditional distributions on the first stage. Let the set R;_; of dis-
tributions be already constructed. Then on the stage ¢ we may consider
equality (3) for all r;_; € R;_1, h; € S(Q;). So, we obtain the set

Ri = UhiES(Qi),’m71ERi,1{ri(.|x07yz)} (4)
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and use it for the calculation of the set of conditional expectations or
dispersions for any real measurable function of zy.

Similarly, in the case X = R™, Y = R, we may have the set H; of
probability densities h;(x,y|z;—1) on the stage . Then one can recur-
sively obtain the set H; of conditional densities h;(z|zq, y?).

Each selector h;(z,w) uniquely generates the measurable stochastic
kernel ¢;(-|z) on XY given z. Denote by P, . the set of all such ker-
nels. Let P, ,(Z) = {¢:(Z|2) : ¢; € P; .} and P(XY|z) be the set of all
Bxy|Bp(xy)-measurable stochastic kernels ¢(:|z) on XY given z. We
introduce the set A; , = {q € P(XY|z2) : ¢(Z|2) € P, .(Z)VZ € Bxy}.
It is clear that P, C A; .. To define one more set, introduce upper
probability P*(Z|z) = P({w € Q: Q;(z,w) N Z # 0}) VZ € Bxy. Then
define the set M; , = {q € P(XY|2) : ¢(Z|2) < P} (Z|2)VZ € Bxy}. We
have the relation between defined sets:

P’i,z C Ai,z C Mi,z- (5)

Thus, we can build recursive procedures like (4) using stochastic kernels
qi(+|2) € Ai z or ¢i(+|z) € M; .. We call this sets I; and M, respectively.
According to (5) we get:

R,cD;,CcM,; Viel:N. (6)

2. Problem Formulation and its Partial Solution

The problem is: to give some conditions for coinciding the sets in (6).
In the general case, these sets may be considerably different. Exam-
ples may be built on the base of example 3.1 in [4]. Nevertheless,
some cases are described in literature when the sets like in (5), (6)
are identical. But it is done only for finite sets or for 1-dimensional
intervals like [A(w), B(w)] (see [4]). As in the Euclidean case we have
n +m > 2, then we are forced to consider at least the sets of the form
Qi(z,w) = [A(w), B(w)][C(w), D(w)], i.e. products of two closed inter-
vals. It is supposed that A(w) < B(w) and C(w) < D(w). As far as I
know, the problem of coincidence of sets in (5), (6) in that case still is
open.

In this talk, we prove theorems for finite sets X, Y and for the case
XY = R? with special selectors and multifunctions.
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Theorem 1. Let the probability space be mon-atomic, X and Y be
finite. Then the sets in (5), (6) coincides.

Consider a norm |[z,y]| = max{|z|, [y} in R

Theorem 2. Let XY = R? and multifunctions have a special form
Qi(z,w) = [z;(w), zi(w)] + {z : |2| < ri(w)} where z; and r; are simple
functions. Moreover, instead P(XY'), consider the set P*(XY) with cu-
mulative distribution functions F(x,y) such that the inequality F(x,y) <
F(u,v) implies x < u and y < v. Then for non-atomic probability space,
the sets in (5), (6) coincides in the class P*(XY).

Theorem 2 may be distributed to the case n = m > 1. Note that other
statistically uncertain filtering schemes are considered in [1].
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1. Some examples of abnormal problems of analysis

We will explain what abnormality is about on the example of two related
problems (for more details see [1]). Let us start from the optimization
theory. Let X be a linear space. Consider the minimization problem
with constraints:

fo(x) = min, F(z)=0. (1)

Here F : X — Y = RF is a given map, and the minimum of a given
fumnction fo : X — R is sought on the admissible set M = {z € X :
F(z) = 0}.

For simplicity, assume that X is a Banach space (we may even assume
that X = R™), and fy, F are twice continuously differentiable in some
neighborhood of the point zg, which we assume to be a local minimizer
for the problem (1). Then, in the point z(, the Lagrange multipliers
rule holds true. In order to formulate it let us introduce the Lagrange
function

Lz, A) =X fo(x) + (y*, F());
A=y, AeR', yrev,

where (k + 1)-dimensional vector A = (A°, 4*) and its components are
called Lagrange multipliers.

Lagrange Principle. Let xg be a local minimizer in the problem (1).
Then there exists a Lagrange multiplier A such that

g—i(ato,/\) =0, A’>0, |\=1 (2)

Lagrange Principle is well known as it provides first order necessary
optimality conditions. The set of Lagrange multipliers, satisfying (2),
we denote by A(xg).

Consider the two following cases. First, let the point 2y be normal,
that is imF’(zo) = Y. In the Russian literature this condition is also
known as “Lyusternik’s condition”. In addition, along with the term
“normal” point it is also often used the term “non-degenerate” or “regular”
point.

So, if the point of minimum x( is normal, then in view of (2) A° > 0
and, hence, taking into account the positive homogeneity of the relations
(2) in the variable A, without loss of generality we can assume that
A0 = 1. At the same time there exists unique Lagrange multiplier A =
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(1,y*). Besides, when the minimizer x( is normal, classic second order
necessary conditions hold:

2

I € A(zo) : ZTS(Z‘Q,A)[h,h] >0 VheX:F(r)h=0. (3)

Consider the second case: let the point zy be abnormal, i.e.
imF’'(zg) £ Y.

Then, Lagrange principle (2) is true with A = 0 and arbitrary y* # 0
from the kernel of the conjugate operator ker F”(z()* (which is not trivial
due to imF'(zg) # Y.) Thus, in any abnormal point, Lagrange principle
holds automatically regardless of the functional fy being minimized, and
so this principle appears only a paraphrase of abnormality definition.
Therefore Lagrange principle is useless if we try to investigate whether
an abnormal point is local minimizer or not. As for the classical second
order necessary conditions (3), at abnormal points of extremum they can
be violated.

The following 2-dimensional example clearly shows what has been
said:

X =R?  fo(x) = —|z|* — min,

fl(x) = x% - x% =0,
fo(z) = 129 = 0,

where © = (21, 72) € R?. In this problem, there is a unique point x¢ = 0
satisfying constraints, which naturally appears to be local minimizer
here. However, this is easy to see, that the conditions (3) do not hold.
Thus, in abnormal points, Lagrange principle is not meaningful, whereas
the classic second order necessary conditions are not applicable (they
might not be true at such points).

So the following problem arises: what are the meaningful necessary
conditions for minimum in the problem (1) without a priori assumptions
of normality of the point being under investigation?

We now turn to the related problem. Let the mapping F': X — Y be
continuously differentiable in a neighborhood of the point zg € X and
yo = F(zg). The question is whether there exists a neighborhood V' of
the point yg, such that for all y € V the equation

Flz) =y (4)



has such a solution z(y) that z(yp) = x¢ and the map z(-) is continuous
at Yo, or even more, continuous throughout the neighborhood V7

If the point xg is normal, then the classical theorem on the inverse
function gives a positive answer to this question, and the mapping z(-)
can be chosen continuously differentiable. If the point x( is abnormal,
it is no longer the case. For example, the scalar equation

2 2
]+ Ty =Y,

considered in a neighborhood of x = 0, for y < 0 has no solutions, but

the equation
2

af -z =y
has infinitely many continuous solutions for which x(0) = 0, although all
of them are not differentiable at the origin. This raises the question of
obtaining conditions, which are weaker than normality, and which would
guarantee the existence of the solution z(-) to the equation (4) with the
desired properties.

2. Second order necessary optimality conditions

Consider the extremum problem with equality and inequality constraints

fo(x) = min, fi(x) <0, i=1,1, f(x)=0. (5)

For non-negative integers s we introduce the sets (it may so happen
that some of them will be empty) A(z¢), consisting of those Lagrange
multipliers A € A(zg), for which there exists (depending on A) a subspace
II C X, such that

codimII < s;  II C ker F'(z);

0°L 2 / 1
w(mo,/\)[x,x] >0 Vazell, fi(x) eIl .

Here, the map F = (f1, ..., fi, f) acts from X into R™ and m =1+ k.
Consider the cone

K(zo) ={he X : (fl(xo),h) <0Vi, f'(zo)h =0},

called “cone of critical directions”.
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Theorem 1 (second order necessary conditions).  Let the
point xo be a local minimizer in the problem (5). Then, as m = k +1
the set Ay, = A (o) is not empty and, moreover,

%L
jmax w(mo, AM[h,h] >0 VYheK(zo).
For the case of abnormal minimizers xy Theorem 1 can be slightly
strengthened.

Theorem 2. Let the point xg be abnormal local minimizer in the
problem (5). Then, asm = k+1 the set Ap,—1 = Ap—1(x0) is not empty
and, moreover,

2

0L
- >
\Jax - (o, A)[h,h] >0 Vh e K(xg).

The result of this theorem was generalized to the problem
fo(x) — min, ze€C, F(z) € D,

where F': X — Y = R™. Here C, D defined closed subsets of X,Y (but
not necessarily convex!). These results were also generalized to other
types of problems, including a broad class of optimal control problems
with terminal, mixed constraints, the problems with impulsive controls,
the control problems with delay, etc.

Denote by Fa (o) the cone consisting of all y € Y, y # 0, such that

oF
a—(mo, yo)"y = 0 and there exist a subspace of X
x

OF
II C Ker %(xo),

such that

82
codimIT < k; @@,F(mo)}[&g] >0 VEell
Note that the cone Fa(zg) might be empty. It, for example, certainly
F
empty when the point x( is normal, since in this case g—(xo)*y #0

Yy # 0. Another observation: if we add y = 0 to Fa2(xq), then this cone
becomes closed, but not necessarily convex.
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Definition 1. Mapping F' : X — Y is said to be 2-normal in the point
xo, provided the cone convFa(xg) is acute, i.e. it does not contain any
non-trivial subspaces (the case Fa(xo) = & is not excluded since empty
cone is acute by definition).

When X = R" and n > m, the set of 2-normal mappings is dense in
C3(R™,R™).

Let us, for simplicity, assume that X is a Hilbert space.

Theorem 3. Assume the map F be 2-normal at xo and the second
order necessary conditions stated in Theorem 1 hold. Then there exists
a vector y € R™ such that for any € > 0, in the perturbed problem:

fol@) +ellz — a2 - min,
fz($)+€yz||$—$0”2§07 i:]-alv
filx) +eyillz — 20> =0, i=1+1,m,

the point xq is a strict local minimizer.

3. Applications. Inverse function theorem

We now turn to the inverse function theorem. Suppose again that we
are given a mapping F : X — Y = R¥, and F(x¢) = yo. For all y of
neighborhood of yo we consider the nonlinear equation

F(z) =y.

The question is, when this equation for all y close to yo has a solution?

If the point z( is normal, then the answer is the classical inverse
function theorem. But here, let us formulate an inverse function theorem
which is true even without a priori assumptions of normality.

OF OF L
Let Y7 =Im %(xo), Yo = (Im %(xo)>

Denote by P : Y — Yy, P, : Y — Y5 projection operators of Y onto
subspaces Y7 and Y5 respectively.

Definition 2. Say that the mapping F : X — Y satisfies solvability
condition at point xo provided there exist positive constants k1, ko, such
that Vy : |y — yo| < k1

Jz=2(y): Fz(y)) =y;

l2(v) — zoll < a1 (F(0) — v)] + |Pa(F (o) — 9)|/2).
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Theorem 4 (inverse function theorem). Assume the map F be
2-normal in the point xg. Then, in order for F to satisfy solvability
condition at xq, it is necessary and sufficient that

2

JheX: g—i(xo)h =0; <y %(mo)[h,hw <0 Yy e Fo(zo).

The proof is based on the necessary conditions of extremum presented
above.

If the point x( is normal, then this theorem becomes classic inverse
function theorem.

Later, this result was extended up to the implicit function theorem, to
the inverse function theorem on the cone, to nonlinear systems containing
inequalities, etc. All the formulated results were published in [1]—[7].

It was also applied to the study of controllability in degenerate dy-
namical systems.

With the help of these theorems on inverse and implicit functions
there were obtained new theorems on the existence of bifurcation points
for nonlinear systems, we constructed a new theory of sensitivity for
extremum problems without a priori assumptions of normality.

The investigation is performed in the Peoples’ Friendship University of Russia
under the financial support of Russian Science Foundation (project No. 17-11-01168).
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Abstract: We consider an optimal control problem for autonomous differen-
tial inclusion with free terminal time and a mixed functional which contains
the characteristic function of a given open set M C R™ (“risk zone”) in the
integral term. Necessary conditions for optimality are developed in the form
of Clarke’s Hamiltonian inclusion. The result involves a nonstandard station-
arity condition for the Hamiltonian. As in the case of problems with state
constraints, the obtained necessary optimality conditions may degenerate.
Conditions guaranteeing their nondegeneracy and pointwise nontriviality are
presented.

Keywords: optimal control, risk zone, state constraints, necessary optimal-
ity conditions, nondegeneracy conditions.

Introduction

In many applied problems of optimal control there is a set M (“risk
zone”) in the state space R™ which is admissible but unfavorable due
to reasons of safety or instability of the system. The presence of such
unfavorable set M is usually modeled via introducing an additional state
constraint Z = R™ \ M (“safety zone”) in the problem. Substantially, the
state constraint implies the ban on the presence of admissible trajecto-
ries in the risk zone M. In our set up of the problem the presence of
admissible trajectories in the set M is not prohibited but penalized with
extra costs. This fact results in a discontinuity in the state variable in
the integral term of the functional.

In this paper the necessary optimality conditions are developed for
the corresponding optimal control problem in the case when system’s
dynamics is governed by an autonomous Lipschitz continuous differen-
tial inclusion and the risk zone M is an open set. The obtained result
involves an additional nonstandard stationarity condition for the Hamil-
tonian. Similarly to the case of optimal control problems with state
constraints, the stationarity condition allows us to exclude the degen-
eration of developed necessary optimality conditions under additional
controllability type assumptions.
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1. Main result

Consider the following optimal control problem (P):
T
J(T,2(-)) = (T, x(0), =(T)) +/ A(z(t))onm (z(t)) dt — min, (1)
0

L(t) € F(z(t)), (2)
:L'(O) c Mo, :L'(T) € M. (3)

Here x € R™ is a state vector, My and M; are nonempty closed sets
in R" F:R™ == R" is a locally Lipschitz multivalued mapping with
nonempty convex compact values, p: [0,00) x R™ x R" — R! is a locally
Lipschitz function, A: R” — (0, 00) is a continuously differentiable posi-
tive function, and 0,/ (+) is the characteristic function of a given open set
M in R", i.e.

1, e M,

om(@) = {o v ¢ M.

We assume that the set M and its complement G = R™\ M are nonempty,
and for any € G the Clarke tangent cone Ti(x) (see [3]) has nonempty
interior. The terminal time 7" > 0 is assumed to be free. Denote by
H(F(x),7) = maxscp)(f,) the value of the Hamiltonian of differ-
ential inclusion (2) and by 0H(F(x),v) the Clarke subdifferential of
H(F(.),-) at a point (x,1) € R™ x R™. Also, denote by éqﬁ(T,xl,xg)
the generalized gradient of function ¢(-,-,-) at a point (T,z1,22) €
[0,00) x R" x R", and by Na(a) and N4(a) the Clarke normal cone
and the cone of generalized normals of a closed set A C R™ at a € A.

We consider all absolutely continuous solutions x(-) of differential
inclusion (2) that are defined on various time intervals [0,7], T > 0,
and satisfy endpoint constraints (3) as admissible trajectories in prob-
lem (P). An admissible trajectory z.(-) defined on [0,7.], Tx > 0,
is called optimal if functional (1) takes the minimal possible value at
(T, .()).

The following theorem is our main result (see [2] for details).

Theorem 1. Let x.(-) be an optimal admissible trajectory in prob-
lem (P), and let T, > 0 be the corresponding optimal terminal time.
Then there exist a constant 1/° > 0, an absolutely continuous function
¥: [0, Ti] = R"™, and a bounded regular Borel vector measure i on [0, Ty]
such that the following conditions hold:
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1) the measure n is supported on the set M = {t € [0,Ty]: z.(t) € OG}
and is nonpositive on the set of continuous functions y: 9 — R"”
with values y(t) € Ta(x. (1)), t € M, i.e.

/ y(t)dn < 0;
m

2) for a.a. t € [0,T] the Hamiltonian inclusion holds:

(=3(0), & (1)) € OH (. (1 / Mt

+¢0/ (5M(fc*(s))w ds);

0

3) for t = T and any t € [0,T) that is a point of right approxi-
mate continuity of the function dpr(x.(-)) (see [4]) the stationarity

condition holds:
/)\x* dn—l—wo/(SMx* 8())d8)
0y

—1/)0 (@ (£))0n (2 () = H (2:(0),1(0)) — ¥ A2 (0)) 81 (24(0)) ;

4) the transversality condition holds:

T,
CIENCARTERAY PYENOIRE

w00 [ o (o) 2D ), w0,

o T Ty (s
—9(T2) - /0 Aa.(s)) dn — ° /0 s () 22 )

€ Y0DG(T 2. (0), 2. (1)) + {0} x Ny (2.(0)) x Nyp (. (T2)).
5) the nontriviality condition holds:
¥+ [ (O] + [Inll # 0.
Here, the sets Mo and Ml are defined by the equalities

M@Z My, {E*(O)€M, and Mlz My, LL'*(T*)€M,
MoﬂG, z.(0) € G, M1ﬂG, z.(Ty) € G.
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2. Nondegeneracy and pointwise nontriviality conditions

Similarly to [1], an admissible trajectory z.(-) is called controllable at
the endpoints z.(0) and x,(7Ty) (with respect to the set G) if

H(2.(0),~go) >0 for any go € No(2.(0)) (| Ny, (2:(0)), g0 # 0,

and
H(a(T.),91)>0 for any 1N (. (1)) (| Ny, (@(T2), g1 #0.

Similarly to [1], the proofs of the following two results are based on
the use of stationarity condition 3) of Theorem 1.

Theorem 2. Let an admissible trajectory x.(-) be controllable at the
endpoints x,(0) and x.(T\) and satisfy the assumptions of Theorem 1.
Then the following nondegeneracy condition holds:

wo—i—meas{te [0, T.]: w(t)+/0 A% (s))dn

O(z+(s))

0 [ b ()2

ds;éo}>0.

Theorem 3. Suppose that an admissible trajectory x.(-) is control-

lable at the endpoints x.(0) and z.(Ty), and satisfies the assumptions of
Theorem 1. Suppose also that

H((E*(t), (_1)ig) >0 fO’f‘ any g€ NG(x*(t))a te (OaT*)v i=1,2.
Then

t

¢°+Hw(t)+/o M@+ (s)) dn+° /Ot mmw»% ds| >0, 1e 1)
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Abstract: The talk is concerned with the design of the approximate Nash
equilibrium for the nonzero-sum differential game. We consider the Nash
equilibria in the class of public-signal stochastic strategies with memory. The
key idea of the proposed construction is to use solutions of continuous-time
stochastic games with with the dynamics determined by a generator of the
Lévy—Khintchine type. Notice that this type of games includes the stochastic
differential games and the continuous time Markov games. To illustrate the
general result we show that, given a strong solution of a parabolic system
corresponding to the nondegenerate nonzero-sum stochastic differential game,
one can construct an approximate equilibrium of the nonzero-sum differential
game.

Keywords: nonzero-sum differential games, approximate equilibria, stochas-
tic strategies, system of Hamilton—Jacobi equations.

Introduction

Krasovskii and Kotelnikova in their seminal papers [3], [4] proposed the
construction of the stochastic guide for the zero-sum differential game.
This allows to design suboptimal strategies of the players based on the
solution of the parabolic equation corresponding to the stochastic dif-
ferential game with the small viscosity term. This result was extended
to the case when the motion of guide is determined by a generator of
Lévy—XKhintchine type [2]. In particular, this provides the Markov ap-
proximations of the solutions to the zero-sum differential games.

We apply the methodology of Krasovskii and Kotelnikova to the
nonzero-sum differential games. The proposed construction also uses
the idea of punishment assuming that the ideal motion is a stochastic
process modeled as a public signal.
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1. Statement of the problem
We study the nonzero-sum differential game with the dynamics given by
&= fi(t,x,u) + fa(t,z,v), te€[0,T], x€ RY, welU welV.

Here u (respectively, v) denotes the control of the first (respectively,
second) player. We assume that the purpose of the i-th player is to
maximize the terminal payoff ;(z(T")). Below we assume that U and V/
are metric compacts. To simplify notation we will also use the following
designation:

flt,z,u,v) 2 fi(t,z,u) + falt, z,v).

We assume that the players can observe the history z(-) and a public
signal w € . In this case a profile of players’ strategies is a 6-tuple
o = (F, {Ftiejto, 1] Ya()s Va()s Pu(y), Where (€, F, {F e, 17) 1s a
measurable space with filtration, u,(.), v,(.) are stochastic process de-
pendent on x(-) taking values in U and V' and, for each xz(:), P, is a
probability on F. Additionally, we impose certain non-anticipation and
measurability conditions [1, Definition 2.1]. A pair (X (-), P) is called
a motion produced by the profile of strategies o and the initial posi-
tion (tg, o) if X is a stochastic process taking values in R and P is a
probability on F such that, for P-a.e. w € ,

%X(t,w) = f1(t, X (t,w), ux(.w)(t,w)) + fo(t, X (t,w), vx (. w(t,w))

and conditional probability of P for a given motion x(-) is equal to Py.).

Finally, the profile of strategies w® = (Q°, F¢, {Ff }iepo, 1) Loy ug iy,
U;(.)) is a unilateral deviation by the first (respectively, the second) player
from tv if it comprises v, whereas the first (respectively, second) player
does not observe an additional signal and play with the same strategy
as in 1 (see for details [1, Definition 2.2]).

For a given initial position (¢, zo) and a profile of public-signal cor-
related strategies to, we can introduce the upper and lower player’s out-
comes by the following rules:

T} (to, 70, )2 sup{Ex, (X (T)) : (X (), P) generated by w and (o, z0)}.

J; (to, o, w) = inf{Ey;(X(T)) : (X(-), P) generated by 1o and (to, o)}
Here E denotes the expectation according to the probability P.
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Definition 1. We say that a profile of public-signal correlated
strategies w* is a public-signal correlated e-equilibrium at the position
(to, 0)€[0, T]xR? if, for any profile of strategies w' that is an unilateral
deviation from w* by the player i, the following inequality holds true:

J;r(to,xo,mi) < J;(to,xo,m*) +e.

To construct a public-signal correlated e-equilibrium we use a solu-
tion of an auxiliary stochastic game with a dynamics determined by a
generator of the Lévy— Khintchine type A¢[u, v] that is an operator from
the set C? function with at most quadratic growth to C(R?) defined by
the following rule for each t € [0, T, u e U, v € V:

(A, 10)(@) 2 S(G (2,0, 0)V, V)0(a) + (b(t, 7, 0,0), V) (a) .
1
+ [ 90 +) = 6(2) — (0. Vo)) Lo, (vt 0. )

Here B; stands for the ball of radius 1 centered at the origin; for each
te[0,T],x € RY, uweU,veV,G(t z,u,v)is a nonnegative symmetric
d x d-matrix, b(t,z,u,v) is a d-dimensional vector, v(t,z,u,v,-) is a
measure on R¢ such that v (¢, z,u, v, {0}) = 0.

Notice that for the given generator the corresponding motion X (-)
is produced by the following rule: for every C?-function of at most
quadratic growth the value

oxm) - [ " Al (X (1))t

is a martingale. We assume that for the auxiliary game the i-th player
tries to maximize

E[%(X(T)) + /T ha(t, X (1), u(t), v(t))dt]

to

We say that the pair of functions (¢ (¢, z), c2(t, x)) satisfies condition
(C) if the values ¢;(r, X (r))+ [ hi(t, X (t), u(t), v(t))dt can be maintained
along some motion produced by the generator A and relaxed controls of
the players, whereas, for any constant control of the first (respectively,
second) player other player can punish her partner (see for details [1,
Definition 3.1]).
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Theorem 1. Assume that, for anyt € [0,T],z € R, ue U, v eV,
St w,0)|<0% (5 u,0) — glto,u,0)[P<6?, [hilt, 2, u,0)] <6,
where X(t,x,u,v) £ trG(t,z,u,v) + [oa yl?v(t, 2, u,0,dy), g(t,z,u,v)
2 b(t,x,u,v) + fRd\Bl yv(t,z,u,v,du). Then for any pair of func-
tion (c1,c2) satisfying condition (C) and the boundary condition
ci(T,x) = vi(x) and any € > C96, there exists a profile of public-signal
correlates strategies w* that is e-equilibrium at (to,xo). The constant C
is determined by the original differential game. Moreover, if X* and P*
are generated by rw* and (to,x0), E* denotes the expectation according
to P*, then

[E*34(X*(T)) = ei(to, 20)| < .

When § vanishes, any pointwise limit lies in the convex hull of the
values according to the usual punishment approach.

Now assume that v = 0, G is positively defined and do not depend
on controls and one can find measurable functions u™ (¢,z,p1,p2),
vN(t,x,p1,p2) such that u™(t,z,p;,p2) maximizes the function
u = Hi(t, o, pr,u, v (t,z,p1,p2)), whereas vV (t,2,p1,p2) maximizes
the function v — Ha(t,x, p2, u™ (t,2,p1,p2),v). Here Hi(t,z,p,u,v) =
(p,b(t, z,u,v)) + hi(t,z,u,v). In this case the strong solution of the
system

dc;
g + Hi(t,x, Ve, uN(t,x, Ve, ch),uN(t, x,Vey, Vea))

ot
+ (G(t, )V, V)ci(t,z) =0, (T, z) = gi(x)

satisfies condition (C). Thus, it provides the approximate Nash equilib-
rium for the original nonzero-sum differential game.

The work is supported by the Russian Science Foundation under project 17-11-
01093.
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Abstract: The mathematical analysis of transition to turbulence in wall-
bounded shear flows has been a long standing problem in hydrodynamic
stability since the early twentieth century. The problem is central to un-
derstanding skin-friction drag, and its reduction and control by both active
and passive mechanisms. While a satisfactory mathematical theory of transi-
tion in these flows remains incomplete, substantial progress has been made in
the past two decades. One key to this progress is to view transition in shear
flows not only as a stability problem, but also as a problem of robust stability.
I will describe these recent developments which have surprising connections
with control theory, and in particular with robust stability problems. The
implications of this new theory to control of turbulent skin friction drag will
also be outlined.

Keywords: transition to turbulence, wall-bounded turbulence, robust sta-
bility, robust control, disturbance attenuation, system norms, spatio-temporal
systems, distributed parameter systems.
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Abstract: We study a differential game of approach in a system whose dy-
namics is described by a functional differential equation in a Hilbert space.
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The main assumption on the equation is that the operator multiplying the
system state at the current time is the generator of a strongly continuous
semigroup of bounded linear operators. Weak solutions of the equation are
represented by the variation of constant formula. To obtain solvability con-
ditions for the approach of the system state to a cylindrical terminal set, we
use the technique of set-valued mappings and their selections and also con-
straints on support functionals of sets defined by the behaviours of pursuer
and evader. The paper contains an example to illustrate the differential game
in a system described by a partial functional differential equation with time
delay. In particular, we investigate the heat equation with heat loss and with
controlled distributed heat source and leak.

Keywords: differential game, functional differential equation, generator of
strongly continuous semigroup, weak solution, variation of constant formula,
support functional, set-valued mapping, partial functional differential equa-
tion with time delay.

We study a differential game between a pursuer and an evader in a
dynamical system with the following linear functional differential equa-
tion in a real separable Hilbert space Y

Y (t) = Ay(t) + F(ye) +u(t) —v(t), t€0,T). (1)

As customary in the theory of functional differential equations, the sym-
bol y: denotes the function y:(7) =yt +7), —w <7 <0 (w > 0), be-
longing to a class B(—w,0;Y) of Y-valued functions of the argument
T € [~w,0]. A.D. Myshkis drew our attention to the fact that for the
first time similar classes of functions were introduced by N.N. Krasovskii
in studying time delay equations in a general functional differential
form [3, 4]. He considered continuous or piecewise continuous functions
as the class B(—w, 0; R™). With respect to equation (1), we assume that
a closed linear operator A in Y generates a strongly continuous semi-
group of bounded linear operators; F' is a mapping from B(—w,0;Y)
into Y'; controls u(t) and v(t) of the pursuer and evader are measurable
vector functions in control domains U and V, which are closed convex
bounded sets in the space Y. We shall define the operator F' later. The
initial conditions for equation (1) are the following

y(t) = g(t), a.e. t € [_wa O]a y(+0) = Yo, (2)

where g(t) € L2(—w,0;Y). Solutions are understood in the weak sense,
but not in the weakened sense as in [6]. The goal of the game in sys-
tem (1), (2) is to bring the state y(t) to the cylindrical terminal set
M = N My at a time Ty (< T) in the class of admissible controls of

395



the pursuer for any admissible control of the evader. Here 9 is a closed
linear subspace in Y and 90, is a convex closed set from the orthogonal
complement 9. Let II be the orthogonal projector in Y to Mg, Uy
and Vj denote the sets of admissible controls of the pursuer and evader.

Throughout the paper we assume that the mapping F in (1) is defined
by the Stieltjes measure n(7), T € [—w, 0]:

n 0
ﬂwz/mmwmnmz—zmﬂkwmm—/mw&

where 0 < wy < -++ < w, = w are delays, X(—oco,—w,](T) is the charac-
teristic function of the semi-infinite interval (—oo, —w,|, 4, € £(Y) (the
space of bounded linear operators in Y'), B(s) € Lg( w,0; £(Y)). Then
the delay term F(y;) in (1) is written by

0 " 0
F(y) = /dU(T)yt(T) = ZAry(t —wr) + /B(T)y(t +7)dr.  (3)
“w r=1 o

According to Corollary 2.1 from [5], there exists a unique solution of the
initial value problem (1)—(3) given by the variation of constant formula

y(t) yo—i—/Gt dT+/W t— $)uls) — v(s)ds,  (4)

where W(t), t € R, and G¢(7), t € [0,T], T € [~w,0], are operator
functions with values in £(Y").

Using the technique of set-valued mappings and their selections, we
derive sufficient conditions for the game termination in a time Ty (< T).
Consider the set-valued mappings

Q(t,s,v)=IIW (t—s)[U-v], Qolt,s) ﬂ Qt,s,v), 0<s<t<T,
veV

We suppose that Qo(t, s) takes nonempty values and ~(¢, s) is its mea-
surable in s € [0, ] selector. Introduce the vector functions

0 t
cwznwwm+/navMﬂm @@:aw+/wmm&
Zw 0
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and the support functional «(t, s,v) of the set-valued mapping

A(tvsvv) = {a >0 : [Q(t7svv) - V(tvs)] N a[ml - C’Y(t)] 7& (Z)}

in the direction +1. This functional is the resolving function in finite
dimensional case [1, 2] or the resolving functional in infinite dimensional
case [8]. Put
T="T1UYy, T ={te[0,T] : ¢(t) € M},
¢

To={te[0,T] : () €M A vigéo/a(t,s,v(s))ds >1}.
0
If the set T is not empty, then the state of system (1)—(3) can be brought
to the terminal set at any time Ty € 1.

As in Theorem 1 from [7], we can also obtain solvability conditions
of the game problem in system (1)—(3), using constraints on the support
functionals ¢y and @y of sets Qp and Qy defined by the behaviours of
pursuer and evader. Let 90; be the d-neighborhood of zero in 9g-. Put

Ty
Quy = Uy, Qy =-dV,, Iz= H/W(To — 8)z(s)ds.
0

In order that Ty be a game completion time, it is necessary and sufficient
that, for every vector h € Y with unit norm, the relation holds:

v (h) —pu(=h) <d—(h,((To))-
In the domain [0, T]x[0, ], we study the heat equation with heat loss

) 0 (a@ i, @) +ao(@)y(t,7)

0 ()
@yt —w.a)+ [ bray(s+ ra)dr +ult.o) — ot o)
with the boundary and initial conditions
y(ta 0) = y(ta l) =0, te [Oa T] (6)
y(0,2) =wo(x), y(t,x) =g(t,z), ae. (t,2)€ [-w,0]x[0,1],

where a(z) € CY0,1], a(x) > 0, ap(x) € C[0,1], a1(x) € L2(0,1),
b(t,x) € La([—w, 0] x [0,1]), yo(z) € L2(0,1), g(t,x) € La([-w, 0] x [0,1]).
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Admissible controls of the pursuer (source) u(t,z) € Lo([0,T] x [0,1])
and the evader (leak) v(t,z) € Lo([0,T] x [0,1]) satisfy the constraints:
u(t) € U and v(t) € V, where U and V are closed balls in L2(0,1) with
the center at zero. The goal of the game in system (5), (6) is to bring
the state y(¢,x) to zero in a finite time not exceeding T in the class
of admissible controls of the pursuer for any admissible control of the
evader.
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Abstract: We show that in a generic case the problem of structural stability
of generic dynamic inequality with bounded admissible velocities on two-
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dimensional sphere is equivalent to the problem of structural stability of such
inequality on the plane, when near the infinity the inequality either locally
controllable or have no admissible velocities at all. In particular, that implies
the structural stability of such inequalities on the sphere in the simplest case.

Keywords: controllability, structural stability, dynamic inequality, generic.

Introduction

The notion of rough dynamical system was introduced in paper [1] by
A.A. Andronov and L.S. Pontryagin for the case of differentiable vec-
tor fields on a two-dimensional disk, which has no tangency with the
boundary. Such a field is rough if the family of phase curves of suffi-
ciently C'-close field could be reduced to such a family of initial field
by homeomorphism of the phase space, which is close to the identity.
The necessary and sufficient conditions for such a field to be rough were
also found in this paper. Later on such conditions were obtained for
differentiable vector fields on a sphere and on any compact orientable
surface [10]. In addition, this notion was extended for some objects of
another nature, for example, for smooth maps [3], for net of asymptotic
lines on surfaces [7] for smooth control systems [4], [5] and dynamic
inequalities [8] and gets the name structural stability.

For control systems (or dynamic inequalities) the notion of structural
stability is the same as for vector fields, just in the case of systems under
the point trajectory one needs to consider the union of the positive and
negative orbits of this point. In this case, the analogue of singular point
of vector field is a local transitivity zone of the system, which is the union
of all points, where the system is locally controllable. In addition, the
analogue of the closed trajectories is nonlocal transitivity zone, which
coincides with intersection of the positive and negative orbits of each of
its points. A generic smooth control system on a sphere (or a closed
orientable surface) is structurally stable [4], [5]. Note, in that case that
includes also the stability of both local controllability properties and the
nonlocal ones for considered system. Some property of object we call
generic if it takes place for open everywhere dense subset in the space of
objects endowed by an appropriate topology. Here we deal with smooth
or sufficiently smooth fine Whitney topology.

The problem to analyze the orbits of smooth dynamical inequalities
with locally bounded derivatives was posed by A.D. Myshkis in [9]. Such
an inequality is defined by a smooth real function on the tangent bundle
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to the manifold, in each layer of which the set of admissible velocities
(in which the value of this function is non-positive) is compact. Such
an inequality could have regions with no any admissible velocities and
the ones, in which the motion do not satisfy the existence and unique-
ness theorem of integral curve. For example, there could appear sliding
regimes that can not be eliminated by a small perturbation of the in-
equality under consideration. This makes the problem of the structural
stability for dynamic inequalities on surfaces much more complicated
than for control systems.

The stability of the local controllability properties for a generic dy-
namic inequalities on surfaces was proved in [6].

Structural stability of generic simplest dynamic inequalities on the
plane

(& —a(z,y)* + (i — bz, y))* < flz,y),

where a,b and f are smooth function and & is derivative along the time,
was proved in [8] for the cases when the far from zero either

a® +b% < f,

that is the inequalities are completely controllable, or f < 0, and so
the inequalities have no admissible velocities at all. Here the vector
field (a,b) stays for the drift in the flat sea R?  and the function f
characterizes own capacities to move of the object under control. This
result also provides the structural stability of characteristics net of a
generic second-order linear partial equation of mixed type on the plane
with a finite region of hyperbolicity, if the net is orientable (see [8]).

1. Reduction theorem and structural stability on S

Here our main results are formulated.

A control system or dynamic inequality has small time transitivity
property at a point of the phase space if for any neighborhood of this
point and any time T > 0 there exists another neighborhood of the point
such that any two points from the second neighborhood are attainable
from one another for a time less than T and along the admissible trajec-
tory lying in the first neighborhood.

Theorem 1. For a generic smooth dynamic inequality with locally
bounded derivatives on two dimensional sphere there exist point of the
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sphere and its neighbourhood such that at any point of this neighbourhood
the inequality either has small time transitivity property or has mo any
admissible velocities at all.

Theorem 1 implies the following reduction statement.

Theorem 2. In three dimensional FEuclidian space the structural sta-
bility of a generic smooth dynamic inequality with bounded derivatives on
the unit sphere is equivalent to the structural stability of dynamic inequal-
ity on the plane, which is obtained from the initial one by stereographic
projection from a point P from Theorem 1 of the sphere to the plane,
which goes through the center O of sphere and is orthogonal to vector OP.

Due to the projection is continuous map in Whitney topology for any
bounded domain in the projection plane we get

Theorem 3. The problem of structural stability of gemeric smooth
dynamic inequalities with bounded derivatives on two dimensional sphere
is equivalent to the problem of structural stability of generic dynamic
inequalities on the plane with locally bounded derivatives, which near
the infinity either are completely controllable or have no any admissible
velocities at all.

The last theorem and main result of [8] imply

Theorem 4. On two dimensional sphere endowed by Riemannian
metric a generic smooth simplest dynamic inequality is structurally sta-
ble.

The admissible velocities of a simplest dynamic inequality are deter-
mined by the sum of the drift (= vector field) and the velocities modulo
not exceeding +/f of a function in a given Riemannian metric.

The work is partially supported by the RFBR under project No. 19-51-
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Abstract: The classical Dynamic Programming (DP) approach to optimal
control problems is based on the characterization of the value function as
the unique viscosity solution of a Hamilton—Jacobi—Bellman (HJB) equa-
tion [2]. The DP scheme for the numerical approximation of viscosity solu-
tions of those equations is typically based on a time discretization which is
projected on a fixed space triangulation of the numerical domain [3]. The
time discretization can be done by a one-step scheme for the dynamics and
the projection on the grid typically uses a polynomial interpolation. This
approach, which allows to get information on optimal controls in feedback
form, has been shown to be very powerful for low dimensional optimal con-
trol problems although convergence results have been proved in R®. Several
methods have been proposed to mitigate the curse of dimensionality of DP
schemes, e.g. static and dynamic domain decomposition, fast-marching and
fast-sweeping methods, discrete representation formulas.

We will discuss a new approach for finite horizon optimal control problems
where we compute the value function on a tree structure constructed directly
by the time discrete dynamics and we do not use a space triangulation to
solve the HJB equation [1]. This allows to drop the cost of the space interpo-
lation, moreover the tree will guarantee a perfect matching with the discrete
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dynamics. To prove convergence and a-priori estimates we will follow [4] and
[5]. In the simple case, we will discretize the dynamics with an Euler scheme
and we will prove first order convergence by the means of viscosity solutions.
We will also discuss how this approach can be extended to high-order schemes
and we will show some examples of second order approximation schemes.

Keywords: optimal control, dynamic programming, Hamilton—Jacobi—
Bellman equations, viscosity solutions.

This is a joint work with Alessandro Alla (PUC, Rio de Janeiro) and Luca Saluzzi
(Gran Sasso Science Institute, L’Aquila, Italy).
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Abstract: In this contribution, we consider a hybrid optimal problem that
has recently arisen within the framework of differential games with regime
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switching. We first characterize the regular solutions of the considered prob-
lem and formulate the conditions under which the system exhibits irregular
behavior such as limit cycles or chattering.

Keywords: hybrid optimal control, regime-switching, spillover effect.

1. Main result

It is a common situation in real life that parameters of a process change
either at certain time or when the state crosses some hyper-surface in the
state space. Such processes are called hybrid and there is a well developed
theory behind them, see, e.g., [6]. Particularly important result consists
in the formulation of Hybrid Maximum Principle, [1, 7] Recently, the
notion of hybrid differential games was introduced in [4].

The problem considered in this contribution initially appeared in the
context of differential games with regime switching (i.e., hybrid differ-
ential games), [2, 3]. However, it can be of general interest within a
more general hybrid optimal control framework. Consider a linear one
dimensional system described by

T = az + bu, (1)

with a < 0, b > 0, (0) = zp > 0, and u € [0,u]. The performance
functional to be maximized is

L LI AR

where p and ¢ are (positive) constants.

This linear-quadratic structure can often be encountered in adver-
tising and marketing models (see the paper [8] and more recent [5] for
a review) and includes a spillover effect modeled by the cross-product
term xu. This term is novel and rarely appears in economic applications.
See [2, 3] for a motivation for introducing this term in game-theoretic ap-
plications. Such effects are typically present in advertising and goodwill
models, where the value of advertising for one firm positively depends on
advertising efforts of the other firm provided they have similar products.

The problem (1), (2) can be transformed into a hybrid optimal control
problem, once we assume that the system parameters a and b can change
as certain event occurs. Let f(z,t) be a smooth map, f: Ry xRy — R,
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such that the rank of Df is equal to 1 for all (z,t) € Ry x Ry. The level
set f(x,t) = 0 is the switching manifold. We define

I G GO EU R A O 5
o, f(), ) <0, b, flalt),r) <.

In the following we shall limit ourselves to the two basic cases (using the
terminology from [4] and [7]):

1. Time-driven (controlled) switch : f(z(¢t),t) = ¢ —7* with 7* fixed.

2. State-driven (autonomous) switch : f(z(t),t) = z(t) — z* with «*
fixed, but t left free.

While in the case of time-driven switch the optimal solution is well-
defined, the situation with the state-driven switch turns out to be more
involved. We shall assume that the initial state is such that f(z(t)) < 0,
i.e., we start at the first regime.

There are two types of regular solutions: a) a normal mode, when the
optimal trajectory does not cross the switching manifold; b) a switching
mode, when the optimal trajectory crosses the switching manifold once.
However, we are interested in the situations the optimal trajectory either
stays on the switching manifold or cross it a (possibly infinite) number
of times.

We shall present initial results along these lines and and outline the
further directions of research.

The work was supported by the Russian Science Foundation (project no. 17-11-
01093).
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Abstract: We consider an optimal control problem with random time inter-
val that often appears if differential games. For the case, where the starting
time is a random variable, we present a transformed expression for the payoff
function that is better suited for the application of standard optimal control
methods.

Keywords: optimal control, payoff functional, random initial time.

Introduction

In this contribution we consider an important problem that has recently
attracted certain attention in game theory. It is widely accepted that
any realistic controlled process cannot be considered on an a proiri fixed
time interval. Therefore, a considerable research effort has been aimed at
studying game-theoretic problems that evolve on a time interval whose
end point is a random variable (see [2—4, 6, 8, 9] and also [1, 7, 10] for
initial works). Now we turn to a different, but closely related problem
and study an optimization problem whose initial time is a random vari-
able. It turns out that this problem statement differs from the previously
mentioned one. We present several results on the reformulation of the
payoff functional to the form better suited for the application of standard
optimal control methods.
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1. Main result

We consider a controlled process that starts at the moment s € [0, T]
from the state 2o € X C R™. The evolution of the considered process is
governed by the following ODEs:

& =gz, ui(t),...,un(t)), x(Ts)=xo (1)

with an assumption that g(z,0) =0 for all z € X.
The optimization problem is defined as

I(Tezo,u’) = e [ bra(r),u(r)dr @

where h;(7,z,u) is a continuous function and z(t) is the solution of (1)
for controls u(t).

We consider a special case where the initial time is considered to be
a random variable, which is distributed on the interval [0,7] with a
probability function F(t). Obviously, F(¢t) has to satisfy all necessary
conditions, i.e. F(t) is a monotonously increasing function s.t. F'(0) =0
and F(Ty) = 1. In the following, we will assume that F(¢) is abso-
lutely continuous and so, there exists a function f(t) = F’(¢), called the
probability distribution function. Hence, (2) can be reformulated as

(o, u* _maXEUh 7 2(7), u(r))dr

= max/ /h 7, 2(T), u(T))drds,

This problem statement requires some additional clarification. We as-
sume that the starting time T is a priori unknown while the optimal
control is open loop and hence computed in advance. Thus, we should
account for the fact that on the interval [0,¢,) the optimal control can-
not be applied, i.e. u*(t) =0, t € [0,ts], where t4 is a realization of the
random variable T.

In the following, we assume that the equation (1) satisfies the exis-
tence and uniqueness conditions for all admissible controls [5]; also, we
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assume that the optimization problem in (2) admits a unique solution
for any fixed T € [0, T7%].

The following results allow for putting the described problem into
the classical framework of optimal control.

Theorem 1. The payoff J(xo,u™) is equivalent to

Ty
J(xo,u(t)) = Ft)h(r,z(7),u(r))dt. (4)

to

In game-theoretic applications it is often desirable to define the payoff
functional (1) on a subinterval [0, Ty] C [Ts, Ty]. The following theorem
formalizes that.

Theorem 2. The payoff functional in the subproblem defined
on [0, Ty] takes the form

Ty _
(a0, ul(t)) = / %h(t, (), ult))dt. (5)

0

The work was supported by the Russian Science Foundation (project no. 17-11-
01093).
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Abstract: We apply block Jacobi preconditioning to improve the computa-
tion of perfect foresight competitive equilibrium for the global economy with
multiple production sectors and regions. The model is solved by an itera-
tive method of the Gauss—Seidel type. At each iteration, first intertemporal
variables are updated, then equations for intra-temporal variables are solved
using the Newton — Krylov method. The Jacobian matrix on the system for
intra-temporal variables has a nearly block diagonal structure over regions.
A block Jacobi preconditioning is shown to speed up the convergence of the
Krylov method. The use of the preconditioner is illustrated in the example
of the integrated-Population-Economy-Technology-Science (iPETS) model.

Keywords: intertemporal general equilibrium, economic growth, nonlinear
systems of equations, Newton — Krylov method, preconditioning.

Dynamic general equilibrium models are widely used for estimating
effects of demographic and technological changes on energy use and COq
emissions. The equilibrium is described in the framework of the Arrow —
Debreu theory, which leads to a systems of nonlinear equations. The
number of equations can reach hundreds of thousands and millions, and
solving such systems can be time-consuming. Parallel computing and
reordering techniques can be used to reduce the computing time (see,
e.g., [1, 2]). An alternative is to apply a preconditioner for solving the
linearized system of equation with an iterative method (see, e.g., [3, 4]).

The idea of preconditioning the linear system of equations Ax = b
consists in replacing it by another linear system, ABy = b, which is easier
to solve, then setting x = By. The matrix B is called the (right) precon-
ditioner. To be efficient, B must be relatively inexpensive to compute
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and approximate A~!. The two most popular options of preconditioning
are performing the incomplete LU-decomposition (ILU) and using one
of the stationary methods, such as Jacobi, Gauss — Seidel or SOR, as
the preconditioner. A block Jacobi preconditioner with respect to time
was applied to speed up the Newton — Krylov method for the stacked
system [5]. However, application of stacked Newton-type methods can
be impractical or infeasible for large systems with multiple regions and
long time horizons. An application of Jacobi and ILU preconditioners
for small-scale stochastic growth models was studied by [6].

We present and analyze a block Jacobi preconditioner with respect
to regions in the extended path method [7] (for use of the block Jacobi
method with regional blocks for solving the model, see, e.g., [8]). The
method is illustrated in the example of the integrated-Population-
Economy-Technology-Science (iPETS) model, a general equilibrium
growth model with multiple regions, goods, sectors, households, and
factors of production [9]. As is usual for such models, the infinite time
horizon is replaced by a finite time interval ¢ = 0,7, where T is chosen
large enough so that the system reaches balanced growth for the time
steps t greater than T'. The first-order optimality conditions for agents
and market clearance conditions for goods give the system of nonlinear
equations

F(K,P) =0, (1)

where K stands for intertemporal variables, such as capital, consump-
tion, investment, etc. for all regions r = 1, Ny and all time steps t = 0, T,
and P stands for intra-temporal variables, such as prices and input-
output ratios of final and intermediate goods, international trade, etc.,
for all goods, regions and time steps.

System (1) is solved by an iterative method of the Gauss-Seidel type.
Using the ith iterate of capital K¢, we solve the system F(K% P) =0
with respect to prices, and thus obtain P**!. Then the new iterate of
capital Kt is determined from the system F (K, P**1) = 0. The former
can be solved independently at different time steps t = 0,7

F{(K', P) = 0. (2)

For brevity, we denote system (2) as F;;(u) = 0, where u = P;. At kth
iteration of the Newton-type method, one solves the linearized system

F| i (ug)sy = —Fyi(ug), (3)
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where uy, is the kth iterate of the solution and s is the step to the next
iterate ug11 = ug + si. If the Jacobian matrix A = Ft’z(uk) is close to
its block-diagonal part over regions diag(A41,..., ANy ), then its inverse
B= di:aug(Afl7 cel, A;\,;) can be used as a preconditioner.

In the example of the iPETS model, the nonlinear system (2) for
each ¢ is solved by the Newton — Krylov method as implemented in the
NITSOL [10]. The time horizon is T'= 105 and dimension of the linear
system (3) is n = 144. The preconditioner B consists of Ng = 9 blocks
16 x 16 each. The inverse of a block A, is obtained by ILU.

There are two ways to implement the calculation of the Jacobian
matrix F,;(u) for the problem (3). The first one is to compute the
whole Jacobian matrix A = F{;(ux) and the second one is to implement
only the matrix-vector (matvec) product As. In the first case, n function
evaluations are required to obtain the Jacobian matrix by the difference
approximation (it is assumed that F} ;(ux) has already been evaluated).
Then the Jacobian matrix is stored and used for each matvec. In the
second case one function evaluation is required for each matvec:

, 1

Fyi(ur)s = < [Friue +0s) = Fri(ur)], (4)

where 0 is the difference step. Then the total number of function evalua-

tions is equal to the number of matvecs required for the Krylov method

to converge. Calculations show that computing the whole Jacobian ma-

trix requires 10 to 100 times more function evaluations. Therefore, we
use only formula (4) for evaluating a matvec of the Jacobian matrix.

Table 1 shows statistics for iPETS model runs with and without
preconditioning. We present the numbers for the ¢ = 1 iteration. Since
system (2) is solved independently for different time steps ¢t = 0,T, we
present the average numbers over t. The first column shows the results
without preconditioning, second column with the preconditioner B
calculated for each ¢ and k and third with the preconditioner By o used
for all ¢ and k.

Use of the preconditioner B;j does not change the number of non-
linear iterations much but dramatically decreases the number of linear
iterations. As we see, the matrix By is close to the Jacobian matrix
A, and so one linear iteration is sufficient in this case. However, use
of the preconditioner B, j requires much more function evaluations and
hence the computing time is greater than without the preconditioner.

The situation is improved if we calculate the preconditioner only
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Operations w/o | Byr | Boo
Function evals | 155 | 908 16
Matvecs As 150 3 10
Matvecs Ms 0 13 27
Linear iters 150 3 10
Nonlinear iters 4 3 4

Speedup 1 0.3 1.6

Table 1. Average number of operations and iterations and speedup in solving the
nonlinear system (2).

at the first iteration k& = 0 for the time step ¢ = 0 and use it for all
k and t. The number of function evaluations decreases more than 50
times. The matrix By o can be less close to Ay i, so the number of linear
iterations slightly increases from 3 to 10, the number of matvecs As
and Bs increases three and two times, respectively, and the number of
nonlinear iterations becomes the same as without preconditioning. But
overall use of the preconditioner By gives the speedup of 1.6 times
keeping the results within the same tolerance. The advantage of our
approach is that preconditioning with respect to regions can be combined
with the parallelization over time steps [1].

The resources of the Lomonosov supercomputer were used as part of the project
“Parallel computing in dynamic general equilibrium models” at Lomonosov Moscow

State University.
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Abstract: The presented work addresses frequency control in power systems.
Dynamics of the power system are described by a system of linear differential
algebraic equations. Frequency control is aimed to keep power balance and
consequently to rebuff frequency oscillations described by this system. Due
to introduction of renewable energy and distributed generation, inertia of the
systems is reduced, thus efficiency of the currently existing frequency control
is challenged. Additionally, performance of the current frequency control is
limited due to synchronization required by the centralized operation of the
existing control. The control presented in this paper is designed to work in
distributed manner in the low inertia systems.

Keywords: power systems, frequency control, integral algebraic equations,
global asymptotic stability, distributed control.

1. Introduction

The aim of this work is to derive frequency generator- and load-side con-
trol for power systems. It is assumed, that system described by a system
of linear differential algebraic equations suffers from failures on one or
several buses, which result in step change disturbances represented by
a constant inhomogeneity in the system. The two major problems con-
nected with the frequency control are the following: (1) some parameters
of the system are unknown; (2) control must be distributed: communi-
cation is allowed only between adjacent buses.

2. Physical system

Power system [1] is defined by an oriented connected graph I' = (N, E),
where N = GU Ly U Lg is set of buses |[N| = n. Set of generator buses is
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denoted by G = {1,...,g}. The other buses are load buses. Load buses
are divided into buses with non-zero inertia: L1 = {g+1,...,9+!1} and
buses with zero inertia: Lo = {g+ {1 +1,...,l1 +l2}. Dynamics of the
system are represented by the following system of differential algebraic
equations:

0, =w;, i€ N, (1a)
miw; = — dw; —p; +p;", i €G, (1b)
"yt =—p"+v, i€G, (1c)

90 = — v +ui, 1€G, (1d)
miw; = — djw; — Py +uy +1iy, 1€ Ly, (le)
0=—dw; —pj +u; +r;, i€ Lo, (1f)

pij =bi;(0i — 0;), 1,7 € E, (1g)
pi= > pi— >, i i€N. (1h)

J:(i,5)€EE J:(4,H)€E

Here variables are bus phase angles: 6;, i € N; deviations of bus frequen-
cies from their nominal values (50 Hz or 60 Hz): w;, i € N; electrical
powers injected to the system: p§, ¢« € N; mechanical power injections:
p", i € G; governing valves positions: v;, ¢ € G and active power line
flows: p;j;, (i,j) € E. Parameters of the system are m; > 0, i € GU Lq;
di, i € N; t7 > 0,t" > 0,4 € G and bj; > 0, (i,j) € E. Values 7,
i € L1 U Lg are constant values of step change disturbances. Control is
given by u;, ¢ € N. Control values have upper and lower limits:

U; §uz(t) <wu;, t1€N, t>0. (2)
In this work we prove the following result:

Theorem 1. System (1) is asymptotically stable in w;, pi™*, v;, P,
i€ N. Iftlim ui(t) =uf, i € N then
—00

§: *
’U,i—’l“i
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3. Problem statement

System (1) describes the dynamics of the power systems, however not
all parameters of the system are know. Only parameters m; and d;
can be measured, the other parameters as well as the disturbances are
unknown. Additionally for any control vector u(t) = (uy(t),...,u,(t))T
it is possible to take measurements of bus frequency deviations w;(t) and
electrical powers pg(t), i € N. Based on this information control u(t)
must be derived so that it would satisfy the following criteria:

1. Control must be globally asymptotically stable and converge to a
constant vector: tlim u(t) = u*, where u* is called terminal point;
—00

2. Bus frequency deviations must be eliminated: tlim w;(t) =0,17¢€
—00
N;

3. Control’s terminal point must deliver minimum of the cost function
fu*) =1/2377% v wi(uf)?, w; > 0 on the set of all terminal points
of the functions that satisfy items 1 and 2.

The control that satisfies this 3 items was derived in [3]. However in
order to calculate control values on each bus global information about
the system was required: all values of w;(t) and p§(¢) and no control
limits (2) were imposed. Here two additional constraints are introduced:

4. Control values u;(t) on each bus can be calculated only using the
information about the control from the adjacent buses, local pa-
rameters, and measurements;

5. Control must satisfy control limits (2).

4. Frequency control

Within this work a new frequency control u(t) is derived. The derivation
technique is described and it is proved that the derived control satisfies
the control criteria 1-5. The control is defined by a system of integral
algebraic equations:

ui(t):max{min{yi(t),m},gi}, i€ N, (3a)

Wi
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/ > (7)) —us (7)+dsw;+pS (T)dr, i€ Lo, (3b)

(m)eE
(ji)EE
/ Z (s (T) =y (7)) =i (7)+diwi+p§ (T)dT+mw; (1), i€Ly,
(i,j)€E,
(4.1)eE
(3¢)
/ > yl(r))dr, ieN. (3d)
(i,4)€E,
(4:)ekE

Here variables y} () and y?(¢) are auxiliary variables. Equation (3a) de-
fines control and ensures that control limits (2) are not violated. This
function uses only local information (parameters and variables on the
bus 7). Equations (3b) and (3c) use only local and adjacent buses vari-
ables y3(t), local variables u;(t) and known local parameters d;, m; and
measurements w;(¢) and p$(¢). Finally equations (3d) use only local and
adjacent buses variables yi(t). The following result is obtained based on
the Barbashin—Krasovskii—LaSalle Theorem [2]:

Theorem 2. System (3) defines control that satisfies criteria 1-5.

5. Numerical results

Frequency dynamics for traditional [1] and developed frequency controls
are given in the figure 1.

60.2

E Control
596 —standart
—developed
59.4
59.2 :
0 20 40 60 80 100

t(s)

Figure 1. Frequency dynamics.
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Abstract: We study an optimal control problem in the forestry mod-
els [2, 4]. The problem is formulated for a discrete system, reflecting the age
sequence of forest stands. The optimization criterion is presented by the dis-
counted profit, calculated on the finite-time horizon. To derive the optimal
solution, we apply L.S. Pontryagin’s maximum principle [3|, developed for
discrete systems in [1].

Keywords: Pontryagin’s maximum principle, discrete forest management
model.

1. Problem statement

Forest stand is located in a cell with number ¢, ¢ = 1,..., N. Trees are
divided in age-classes. Let us denote by symbol z;(a,t) the forest area

in cell 7, age class a € [0, A], at time ¢ € [0, T]. We consider discrete-time
model:

aj+1 :aj—i—Aa, tr41 :tk-l—At, t1 :At, tg =T,
j=1,...M—=1, k=1,....K—1, At=Aa,

where M is the number of age classes, and K is the number of time
periods. We denote the biomass factors by symbols 3;(a;) > 0. Symbol
u;(aj,tx) € [0, 1] denotes control variable, that is the ratio of forest stand
of type i, age aj, that is harvested at time ¢j.
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For convenience we introduce the following vector notations:

xi(t) == (zi(ar, te), - -, wilanr, ta)) ",
wi(t) = (uwilar, t), - uilans, i)
and further:
xi(k) = x(t) € RM,  u;(k) :=u;(t;) € RM,
x(k) := (x1(k), ..., xn(k)) € Matarcn,
u(k) := (ui(k),...,un(k)) € Matarxn,
B(k) == (Biar), ..., Bilan))" € RM.
Let us define the following set:
U= {{uz} IS MathN|0 < uz < 1}.

If control u(k) € U for every k = 1,..., K, then u is called the admissible
control. Discrete-time dynamics of the state variable are subject to the
equation:

xi(k + 1) = (L + MDg(u, (k)))x; k), (1)

where matrices L, M € Mat s« s are determined in the following way:

o 0 0 ... 0 0 O
10 0 ... 0 0 O
L o 1 0 ... 0 0 O 7

0 0 O 1 0 0

| 0 0 O 0o 1 1

[ 1 1 1 1 1 1
-1 0 0 0O 0 O
M — 0 -1 0 0o 0 0
o o0 o0 ... -1 0 0

| 0 0 0 ... 0 -1 -1

Here operator Dg transforms vector y = (y1,%2,...,%»)’ into the diag-

onal matrix with elements of y on the diagonal and zeros otherwise.
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The profit function is determined by the following relation:

M(u(k), x(k)) == p(k) Y (BT - €T )Dglw(k)xi(k).  (2)

i=1

Here C is the matrix of costs and p is the price trend in the US dollars.
Given the forest growth dynamics x;(k + 1) (1), the initial age dis-

tribution

x! =x;(1), i=1,...,N, (3)

(3

the biomass factors j3;, and the profit function II(k) (2), the problem
is to find among admissible controls u;(k), the optimal control u(k),
maximizing the net present value:

max {J = épkﬂ(k)} (4)

where U is the set of all admissible controls and py, is the discount factor.

2. Solution to the bilinear optimal control problem

Proposition 1. If all components of vectors x}! are non-negative,
then for any admissible control u all components of the solution to (1),
(3) are non-negative as well.

According to the Pontryagin maximum principle [1], components ;
of optimal control @1 in each k-th time period maximize every component
of the row-vector:

(k) = arg max {(px(p(k)5 ~ C)+
+ ik +1)M) Dg(%; (k) Dg(wi(k) } . (5)
Here A\;(k + 1) is the solution to the adjoint equation
Ai(k) = pr(p(k) BT ~CT ) Dg(ti(k)) +
+ Ai(k + 1) (L" + Dg(a,;(k))M”), (6)

that is calculated in the inverse time, starting from the transversality
condition:

Ai(K+1) =0. (7)
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Here dynamics %;(k) are determined by equation (1): %;(k+1) = (L +
Dg(1;(k))M)x;(k) with the initial condition: X} := x;(1).

Instead of condition (5), we consider new condition:

G,(k) = arg mase { (pu(p(k)5 ~CT) + Xi(k+1)M)Dg(w (k)} . (8

Assumption A. There exists solution {j\, u} to problem (6), (7), (8),
such that vectors

(pr (p(k) BT —=CT) 4\ (k+1)M)
contain no zero components for all i, k.

Lemma 1. If assumption A is satisfied, then problem (6), (7), (8)
has the unique solution and all components of u take the values from set

{0,1}.

Theorem 1. Let assumption A be satisfied, {j\,ﬁ} be a solution to
(6), (7), (8), and X be a solution to problem (1), (3), corresponding to
control 0. Then {u,X} is the solution to problem (1), (3), (4).

Remark 1. There is a nonempty set of problems for which assump-
tion A is satisfied. For example, if for all k, j, pi (p(k')ﬂT — CT) =
(2,2,...,2), then assumption A is satisfied and v} (k) =1 for all 4, j.

We will discuss the application of the method to identify optimal
rotation times in ITASA’s global spatially explicit forestry model G4M.
Practical examples for plantation forestry in Indonesia (including acacia
and teak species) will be demonstrated.

This work was supported by the RESTORE+ project (www.restoreplus.org),
which is part of the International Climate Initiative (IKI), supported by the Federal

Ministry for the Environment, Nature Conservation and Nuclear Safety (BMU) based
on a decision adopted by the German Bundestag.
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Abstract: The talk is devoted to the problem of the dynamic reconstruction
of the normal control generating a realized trajectory of a dynamic control
system. Inaccurate measurements of this trajectory obtained in real-time are
used. Control systems with dynamics linear in controls and non-linear in
state variables are considered. A new algorithm for solving dynamic control
reconstruction problem is suggested. The results presented in this paper
develop the ideas of a new approach for solving inverse problems of optimal
control theory. This approach relies on necessary optimality conditions in
auxiliary variational problems on extremum of a convexo-concave integral
discrepancy functional.

Introduction

The paper is devoted to the problem of dynamic reconstruction of the
normal control by known inaccurate measurements of the trajectory,
which is being realized in real-time.

One of the most well-known approaches to inverse problems was
developed by A.V. Kryazhimskii and Yu.S. Osipov [1]. It relies upon
Tikhonov regularization [2] and the works of N.N. Krasovskii’s school on
the theory of optimal feedback control [3].

Another approach has been suggested by N.N. Subbotina, E.A. Kru-
pennikov and T.B. Tokmantcev [4-6]. It relies on auxiliary variational
problems on extremum of a regularized integral discrepancy functional.
The innovation of the suggested method consists of using a functional,
which is convex in the controls and concave in the state variables.

In this paper a modification of this approach is presented. It is de-
signed for solving real-time dynamic reconstruction problems.
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1. Dynamics

We consider dynamic control systems of the form
i(t) = Gla(t), Du(t) + fz(). 1), t€[0.T], T < oo,
z(4): [0, T] = R", w(-):[0,T] = R™, m>n, (1)
G():R"x [0,T] = R™™  f(-):R" x [0,T] — R".

Admissible controls are piece-wise continuous functions u(t) € U,
t €[0,T], U C R™ is a convex compact set.

2. Input data

The trajectory z*(-) : [0,7] — R™ of system (1) is being generated in
real-time by an admissible control. Inaccurate discrete measurements
{y} of this trajectory arrive with time step At:

{vh : lyp—a"(t)| <6, t=kAt, k=0,...,K, K=[T/At]eN}

Hypothesis 1. 359 > 0 : the elements of G(x,t) and f(x,t) are
continuously differentiable in all variables on (x,t) € U, where

U = ( U 3450[;5*(75)]) x [0, T].

t€[0,T]

Hypothesis 2. The rows of the matriz G(x,t) are linearly indepen-
dent on (z,t) € V.

3. The reconstruction problem

There exists [6] a unique normal control «*(-) with minimal norm in Lo
space, that generates z*(-).

Let us consider the following dynamic reconstruction problem: for
an arbitrary 6 € (0,0¢], j € N, 2 < j < K and a set of measurements
{3, ... ,y?}, to construct a function u’(-) : [0,¢,;] — R™ such that:

C1. u°(-) is extended in real-time with arrival of new measurements
and it is an admissible control;

C2. u%(-) generates a trajectory z°(-) of system (1) with boundary
condition z°(0) = y§ such that %i_r% 12°(-) = 2* ()| cpo,e,) = 03

C3. lim () = u* ()| Lafo,i,) = 0.
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4. Algorithm for solution construction

The construction is carried step-wise with the step At. On a ;' step:
1) The function y°(-) : [0,¢;] — R™, which is a cubical spline inter-
polation of the discrete measurements, is extended on [t;_1,%;].
2) The following auxiliary variational problem is introduced: for a
§ € (0,80] and @ > 0 to find a pair of functions {z(-),u(-)} € C[t;_1,t;]
that satisfy (1) and the boundary conditions

a(tj-1) =y’ (tj-1),  @(tj-1) = 9" (1) (2)
and provide an extremum (maximum) for the fucntional

t;

[ z(t) — 02 o2|lu(t))?
Ia(.u() = [ [_ll ) -y O , o?le®I]

2 2

tj_1

where « is a small regularizing [2| parameter.
The necessary conditions can be written in the form of Hamiltonian
system, where the vector s(-) is the adjoint variables vector:

oG
’ 8331

(1) = a2 G(a(0), )G (2(2),0)5(0) + F (2 (0), 1),
85(0) = a(t) — 1 6) + 5 (500

+<s(t),§£(m(i),t)>, i=1,...,n, teltj1,t]

(0. DG (@(6),)s()) (3,

The boundary conditions are derived from (2):
w(ti-1) =y’ (tj-1),  s(tim1) = —a®[G(y° (tj-1), tj1)
x Gy (t-1) 1)) @ (1) = F@° (81, t51).

3) We construct the so-called cut-off function

(4)
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where ujo‘() = —a"2GT(3°(-),-)s;(+) is the control reconstructed from
the solution s;(-) of system

5 (t) = —a2G(y° (1), )GT (Y0 (1), 1)s; (1) + f(° (1), 1),
$5(t) = ;(t) —y°(t), tE[tj_1,t5).

It is a linearization of system (3). On the first construction step the
boundary condition for system (6) coincide with (4). On the next steps
the boundary condition are

(6)

zj(tj-1) = zj-1(tj-1), s;(tj—1) = s;-1(tj-1).
Relying upon [5], one can prove

Proposition 1. Let assumptions 1,2 hold. Then, there exists a
concordance rule o = «(0), which is defined by 69, U and the input

data, such that the piece-wise defined function 1> (t) ﬁj’a(é)
teltio,t), j=1,...,J satisfies C1-C3 for any J € {2,3,..., K}.

)

This work was supported by the project "New developments in perspective di-
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Abstract: In this lecture, the applications of the Pyragas time-delay feed-
back control technique and Leonov analytical approach for estimation of Lya-
punov dimension and topological entropy in the framework of studying the
Eden’s conjecture are discussed. The problem of reliable numerical compu-
tation of the mentioned dimension-like characteristics along the trajectories
over large time intervals is demonstrated.

Keywords: chaos, Lyapunov dimension, Lyapunov exponents, unstable pe-
riodic orbit, time-delay feedback control.

Introduction

For the study of chaotic dynamics of attractors, the concept of the Lya-
punov dimension, suggested by Kaplan and Yorke, was found useful and
became widely spread [1]. Following the statistical physics approach
and assuming the ergodicity (see, e.g. [2, 3]), the Lyapunov dimension
of the attractor is often estimated by the local Lyapunov dimension,
corresponding to a “typical”’ trajectory, which belongs to the attractor,
and it’s limit value. However, from a practical point of view, the rigor-
ous verification of ergodicity is a challenging task (see, e.g. discussions
in [1, p. 118]). Also, since only a finite time can be considered in the
numerical analysis of the dynamical system, in this lecture a “noner-
godic” concept of the finite-time Lyapunov dimension (FTLD) [4], and
approaches to its reliable numerical computation are discussed.

1. Lower-bound estimates of the Lyapunov dimension

Lower-bound estimates for Lyapunov dimension of an attractor could be
obtained via the stabilization of unstable periodic orbits (UPOs) embed-
ded in it. One of the effective methods for the numerical visualization
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of the UPOs is the time-delay feedback control (TDFC) approach, sug-
gested by K. Pyragas [5]. The main idea behind the Pyragas’ approach
for the stabilization of an UPO «"P°(t) with period 7 > 0 in the system
@ = f(u) is to apply a feedback control K [u(t—T) —u(t)], which is pro-
portional to the difference between the current state u(t) and an earlier
state of the system u(t — T') (delayed by some time value T'). If T = T,
then K [u(t — T') — u(t)] = 0 along the UPO, and the periodic solutions
of the controlled and initial systems coincide.

Remark that the problem of computation of the Lyapunov dimension
and topological entropy in the framework of the study of the Eden’s
conjecture and its various refinements [4, 6, 7] is important in tasks of
estimating the intensity of information exchange, necessary and sufficient
for observation /stabilization of systems with nonlinear dynamics through
communication channels with limited bandwidth [8].

To illustrate the described approach, consider the Rossler system:

i=—y—z Y=2+02y £=02-57z+zxz (1)

with a chaotic set A (locally attractive in numerical experiments), which
is self-excited [9] with respect to equilibria Ot = (5.693, —28.4649,
28.4649), and O~ = (0.007, —0.0351,0.0351).

For a dynamical system ¢'(ug) = u(t,ug) generated by Eq. (1) we
consider the concept of the finite-time Lyapunov dimension [4, 6], which
is convenient for carrying out numerical experiments with finite time:

LEl(t, u) + ...+ LEj(t,u)(t; u)
ILE; (¢, upa (L, )] ’

where j(t,u) = max{m : > ;- LE;(t,u) > 0}, and {LE;(¢,v)}} is an or-
dered set of finite-time Lyapunov exponents (FTLEs). Then the finite-
time Lyapunov dimension of dynamical system generated by (1) on com-
pact invariant set A is defined as: dimy,(¢,.4) = sup dimy, (¢, u).

dimy, (¢, w) = j(t,u) +

According to Douady—Qesterlé theorem, for any ﬁxed t > 0 the FTLD
is an upper estimate of the Hausdorff dimension: dimy.A < dimy,(¢,.4).
The best estimation is called the Lyapunov dimension [6]: dimy A =
infy~q sup dimy, (¢, w).

Usmg the feedback gain K = 0.3 we stabilized the UPO u"P° =
{uupo (t),t€0,7] } with period 7 = 5.8811 by the trajectory on the time
interval ¢ € [0,1000] with initial data ug = (1,1,1) on [0, —7]. Then for
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the initial points ug"°, chosen on the UPO w"P°, we numerically com-
pute the largest FTLE, LE;(¢,u,"°), and FTLD, dimy, (¢, u,"°), along
the trajectories integrated with (K = 0.3) and without the stabilization
(K = 0) on sufficiently large time interval [0,7 = 500] (see Fig. 1). On
the initial small time interval [0, Tipaten & 127], even without the control,
the obtained trajectory (¢, u,"°) traces approximately the “true” peri-
odic orbit u"P°, and computed values of the largest FTLE and FTLD
coincide of up to the 3th decimal place. But for ¢ > Tyatch, without
the control, the trajectory u(t,uy"°) diverge from u"P°, winds on the
attractor A, and the difference in computed values becomes significant.
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Figure 1. Numerical computation of the largest FTLE and FTLD for the time interval
t € [0, 500] along the UPOs u"P°(t) (red) and along the trajectory integrated without
stabilization (blue). Initial point: uy®® = (6.491, —7.0078,0.1155) (dark red).

Further, for the Rossler system (1) we have confirmed the Eden
conjecture and obtained the following relations between the Lya-
punov dimensions: 3=dimp, OT > 2.0341 = dim; O~ > 2.0283 =
dimg, (500, u"P°) > 2.0160 = max,cc,,,, dimg, (500, u) and various values
of topological entropy: 0.2799 = Hjoc(O7) > 0.2784 = Hjoe(OT) >
0.2219 = Hioc (500, ™) > 0.1250 = maxyec,.y Hioe(500,w).

Then for any invariant set or attractor containing period-1 UPO:
A D u"P°, we have the following lower-bound estimates for the Lyapunov
dimension: dimy, A > 2.0283 & dimp,(u"P°), and the topological entropy:
H(A) > 0.2219 =~ Hjoc(u"P°).

2. Upper-bound estimates of the Lyapunov dimension

Along with numerical methods for computing the finite-time Lyapunov
dimension, in this lecture we also discuss an effective analytical ap-
proach [6, 10].
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Theorem 1. For any ug € U, let A\ (ug, S) > -+ > Ay (uo, S) be the

eigenvalues of the matriz 1/2 (SJ(u(t, uo))S™ + (SJ (u(t, ug))S™! )

Here J(u) = Df(u) is the n x n Jacobian matriz. Let d = (j+s) € [1,n]
with integer j = |d] € {1,...,n} and real s = (d — |d]) € [0,1).

If there exist a differentiable scalar function V : U C R — R! and a
nonsingular n X n matriz S such that

sug Ai(u, S)+ -+ X (w,S) + sAjr1(w, S) + grad(V)* f(uw)] <0,
ue

then dimy, A < dimy, (T, A) < j + s for all sufficiently large T > 0.

This method allows to obtain upper-bound estimates for the Lyapunov
dimension of an invariant set K C U without it’s localization in the
phase space and to get exact Lyapunov dimension formula for attractors
of various well-known dynamical systems (see e.g. [6, 9, 10]).

10.

This work was supported by the Russian Science Foundation 19-41-02002.

REFERENCES

. Cwitanovié P., Artuso R., Mainieri R., Tanner G., Vattay G. Chaos: Classical

and Quantum. Copenhagen: Niels Bohr Institute, 2016. http://ChaosBook.org.

. Oseledets V. A multiplicative ergodic theorem. Characteristic Ljapunov, expo-

nents of dynamical systems // Tr. Mosk. Mat. Obs. 1968. Vol. 19. P. 179-210.
(in Russian)

. Kaplan J., Yorke J. Chaotic Behavior of Multidimensional Difference Equations.

In: Functional Differential Equations and Approximations of Fixed Points. Lec-
ture Notes in Math., vol 730. Springer, Berlin, 1979. P. 204-227.

. Kuznetsov N., Leonov G., Mokaev T., Prasad A., Shrimali M. Finite-time Lya-

punov dimension and hidden attractor of the Rabinovich system // Nonlinear
Dynam. 2018. Vol. 92, no. 2. P. 267-285.

. Pyragas K. Continuous control of chaos by selfcontrolling feedback // Phys. Lett.

A. 1992. Vol. 170. P. 421-428.

. Kuznetsov N. The Lyapunov dimension and its estimation via the Leonov method

// hys. Lett. A. 2016. Vol. 380, no. 25-26. P. 2142-2149.

. Kuznetsov N., Mokaev T., Kudryashova E., Kuznetsova O., Danca M.-F. On

lower-bound estimates of the Lyapunov dimension and topological entropy for
the Rossler systems // 15th IFAC Workshop on Time Delay Systems, 2019.
Matveev A., Pogromsky A. Observation of nonlinear systems via finite capacity
channels, Part II: Restoration entropy and its estimates // Automatica. 2019.
Vol. 103. P. 189-199.

Leonov G., Kuznetsov N., Mokaev T. Homoclinic orbits, and self-excited and
hidden attractors in a Lorenz-like system describing convective fluid motion //
Eur. Phys. J. Special Topics. 2015. Vol. 224, no. 8. P. 1421-1458.

Leonov G. On estimations of Hausdorff dimension of attractors // Vestnik St.
Petersburg Univ. Math. 1991. Vol. 24, no. 3. P. 38-41.

428



UDC 517.977

Integral Decrease Principle and Robust Stabilization
of Nonlinear Control Systems

Yu.S. Ledyaev''?

1 Western Michigan University, Kalamazoo, USA,
2 Steklov Mathematical Institute, Moscow, Russia
ledyaev@wmich.edu

Abstract: We discuss mathematical techniques for constructing discontinu-
ous stabilizing feedback which is robust with respect to external disturbances,
actuator and measurement errors
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Introduction

In this presentation we discuss a unified framework for a design of dis-

continuous stabilizing feedback which is robust with respect to external

disturbances, actuator errors and to state vector measurement errors.
Let nonlinear control system

&= f(x, u(t)) (1)

be asymptotically controllable which means for any starting (initial)
point there exists an open-loop (program) control u(t) which drives a
trajectory x(t) € R™ of system (1) to the origin in some uniform man-
ner.

One of approaches to the problem of designing closed-loop (feedback)
control u = k(x) is based on the classical stability theory by assuming
an existence of differentiable Lyapunov function V(z) and positive func-
tion W(z) which is proper, positive definite and satisfies the following
infinitesimal decrease condition for some continuous feedback k(x)

(VV (@), f(z, k(x))) < =W (2). (2)

Then by using traditional argument we can show that the origin is also
an asymptotically stable equilibrium of the closed-loop system

&= f(x, k(z)). 3)

429



The function V(x) is called a control Lyapunov function and the condi-
tion (2) is called infinitesimal decrease condition.

Unfortunately this natural (from the point of view of classical stabil-
ity theory) approach does not work in general.

It was shown that there exist topological obstacles to existence of
smooth control Lyapunov functions and to existence of continuous sta-
bilizing feedback k(x).

Thus, there was a need to consider discontinuous stabilizing feedback
which required to introduce an appropriate concept of solution of the
differential equation (3) with discontinuous right-hand side.

The second challenge was related to the fact that the design of
this discontinuous feedback should be based on nonsmooth (non-
differentiable) control Lyapunov functions for which the classical
infinitesimal decrease condition (2) should be replaced by the condition
in terms of lower Dini directional derivatives at any x # 0

min  DV(z; f) < —W(x) <0
e (@3 f) (z) <0,
which is equivalent to the following infinitesimal decrease condition in
terms of proximal subgradients V'’ of the Lyapunov function V' (x)

uméi(rjl(V’,f(x,u)) < —W(x),V V' €dpV(x).

1. Discontinuous Stabilizing Feedback

The long-standing open question on existence of stabilizing feedback for
asymptotically controllable nonlinear system was answered positively in
mid-1990s by Clarke, Ledyaev, Sontag and Subbothin.

Their construction of stabilizing feedback was based on the Sontag’s
characterization of asymptotically controllable systems in terms of ex-
istence of continuous nonsmooth control Lyapunov function, on a con-
cept of sample-and-hold discontinuous feedback from Krasovskii and Sub-
botin’s theory of positional differential games and on proximal subgra-
dients calculus techniques for nonsmooth functions developed by Clarke
and Ledyaev.

The concept of sample-and-hold discontinuous feedback presents a
convenient model of computer-based digital controller, it is assumed that
on the interval [t;,t;+1) between sampling moments the discontinuous
feedback k(z) determines the constant control w; = k(z(¢;)) and the
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solution of the closed-loop system (3) is defined as the solution of the
ordinary differential equation

(t) = f(x(t),ui), tE [titiz1).

The importance of feedback control lies not only in automation of
control process. Another important aspect of the feedback control k(x)
is its robustness (insensitivity) with respect to errors and disturbances.
Namely, the solutions of perturbed system

= fz, k(x4 e(t) + a(t)) +w(t)) (4)

for small external disturbances w(t), actuator errors a(t) and measure-
ment errors e(t) should be driven close to the equilibrium state 0.

Certainly, study of robustness properties of discontinuous feedback
requires a development of special mathematical techniques.

In this talk we discuss a general approach to construction of such ro-
bust stabilizing feedback. It is based on a construction of some auxiliary
function V which satisfies some Integral Decrease Principle.

We demonstrate that this universal framework which is based on
Integral Decrease Principle can be used for robust stabilizing feedback’s
design and provides estimates for errors and disturbances bounds under
which the perturbed system (4) stays asymptotically stable.
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Optimal Control of a Market Economy with
Endogenous Fertility and Deadly Emissions

U. Lehmijoki!, T. Palokangas?
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Abstract: We examine optimal population policy in an economy (i) where
households dictate their number of children, save for capital and attempt to
decrease their mortality by spending on health care, (i7) firms produce output
from labor and capital, and (4i7) the accumulation of population and capital
generates mortal emissions. To establish the Pareto optimum, capital income
must be taxed at the rate equal to the marginal emissions of capital per head
all the time. The increase of the household size must be taxed at the rate
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equal to the present cost of the flow of aggregate emissions until the steady
state is reached.

Keywords: Stackelberg differential game, singular control, Uzawa transfor-
mation, saddle-point stability, growth of human population.

Introduction

We examine optimal environmental policy in a model where firms pro-
duce output from labor and capital with constant returns to scale and
families decide on their consumption, saving, fertility and health care.
We construct a Stackelberg differential game (cf. [1]), where the repre-
sentative family is the follower that consumes, rears children, saves in
capital and invests in its health, taking the taxes and aggregate deadly
emissions as exogenous, and the government is the leader that deter-
mines taxes, observing the dependence of mortality on emitting produc-
tion.

1. The economy as a whole

Population (labor force) L grows at the rate that is equal to the fertility
rate f minus the mortality rate m:

L/L=f-m, L(0)= Lo, (1)

where ¢ is time and L = dL/dt. We assume that one unit of labor
is needed to rear one newborn. Then, fL units of labor L used for
that and the remainder (1 — f)L in production. Output Y is used in
consumption C', investment in capital K and spending on health care
H. Tt is produced from labor (1 — f)L and capital L according to

Y:F(K,(l—f).[/), FK>07 FL>O; FKK<Oa
Frrp <0, Fgr >0, Frr <0, F linearly homogeneous,
where F' subscripts K and L denote the partial derivatives of F' with

respect to capital K and labor (1 — f)L, correspondingly. We define
macroeconomic variables or functions in proportion to population L:

. C . H K Y .
C_fa h_fa k_f7 Z_F(k71_f)_y(kaf)7 ;
g = Fic(k, 1= f) >0, yy = —Fp(k,1— f) <0, 3)

Yk = —Frp <0, ypr = Frr <0,
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where subscripts k£ and f denote the partial derivatives of y with respect
to k and f, correspondingly. Because the firms are competitive, the
marginal products of capital Fx and labor F, are equal to the interest

rate r and the wage w, correspondingly. This and (3) yields
r=Fxg =y, w=1F,, yr=-Kp=-w, )
y=Fr(1—f)+ Fxk=(1- flw+rk.

We assume that aggregate emissions S are a linearly homogeneous func-
tion of capital K and population L [cf. (3)]:

S(K,L), s(k)=S(K,L)/L=5(k,1), s >0. (5)

The government sets a poll tax a < 1 on labor, the tax 7 < 1 on capital
income rK, the parental tax x on fertility fL, and the tax z on an
increase of the household size, L = (f — m)L [cf. (1)]. Its budget is
balanced, if aL + zfL 4+ 77K + zL = 0 or [cf. (3)]

a+xf+7rk+z2(f —m)=0. (6)

To obtain interpretable policy rules, the taxes (z, z) are chosen from the
set of constant controls, and the tax 7 the set of continuously-evolving
controls, i.e. it cannot make discontinuous jumps.

Because total emissions S are a public good that increase every indi-
vidual’s mortality rate m, but each individual can decrease its mortality
by its spending h on health care, we assume the following function

h=S8—v(m) & m=v""'(S—h). (7)
At each moment ¢, an individual derives utility u(t) from its con-

sumption per head, ¢(t), and the fertility rate in its family, f(¢). With
the mortality rate m(t), its expected utility for period ¢ € [0, c0) is

/ (nc(t) + B1n f(t) + nle” PO, (®)
0
where 8 > 0 is a constant and 7 is a constant that ensures u > 0.

2. The family

The family chooses its consumption per head, ¢, fertility rate f and
health care h. We replace health care h by the mortality rate m as the
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family’s control variable, for convenience. The family saves in capital K:
K=Y -C—H-uK —[a+xzf +7rk +2(f —m)]L, K(0)= Ko,

where Y is output, C' consumption, H spending on health care, u > 0
the constant depreciation rate of capital K and [a+xz f+7rk+z(f—m)]L
tax expenditures (6). Noting (1), (3), (4) and (7), this constraint can be
converted into per capita terms as follows:

E=[1—-7m)r+m—-plk—(w+k+z+z2)f+w—c—h—a+zm. (9)

We eliminate the mortality rate m from the discount factor in the utility
function (8) by Uzawa’s transformation [3| into virtual time, 6(¢) =
[p + m(t)]t. Noting this, (8) and (9), the family’s optimal program is

*Inc(@)+ BIn f(0) +n

—0 .
ma e "df subject to 10
S SR ) 1o
dk 1
— = —{[1—7)r+m—plk+ - S+
B = e 0= m o)~ S
+zm—c— (wH+k+a+2z2)f—a}, k0)=ko.
This leads to the Euler equation and the fertility rate function:
¢ p+mdc . Be
P R 1 — — — - = ].2
- e g A f fEom e (12)

3. The government

The government maximizes utility (10) by setting the capital income
tax 7 and by controlling the fertility rate f the parental tax z and the
mortality rate by the tax on the increase of the family, z, subject to
the Euler equation [cf. (12)], and the evolution of population (1) and
capital per head, (9). By Uzawa’s transformation 6(t) = [p+m(t)]t, this
program takes the form

max/oo Ine(@) 4+ Bln f(0) +n
0

e %df subject to

c,f,m p—l—m(H)
dc c dL  f—m
d@ p+m[( T)T p N’ f}) d9 p+m ) (0) 0>
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= T f) = (= f = o(m) = s(BL], - k(O) = ko

In the government’s maximization, the capital income tax 7 is a sin-
gular control that must be solved by the generalized Glebsch-Legendre
conditions (cf. |2, P. 131-134]). The government’s program contains two
predetermined variables k and L and one non-predetermined variable c.
It is saddle-point stable for common parameter values.

Proposition 1. The optimal capital income tax is equal to the
marginal emissions of capital per head, T=s'(k)L, and the optimal tax
on the increase of the family size equal to the present cost of the flow of

emissions, z=+—. The parental tax per child can be eschewed, r=0.
p+m

Tapio Palokangas thanks ITASA for the opportunity to prepare this document
during his visit in November 2018.
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Abstract: In the talk, I will speak about a new convenient method for
describing plane convex compact sets and their polars that generalizes the
classical trigonometric functions cos and sin. The properties of this pair of
functions in the case of the unit circle are inherited by two pairs of functions
cosq, sing and cosqo, singo for the set  itself and its polar ©°. This
method turned out to be very useful for describing solutions of optimal control
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problems with two-dimensional control in explicit form. With its help, in
2018, I managed to explicitly find geodesics in a series of sub-Finsler problems
for the cases of Heisenberg, Grushin, Martinet, Engel, and Cartan. In 2019,
together with Yu.L. Sachkov and A.A. Ardentov, we solved more than 10
classical problems with 2D control. For example, in the talk I will discuss
Finsler geodesics on the Lobachevsky hyperbolic plane.

Keywords: convex trigonometry, optimal control, sub-Finsler, 2D control

The work is financially supported by Russian Foundation for Basic Research
under project 17-01-00805.
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Abstract: Unmanned aerial vehicle (UAV) search operations usually involve
two consequent steps. The first one is the observation of the area of interest
and capturing the data with the aid of optoelectronic cameras, and the second
one is the data transmission to the flight control center. After capturing the
data UAV must find an appropriate position to perform successful transfer
of the information flow. In this paper, UAV search mission planning is con-
sidered as a path optimization problem. The optimization goal is to set up
the best conditions for data capturing and transmission under velocity and
timing mission constraints.

Keywords: UAV, search and rescue, path planning, data acquisition.

Introduction

Nowadays UAVs search and rescue missions become more and more im-
portant in various areas including the search of missing persons in vari-
ous circumstances such as forest fires, earthquakes, shipwrecks etc. [1, 2].
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The typical approach to the operation planning is based on the usage
of a swarm of UAVs which provides maximum coverage of the operation
area [3, 4]. In this case, the optimization of the search mission may be
formulated as a scheduling problem with a constraint for each UAV to
spend enough time in the assigned research area [5]. Though this ap-
proach takes into account the limited UAV’s power resources and overall
mission time limits, it ignores the quality of the gathered and transmit-
ted information [3, 6]. In the planning of the search, besides the time
and power constraints, one needs to take into account the quality of
observations and transmission that depend on chosen UAV’s trajectory.

1. Problem statement and the model description

UAYV motion and utility model. In this research we use rather simple
motion model, like in [7] assuming the planar motion at constant altitude
with constant velocity

o x(2) . _ . _ .
x=( 5 ). a0 =vesi0. a0 =V, W

where V' € [Vinin, Vinaz| is a given constant velocity, ¢t € [0,7] with
fixed mission time limit 7, and the control parameter is the yaw angle
~(t) € [-7/2,7/2]. The initial X and terminal X7 points of the flight
are known. During its mission the UAV must visit the vicinity of the set
observation points, which are localized at S = {X}(¢)} and may change
their positions with time.

The position of a base station (BS) X3,(t) is also known. The wireless
channel between the UAV and the BS is assumed to be stochastic like
in [8].

Each channel state corresponds to a certain noise level 1/¢j, so if the
signal level is wu, then the product fiu; is equal to the signal-to-noise
ratio and thus log(1 + £xu;) is the instantaneous channel capacity in the
corresponding state ey [9].

Internal data transmission optimization. Data transmission
optimization problem is to maximize the amount of useful information
transferred along the fixed path of the UAV minus power consumed for
this transmission. An optimization criterion, which corresponds to this
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optimization goal can be defined in the following form

T
Jo[y {/z/logl—i— £Xt>ut)—/<;utdt}—> max (2)
u={u()}’
0
where ¢ = col(¢1,...,4n); (-, ) is the scalar product; coefficient v > 0

determines the utility of the information transmitted via the channel;
the linear term ku; stands for the power consumed for the transmission
at level u; and hence the coefficient x > 0 determines the strictness of
overall power consumption constraint. Parameters ¢, and v as well as
the channel state X; depend on the UAV position X (¢), therefore, the
functional in the whole depends on the control ~(:).

The wutility model is based on relation between v and the distance
between the UAV position X () and the area S assigned for observation.

External optimization: surveillance path planning. This part
of the problem uses the optimal criterion value obtained for the signal
level wu;, which delivers a solution to (2), and maximizes it via yaw angle
~v = v(t) with respect to the UAV dynamics equation (1):

Jhyl = maX}Jo[% u] — K | X(T) — Xo*. (3)

u={u

The coefficient x is responsible for the accuracy of the arrival to the
terminal point X7p.

2. Computer simulation

In this section we provide a numerical simulation of the model (1)—(3)
with the following specifications:

— observation interval is ¢ € [0, 60] min;

— observable object is a single point which moves from X,;(0) =
(—=1.31, —0.52) to X,(T) = (3.77, 7.62) along the path shown in Fig. 1
(white dash line) with constant speed;

— UAV starts at Xg = (2.0, —1.0) and is aimed to finish around
Xr = (7.5, —4.0);

— UAV speed is subject to optimization within the bounds V €
[0,50] km /h;

— coefficient of the return accuracy significance is kK = 0.05 1/ km?.
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Figure 1. Left: observation point path (white dash line), base station position (red
triangle), and UAV optimal path (blue curve). Right: optimal signal level u*(¢)
(green line).

— observation utility function is given by v(X(t)) = 1/(1 + d?/d3),
where d = d(X(t)) is the distance between the UAV and the observable
object d = || X (t) — Xop(t)|| and dop = 2.5 km is the distance where the
utility halves in comparison with its value right above the object;

— position of the BS is Xps = (7.0,7.0) (red triangle in Fig. 1) and
it is not changing with time;

— noise level depends on the distance r = || X (t) — Xps|| between
the BS and the UAV: ¢(X (t)) = 1/(1 +r?/r2), where 79 = 2.0 km is a
distance where the noise level is twice as high as above the BS;

— coeflicient of the energy constraint strictness in (2) is x = 0.05.

Solution of the optimal control problem is obtained on the basis of the
algorithm described in [7]. Optimal path and the correspondent optimal
signal level are shown in Fig. 1.

This work is partially supported by the Russian Foundation of Basic Research
(RFBR Grant No. 19-07-00187-A).
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Abstract: This study considers a market economy where firms produce
goods from labor and capital and households save in capital, spend on
mortality-decreasing health care and derive utility from their consumption
and number of children, without caring of their adult offspring. The economy
faces the risk that population growth and capital accumulation triggers a
deadly environmental disaster. To solve optimal public policy, a leader-
follower game between the government and the representative household is
constructed. This shows that before the occurrence of the disaster, Pareto
optimum can be restored by a temporary tax on capital income.

Keywords: Random regime switch, stochastic dynamic programming,
leader-follower game, environmental disaster, endogenous fertility, endoge-
nous mortality.
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Introduction

The setup of public policy is modeled as a Stackelberg game, where both
the leader’s and follower’s programs are solved by stochastic dynamic
programming. The follower is the representative household that dictates
its consumption per head, its spending on health care per head and its
fertility rate, taking the taxes and the mortality rate as given. The leader
is the government that determines the taxes, observing the follower’s
behavior, the behavior of the firms, the budget constraint of its own
and the external effect of population growth and capital accumulation
through pollution and mortality.

1. The economy as a whole

In the model, time ¢ is continuous. Population L grows at the rate that
is equal to the fertility rate f minus the mortality rate m:

L/L=f—-m, L(0)= Lo, (1)

where L = dL/dt. The units are normalized so that one unit of labor
is needed to rear one newborn. Then, fL units of labor L is devoted to
rearing babies and the remainder B = (1 — f)L, to production. Output
Y is used in consumption, spending H on health care and investment
I = K in capital K, where it is defined that production Y includes also
the depreciation of capital, for simplicity. Output Y is produced from
capital K and productive labor B according to neoclassical technology:

. OF . OF . 0*F
Y—F(K,B), FK——8K>0, FB——8B>O, FKK——8K2<0,
0*F 0*F
Fpp = 952 <0, Fgp-= > 0, F linearly homogeneous.

~ 9KOB

Per head values are denoted by y = Y/L, k = K/L and b = B/L.
Because the firms are competitive, there are no pure profits and the
marginal product of capital Fx is equal to the interest rate r, the
marginal products of labor Fp equal to the wage w, correspondingly:

y(k, f) = F(k,b) = Fgb+ Fxk =bw +rk = (1 — f)w + rk,

r:FK(kJ,b)zyk, wZFB(kJ,b), ny—FB(k,b)Z—w.
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Capital K and population L pollute according to P = K7L!=7 =
k7L, where 0 < v < 1 is a constant. The probability 7 of the environ-
mental disaster ¢ is an increasing function of pollution P:

1 with probability 7 (P),
q= 7' > 0.
0 with probalility 1 — w(P),
The environmental shock ¢ increases every individual’s mortality rate m
simultaneously, but each individual can decrease its mortality rate m by
spending h on health care with increasing marginal costs:
dh , d*h

h=gq + z(—m), a—m) =z'>0, pTEE

=z" >0, g constant.

(2)

The government sets a poll tax a per head, the tax 7 € (—o0,1) on
capital income rK, the tax z on the number of children, fL and the
tax x on an increase of the household size, L = dL/dt with the budget

[ef. (1)]
aL+zfL+7rK +xL=0 < a+axf+71rk+x(f—m)=0.

2. The household

Saving per head, s = k, and the fertility rate f are the household’s
controls. By (2), the mortality rate m can replace leath spending h as
the household’s control. At each moment ¢, an individual’s utility u is a
function of consumption ¢ and the fertility rate f in its household. With
the mortality rate m(t), its expected utility for period ¢ € [, 00) is

/mw@ﬁwwﬂﬁ with u(t) = c(t)f(t)* 0<o<1, a>0,
¢

where o and « are constants. To eliminate the mortality rate m from
the discount factor of the utility function, Uzawa’s transformation in [2]
is used: 0(t) = (p + m)t with dt = df/(p+ m). Because () = (,
f(o00) = oo and dt/df = 1/(p+m) > 0 hold true, then 6(¢) can be
defined as an alternative time variable and the value function at initial
time ( is given by

¢k, w,r,q,a,z,7,%x,() = max /7
( x¢) (O p+m(f)

e$0ap,
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where consumption ¢ is a function of (s, f,m, k,w,r,q,a,x,7,x,¢). To
solve the value function ® and the first-order conditions of the maximiza-
tion, it is assumed that & is in constant proportion ¥ > 0 to periodic
utility ¢” f*?/(p + m). This leads the household’s response functions

ac
m=M (k,w,r,q,a,z,7,X,(), = =(1—7)r—p.
( q X.¢), f I —— f=Q—=7)r—0p

3. The government

Because the government can control saving per head, s = I;;, the change of
pollution, v = P, and the mortality rate m by taxes (1,2, x), the former
can be taken as the government’s controls in the model. The govern-
ment maximizes the representative household’s welfare by the controls
(s,v,m), its value function at initial time ¢ is given by

[ OO 5

v k7 P7 q, = max /
( D= om0 /o mo)

At the occurrence of the environmental shock, ¢ increases up to its upper
limit 1 and welfare W (k, P, q, () changes into ¥(k, P,1,¢). Thus, by [1],
the Bellman equation for the government is

U = max T with

s, v,m

L 9Udk QU dP

T T anas tapap T YK P LG~k Pg.()]
1 g o a_\Il a_\Il o
p+m(cf +8k5+8p’0>+71'(P)[\I/(1€,P,1,C) \Il(kvpv%C)}a

where ¥ (k, P,1,() — ¥(k, P, q,() is the change of welfare at the occur-
rence of the shock. To solve the value function ¥ and the first-order
conditions of the maximization, it is assumed that ¥ is in constant pro-
portion w to periodic utility ¢? f*? /(p + m).
The relative fall in welfare ¥ due to the disaster is, roughly,
\I/(]{),qu,C)—\I/(k,P,]_,C) g(l—fg)g

Q(kaPaQ7C): \I/(k},P,q,C) :UE c

%
Q
[SEES)
<«
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for small values of g/c. Comparing the government’s and the household’s
first-order conditions and noting (3) yield the following result:

Proposition 1. The parental tax per child and the tax on the in-
crease of the household size can be eschewed, i.e., their optimal values
are zero, x = T = 0. The optimal tax on capital income is zero after
the disaster, but 7 = 7Q /(1 + nQ) > 0 before it. The higher the risk of
disaster, m, or the greater is the welfare loss at the occurrence of disaster,
Q, the higher the precautionary tax T must be. If the effect of the disaster
in terms of output, g, is small relative to consumption ¢ (e.g., g/c less
than 10%), then the optimal tax on capital income before the disaster
is T ~ omg/(c+ ong), approzimately. The higher the expected loss for
the disaster, g, or the higher the intertemporal elasticity of substitution
1—1/0 (i.e. the higher o) is, the higher the precautionary tax T must be.

Tapio Palokangas thanks IIASA for the opportunity to prepare this document
during his visit in June/July 2019.
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Abstract: The unique solvability of the generalized Showalter—Sidorov
problem for a class of fractional order semilinear equations with lower frac-
tional derivatives is proved. The equation is suppose to be degenerate, i. e.
it contains a linear operator with a nontrivial kernel at the highest fractional
derivative.
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Introduction

Let X, Y be Banach spaces. Consider the generalized Showalter—
Sidorov problem

(Pz)®(tg) =x, k=0,...,m—1,
for the semilinear equation of fractional order
D{Lx(t) = Mx(t) + N(t, D" «(t), D{?x(t), ..., Dix(t)),

where L € £(X;Y) (linear and continuous operator from X into Y),
M € Cl(x;)) (linear closed operator with a dense domain Dy in the
space X and with the image in V), n € N, N : Rx X™ — ) is a nonlinear
operator, D¢, D, D2 ..., D{" are the fractional Gerasimov—Caputo
derivatives, 0 < a1 < as < - - < ap, < m—1< a <m € N. The
equation is supposed to be degenerate, i.e. ker L # {0}. The projection
P on the complement X' of the degeneracy subspace will be defined
further. The closest results on unique solvability of fractional order de-
generate semilinear equations, but with integer order lower derivatives
are obtained in [1].

1. Nondegenerate case

¢

Denote gs(t) = T(0) 101, Jh(t) = [gs(t — s)h(s)ds, Gat) =
to

(t — to)°"1/T(5) for 6 > 0. At m —1 < a < m € N the

Gerasimov—Caputo derivative is defined as D{h(t) = Dy J" ¢ (h(t) -
2”’2_01 h(k) (t0)§k+1(t)). For a, 8 > 0 denote the Mittag-Leffler function

o0 ZYL
Bed @)= 2 Tan 4 )

Let Z be a Banach space, Z be an open set in R x Z" B :Z — Z,
zr € Z,k=0,1,...,m — 1. Consider the Cauchy problem

2B (tg) =z, k=0,1,...,m—1, (1)
D¢ z(t) = Az(t) + B(t, D 2(t), D22 2(t), ..., D =(t)). (2)
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A solution of (1), (2) on a segment [tg,t1] is 2 € C™ ([to, t1]; Z), such
that Jt’”’a(z _yme L) (t0)§k+1> e C™([to, t]; Z), for all t € [to, t1]
(t, Dy z(t), D2 2(¢),...,D{"2(t)) € Z, equalities (1) and (2) for all
t € [to,t1] are valid.

Lemma 1. Let | — 1 < 8 <[ € N. Then there exists C > 0, such
that for all h € C'([to, t1); Z) DY Bllc(to.:2) < Cllhllcr(eo agiz)-

Lemma 2. Let Ae L(Z), Be C(Z;2). Then function z €
C™ L([to, t1]; Z) is a solution of problem (1), (2), if and only if for all
t e [to,tl]

H

m—

(t —t0)" Eo 1 (A(t — o))z +
k=0

t
+ /(t —8)* L By o(A(t — 8)*) B(s, D 2(s), D 2(s), . .., D™ 2(s))ds.
to
The bar over a symbol will mean an ordered set of n elements with
indexes from 1 to n, for example, & = (z1,za,...,z,). Here, S5(z) =
{g€ 2 |lys —xillz < 8,k=1,2,...,n}. Amapping B: Z — Z is
called locally Lipshitz continuous in z, if for every (¢,Z) € Z, there exist
d > 0and ! > 0, for which [t—4,t+d]x S5(Z) C Z and for all (s, 3), (s,v) €

[t = 0,6+ 0] x Ss(z) |B(s,9) = B(s,0)llz < 13 |lye — villz. Using
k=1

the initial data zg, z1,...,2m—1 from (1), denote 7 = Dyt = 2(2),
52 = D?2|t=t02(t), . ,Zn = D?"|t=t02(t), where

5(t) = - ey EmEL gyl

Z(t) =2z0+ Zl(t to) + + (m — 1)' (t to) .

Theorem 1. Suppose that A € L(Z), a set Z is open in Rx Z™, and
the mapping B € C(Z; Z) is locally Lipschitz continuous in z, z, € Z,
k=0,1,...,m —1, such that (to, 21, 22,...,2n) € Z. Then there exists
t1 > to, such that problem (1), (2) has a unique solution on [tg,t1].

2. Degenerate case

Suppose L € L(X;Y), M € Cl(X;)), Dy is a domain of an operator
M, endowed by the graph norm || - ||p,, = || - lx + ||M - ||y. Denote
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pF(M) = {u € C: (uL — M)™" € L3 X)), o(M) = C\pE(M),
Rﬁ(M) = (puL— M) L, Lﬁ =L(uL — M)~!

An operator M is called (L,o)-bounded, if there exists a > 0 such
that for all u € C, if |u| > a, then u € p(M).

Take v = {u € C : |u| = r > a}. Then operators P =
1/27rsz Ydu € L(X) and Q = 1/2meL Ydu € E(y)

are prOJeCthHS [2]. Put X0 = ker P, )° = ker Q; Xl imP, Y! =im@Q.
Denote by Lj (M) the restriction of the operator L (M) on X*
(Dar, = Dy N X*), k=0,1. In [2] it is proved that M; € E(Xl;yl),
My € Cl(XO;yO), Ly € ﬁ(Xk;yk), k = 0,1, there exist operators
yle (Va0 Lyt e L(VhAY).
Denote Ng = {0} UN, G = M, 'Lg. For p € Ny = NU {0} operator
M is called (L, p)-bounded, if it is (L, o)-bounded, GP # 0, GP*! = 0.
Consider the generalized Showalter—Sidorov problem

(Pz)® (to) =z, k=0,1,...,m —1, (3)
for degenerate equation
D¢ La(t) = Ma(t) + N(t, D a(t), D22 x(t), ..., Dix(t),  (4)

where m e Nm—-1<a<mO0<o <a < - <a, <m-—1.
Suppose r — 1 < ap, < r, L € L(X;)Y), ker L # {0}, M € Cl(X;)),
N : X — ), where X is an open set in R x X".

The solution of proplem (3), (4) is a function x € C([to,t1]; Dar) N
C"([to, t1]; X), for which Lz € C™ ([tg, t1]; ),

e (Lx - z_j (La)® (to)§k+1> € €™ ([to, 1a]; V),
k=0

for each t € [to,t1] (¢, Dy x(t), D{?x(t), ..., Di"x(t)) € X and equali-
ties (3), (4) for all t € [to,t1] are hold.
Denote

Lm—1 m—1
t—to)2 4+ —m

for xp from (3), k = 0,1,.. m — 1, &1 = D=, E(t), T2 =
D?2|t:t0£(t) il,'n = D z.

i‘:l‘()“‘_(t—to)“_ 2'(
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Theorem 2. Assume that r < [(m —1)/2], M is (L,0)-bounded,
X is open set in R x X™, N : X — Y; V. = XN (R x (XH)"), for
each (t,Z1,...,%,) € X, such that (t, PZ1,...,P%,) € V, the condi-
tion N(t,Z1,...,&n) = N1(t, PZ1,...,PZ,) holds with some Ny : V —
Y, mapping QN1 : V. — Y is locally Lipschitz continuous in x, (I —
Q)N1 € C"(V;Y). Then for all x, € X*, k=0,1,...,m — 1, such that
(to,Z1,...,2n) € V, there exists some t1 > to, for which problem (3),
(4) has a unique solution on [tg, t1].

Proof. Multiply (4) from the left by the operators My (I — Q) and
Lle. Then we obtain the problem

D?’U(t) = Slv(t) + LIIQNl(taDglv(t)vDtan(t)a s 7Dtanv(t))a ( )
5

v ¥ (L)) =2, k=0,1,...,m—1,
0 =w(t) + My ' (I = Q)Ni(t, Di*v(t), Di*o(t), ..., Div(t))  (6)

for the functions v(t) = Px(t), w(t) = (I — P)xz(t). Here S; = L7 M;.
Since set V is open in R x (X1)", L7'QN; € C(V; X) and locally Lips-
chitz continuous in z the problem (5) has a unique solution v on [to, 1]
by Theorem 1. Then we we have the equality

w(t) = =My (I — Q)Ny(t, DY v(t), Di*v(t), ..., Dimu(t)).

The inequality o, +7 < m — 1 and the inclusion v € C™~([to,t1]; A1)
implies that w € C"([to, t1]; X°), besides, Lw = 0. Thus, there exists a
unique solution x = v 4+ w of problem (3), (4).
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Abstract: The approaches to construct optimal behavior in dynamic mul-
ticriteria games with different planning horizons are presented. The multi-
criteria Nash equilibrium is obtained via the Nash bargaining design (Nash
products), and the cooperative equilibrium is determined by the Nash bar-
gaining procedure. To illustrate presented approaches a multicriteria biore-
source management problem with different planning horizons is investigated.

Keywords: dynamic games, multicriteria games, Nash bargaining solution,
different planning horizons.

Introduction

Mathematical models involving more than one objective seem more ad-
herent to real problems. Often players have more than one goal which
are often not comparable. A multicriteria game approach helps to make
decisions in multi-objective problems.

We extend multicriteria dynamic game [3] to the case of different
planning horizons. When one player exploits a bioresource for a shorter
period than the others, the former joins the exploitation process for a
fixed time. But this player has a smaller planning horizon than her
partners; and so, the player under consideration is interested in gaining
more from exploitation than the players that continues exploitation.

1. Main result

Consider a bicriteria dynamic game with n participants in discrete time.
The players exploit a common resource and wish to optimize two different
criteria. The state dynamics is in the form

xt+1:f(xt7u1t7"'7unt)) To =T, (1)

where z; > 0 is the resource size at time ¢ > 0, f(x¢, u1¢, . .., un:) denotes
the natural growth function, and wu;; > 0 gives the exploitation rate of
player i at time t, i € N = {1,...,n}.
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We explore a model in which the players possess heterogeneous plan-
ning horizons. By assumption, players harvest the fish stock during
mi,..., My steps, respectively, m; < ... < m, and m; > mg = 1.
Therefore, during the time period [m;, m;y+1] n — @ players harvest the
same stock, and the problem consists in evaluating their optimal strate-
gies.

The payoff functions of the players are defined by

i mg
JE=3 3 09 (ke Ui, - - s Une)
Ji _ k::41 t=mg_1 5 ) S N7 (2)

2 . ok 2
Ji = Z 5t9i (xkt;ukt;~~~aunt)
k=1

t=mp_1

where gj -) > 0 gives the instantaneous utility, j = 1,2,7 € N, § € (0,1
K3

denotes a common discount factor, and z;, ¢ = 1,...,n, possess the
dynamics
Tit+1 = f(Tit, Wity -+ -y Unt),  Tie(Mio1) = 10 (Mi—1).

We design the noncooperative equilibrium in dynamic multicriteria
game applying the Nash bargaining products [2].

Then, we find a multicriteria cooperative equilibrium as a solution
of a Nash bargaining scheme with the multicriteria Nash equilibrium
playing the role of status quo points [3].

A discrete-time game-theoretic bioresource management model (fish-
ery problem) with different planning horizons is treated to show how the
presented concepts work.
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Abstract: The differential game of alternating pursuit of two targets, one
of which is a false target with a given classification probability, is considered
on the plane. The players have simple motions. The criterion is the average
time to meet the true target.

Keywords: planar differential pursuit-evasion game, simple motions, false
targets.

1. Introduction and problem statement

A conflict-cooperative differential game on the plane of one pursuer P
against a coalition of two consistently evading targets F4 and Ep one
of which is false is considered. The movements of the players are simple
(inertialess). The velocity vectors of the players are the controls, which
are imposed geometric (modular) restrictions: the speed of the pursuer
lu(t)| < 1, the speed of the targets |v;(t)| < 8 < 1, i = A, B; here S is
a given constant. The pursuer does not know which target is true, but
he knows the target classification probability p4 and pg, (pa +ps = 1),
where p; is the probability that i-th target is true. The targets E4 and
Ep are pursued alternately until a point meeting with the true target.
The payoff functional (criterion) has the form

G =paTa+ppTh %m};nElil%(B, (1)
where T; is the time to meet the target E;. The criterion (1) makes
sense of the mathematical expectation of the time before meeting the
true target. It is minimized by the pursuer. The targets consistently
maximize this criterion. Such a statement with the criterion of “full
time pursuit of two targets” (game I'yne) was considered in [1], and
with the criterion of “miss on the true target” (game I'ypiss ) — in [2].
In these works it was noted that the priority choice of meetings with the
targets is, in fact, additional control of the pursuer, which can be chosen:

a) programmatically (as a function of time) at the start of the game;
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b) positionally, in the pursuit process, as a function of the current
position of the players.

In [1, 2] both these possibilities are considered and it is shown that
at certain initial positions in the case b) the stage of alternate pursuit
is preceded by the stage of joint pursuit of some duration [0, 6] of the
group of two targets and during which the upcoming order of meetings
with the targets is not defined. It is determined directly at instant 6 of
the end of the joint pursuit phase.

The considered statement is ideologically close to [1, 2], however, as
noted above, differs from it by the payment, and also by the fact that
the probabilities of targets classification are a priori known.

2. Main result

Case a) — programmatic choice of the meetings order.
The index 1 will be assigned to the first in the order of pursuit. Then
the payoff (1) takes the form

G =p1Th + p2(T1 + Th2) = T1 + p2Tho, (2)

where T75 is the time in pursuit of Fy after a meeting with Fj.
The players motion equations:

prior to T after the time T}
Z1(t) = vi(t) — u(?), #1(t) =0,
Zo(t) = va(t) — u(t), Zo(t) = va(t) — u(t), (3)
Zg(t) = 1, Zg(t) = Pp2.

Here z;(t), i = 1,2, is a two-dimensional vector directed from P* to EY,
where P! and E! are current players positions; z3(f) is a variable that
has the meaning of model time and allows us to determine the payoff (2)
in the terminal form G = z35(T'), where T' = T} + p2T12 is the duration of
the game in the worst case for the pursuer, when the target F; was false.
Initial conditions are specified: z?, 29, 23(0) = 0, in addition 2, (T}) = 0,
and z2(T) = 0.

The game solution in Case a) is based on the maximum principle for
problems with the game situation [1, 2]. The following proposition takes
place.

Proposition 1. Optimal movements of the players are carried out
along the lines with the mazimum modulo speeds.
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Figure 1. The optimal trajectories of the players in the Case a) (8 = 0.5).

It is known that then the point P™* = ElT1 of the meeting of players P
and Ej lies on the Apollonius circle (fig. 1) [1, 2]:

_1\2 12
(z =[] =817+ = (|28 - 65)71)". (4)
To localize this point, we rewritten the payoff (2) as

l_1 12+11p2:1—p1/@ l_l Iy
B 1-8 1-8 [B (1—pBpyt]’

G:

where [; £ PT'E? and consider the auxiliary problem of reflection from
the circle (4) of a light beam emitted from the point EY at a speed 3
(since the beam of light minimizes the time of its movement in the given
medium between the given points). After the reflection from the circle
(4) at point PT1, the speed of light increases abruptly, the beam of light
begins to move at a speed (1 — plﬁ)pgl > 1> (3 towards the point ES.
At point PT", the law of reflection must be fulfilled

sinv/sinp = 8/[(1 — Plﬂ)Pgl]a

which localizes this point on the circle of Apollonius. At time ¢ = 0,
the sequence of meetings is determined as follows. Let oa(P°, EY, E%)
and op(PY, E%, E%) be payoffs (as functions of initial positions) corre-
sponding to the program choice of the sequence of meetings £4 — Ep or
Ep — E 4, respectively. The optimal sequence of meetings is determined
at instant ¢ = 0 from the conditions
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EA — EB, if kmfilnB Qk(PO,E%,E%) = QA(PO,EB‘,E%),
Ep — Eg4, if k{nAnB ok(P°, EY, E%) = op(P°, EY, EY).

In the case of identical targets (pa = pp = 0.5), the target closest to
the pursuer is initially pursued. This target is assigned an index of 1.

Case b) — positional choice of the meetings order.
In the process of players movement a sign of the difference between
payoffs (as a function of the current players positions {z1(¢), z2(t), z3(¢)})

D(21(t), 22(t), 23(t)) £ 02(21(t), 22(t), 23(t)) — 01(21(t), 22(t), 23(t)),

generally speaking, can change in the interval [0, #]. The positional choice
of the sequence of meetings allows us to take into account the fact that
whenever at some point in the game equality

(21(1), 22(t), 23(t)) =0

is realized, the targets Fy and Fs become identical for the pursuer in the
sense of the payoff value. This means that at this point ¢, the payoff (as
a function of the current state {z1(t), z2(t), 23(¢)}) does not depend on
the choice of the sequence of the meeting and the player P can re-index
the targets, i.e. change the order of the upcoming sequence of meetings.
The possibility of such reindexing allows to guarantee the preservation
of the sign of inequality

D(z1(t), 22(t), z3(t)) = 0 (5)

in interval [0, 6] of joint pursuit, & = sup{t : ®(z1(t), 22(t), z3(t)) = 0}.
Inequality (5) plays the role of phase constraints and defines the rela-
tionship between the equations of motion (3) and the positional control
of the sequence of meetings. In our case, the inequality (5) is equivalent
to

p1lze(t)| > palz(t)], t €0,0].

REFERENCES

1. Abramyants T.G., Maslov E.P., Rubinovich E.Ya. Simplest differential game of
alternate pursuer // Autom. Remote Control. 1980. Vol. 8, no. 1. P. 5-15.

2. Rubinovich E.Ya. A differential game of alternate pursuit with criterion “A miss
on the true target” // Izvestiya SFedU. Engineering Sciences. 2019. Vol. 203,
no. 1. P. 165-177. (In Russian)

454



UDC 517.977

Calculus of Variations in Solutions of Dynamic
Reconstruction Problems

N.N. Subbotina

Krasovskii Institute of Mathematics and Mechanics UB RAS,
Ekaterinburg, Russia, subb@uran.ru

Abstract: The dynamic reconstruction problem for controlled systems is
studied. It is assumed that information about inaccurate current measure-
ments of the real states of the system comes at discrete instants. The control
generating this real motion has to be reconstructed in real time.

A new method for solving this inverse problem is suggested. This method
relies on necessary optimality conditions in auxiliary problems of calculus of
variations (CV) with integral convex-concave cost functional.

Keywords: dynamic reconstruction, calculus of variations.

Introduction

Inverse problems were always actual and important for the analysis and
synthesis of optimal controls in dynamical systems theory [1-6].

The proposed below method of solving dynamic reconstruction (DR)
problems is close to the approach developed in the works of Yu.S. Osipov
and A.V. Kryazhimskii [8, 9] They consider a coupled system which
consists of the original controlled model and the similar guide model.
Their approach is based on extreme aiming on the motion of the guide
model. These ideas source in the differential game theory developed in
N.N. Krasovskii’s school [7].

The new method [10, 11| is based on solutions of the hamiltonian
system of state variables and conjugate variables. This coupled system
arises in necessary optimality conditions for auxiliary problems of calcu-
lus of variations (CV) with concave-convex integral cost functional.

1. Statement 1. Dynamic reconstruction problem

We consider the controlled system of the form

dzx(t)
dt

= f(t) + G(tvx(t))u(t)v te [OvT]a (1)

455



where x € R™ are state variables, parameters u € R™, m < n are
controls, constrained by the geometric restrictions:

weU={u; €[a; ,af], af <aj, i=1,2,...,m}. (2)
Information about current inaccurate measurements y(tx) of the real
trajectory x*(t) of system (1)—(2) comes in real time at discrete instants
tr =tog+ kAt; k=1,...,N, At >0, to =0, ty =T. The estimation
0 > 0 of inaccuracy is known

ly(te) — =" (te)l <0, k€O,N 3)

where § € (0,d0]. The symbol ||z|| denotes the Euclidean norm of the
vector z € R".

For any § € (0, do], step-by-step, up to the current instants ¢ > ta,
k = 2,...,N, one can define a piecewise smooth function 7°(-):
[0,T] = R™, which coordinates have piecewise continuous second
derivatives, such that

() — 2" (1) <2, Ve e[0T,
d2yd(t — (4)
PO <k ieTw wepT\ @

where 0 < K < oo is a given constant, the sets ©° have the measure
B2 =pB(0% and B° — 0, as § — 0.

The inverse problem arises: to reconstruct in real time the con-
trol u*(-) generating the real trajectory x*(-). We consider the case
when control u*(+) : [0,7] — U can be a measurable function.

Statement 1. After receiving in real time, at the current discrete
instants t > to, information about a continuous interpolation yé(-) :
[0,t] — R™ of the current measurements, we need to reconstruct such
the control u®(-) : [0,t;, — At] — U, which generates the trajectory x°(-) :
[0,t, —At] — R™ of system (1)—(2), that, at the end of the reconstruction
process, the following relations hold:

(t,2°(t)) € Do = {(t,x) : t € [0,T), [l —y*(t)]| < 4o},

O(N _ ¥, — o Lk
[2°(:) = 2" ()lle o, |2° () — 2" ()| = 0,

T—At (5)
W) —ur ()3, = (1) — u*(7)||2dr
() — w2, / lu?(r) — u* (7)|2dr 0,

as 6 — 0, At = 0.
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Here the symbol ||z(-)||c denotes the norm in the space C' of continuous
vector-functions x(-) : [0,T — At] — R™; the notion |lu(-)||z, means the
norm in the space Ly of vector-functions u(-) : [0,T — At] — R™.

2. Statement 2. Auxiliary calculus of variations problems

Consider the interval [ty_o,t], k = 2,..., N, a fixed parameter J, and a
continuous interpolation 4° (1), T € [t,_2,tx]. We introduce the integral
discrepancy cost functional of the form

t ‘%7__67_2 o
a0 = [ B0 S e]arn )

tr—2 2

where @ > 0 is a small parameter of regularization, the initial state
(tk—2,TK—2) € Do.
We introduce the following modified controlled system
dz(T) Ao s
= f(r)+ G(r,z(1))v(r), T € [tk—2,tk], (7)
where & € R" are state variables, controls v € R™. The n x n-matrix
G(r,2) = {9i;(1,2)}, i € I,n, j € 1,n has the following structure
gi,j(T7£) - gi,j(Tai‘)7 (S 17”) ] € 1am7 gi,j(TVi) =7 1€ m+ 17”7
jem+1n, i=j, §,;(1,&) =0 elsewhere.
The symbol v > 0 denotes a small parameter of approximation.

Statement 2. For any fized § € (0,dp], a > 0, we have to minimize
cost functional (6) over all continuously differentiable functions v;(-) :
[tk—a,tx] = R, i € 1,n and 2;(*) : [tk—2,tx] — R, i € 1,n — solutions
of system (7) satisfied the boundary conditions

di‘(tk,Q) o dyé(tkfg)
a  dt ®

B(th—2) = Th_2 = y° (tp_2),

3. Main result

One can easy get necessary optimality conditions for &(-) in CV problem
(6)—(8) in the form of the hamiltonian system and provide consequen-
tially for ¢ € [tx—2,tk—1], k =2,..., N, the controls

(1) = 0008, 8(0)) = ~ G (12,4 (11 2))300), ©)
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where §(t) are conjugate variables of the hamiltonian system, the sym-
bol T means transposition.

We put u® = u0(t) = (ud(t),...,ud,(t)), t € [tk—2,tk—1], kK €2, N,
ud(t) =vd(t,5(t), Viel,m, °3()) €U,
ud = u?* (t) = az, v?* (t,8(t)) > az, J3i, €1,m, (10)
wd (t) =aj, u9 (,5(t) <a;, 3Ij.elm

Theorem 1. Let elements of the matriz G(t,x) be continuously dif-
ferentiable functions, non oscillate, satisfy sub-linear growth conditions,
and the sub-matriz g;;(t,x), i,j € 1,m, have the rank m on set Dy (5).
Let the concordance hold

At/ad = O(1), a/y— O(1), §la— O(1). (11)
(

Then controls u®(1) = u°(1) of the form

10) satisfy the relations (5),
i.e. they solve DR problem for system (1)—(2

)-
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Abstract: We consider nonlinear continuous-discrete filters, i.e. filters for a
class of continuous-time nonlinear systems with diffusion terms and discrete-
time observations. The measurements are assumed to arrive randomly in time
under a Poisson distribution. We design suboptimal filter with a reset map
which updates the estimate whenever a new measurement is received. We
provide error bounds on the covariance of the estimation error which depend
on the mean sampling rate of the sampling process.

Keywords: nonlinear filter, continuous-discrete filter, continuous-time sys-
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Introduction

Filtering theory deals with the question of reconstructing the state of
a certain process using some noisy measurements. Such questions are
extremely important in engineering problems and for this reason filtering
algorithms find applications in various disciplines ranging from control
theory and signal processing to robotics and image/audio processing.
The book [1] provides an overview of the developments carried out in
the area of filtering theory since its inception. While the problem is
relatively well-studied for linear dynamical systems, the analysis and
implementation of nonlinear filters has proven to be a rather challenging
problem. For this reason, many research works have focused on providing
relaxed versions of optimal filters for nonlinear systems, which are more
amenable to computer implementation. This short note concerns this
last line of research, and in particular, we study the problem of obtaining
bounds on the covariance of the state estimation error for certain class
of continuous-time nonlinear filters under discrete observations.

For stochastic systems, in general, the solution to nonlinear filtering
problem is a partial differential equation which describes the probabil-
ity density function of the state, and goes by the name of Strantovich-
Kushner equation, or Zakai equation. The book [1] provides the basic
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results along with some recent developments, and a compact exposition
can also be found in [2].

To implement control systems over networks, it is often of interest to
consider random uncertainties into account. An overview of the stabiliza-
tion problems under random sampling can be found in [3]. For filtering
problem where the measurements arrive at random time instants, we can
find some results in [4], [5], and [6], but all these works are for discrete-
time systems. To work with continuous-time systems, one can adopt
the structure of continuous-discrete observer proposed in [7]. However,
such filters also suffer from the problem of implementation. As a result,
there are no rigorous works that analyze the performance of continuous-
time nonlinear filters in the presence of discrete measurements arriving
at random time instants. This study aims to fill this gap.

1. Problem Formulation

System Class. We consider stochastic nonlinear systems of the form

dz; = f(x) dt + dwy, (1a)
Yo = h(ze) + v, (1b)

where z is R"-valued state process, and the measurements y, taking
values in RP, constitute the output process. The process noise w and
the sensor noise v are assumed to be independent Brownian motions.
The drift term f : R™ — R™, and the output map h : R®™ — RP are both
assumed to be continuous. For the sake of simplicity, we will assume that
the covariances of the process noise and sensor noise remain constants
over time and are denoted by W and V respectively.

Observation Process. We consider a monotone nondecreasing non-
negative integer-valued sequence {7}, y taking values in R which de-
note the time instants at which measurements are available for estima-
tion. We introduce the process N; defined as

Nt::sup{n€N|Tn§t} for t € R,

and it is assumed that N; is a Poisson stochastic process with inten-
sity A. The goal is to construct the mean-square estimate of the state
x;, denoted by Z;, which minimizes the mean square estimation error
E [|z: — #¢|?], using the discrete observations {y-, |k < Ny}.
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Structural Assumption on System Nonlinearities. To get
tractable results, we restrict ourselves to the so-called cone-bounded
nonlinearities in the drift term and the output map. It is assumed that
there exist matrices A € R™"*", C' € RP*™, and the constants constants
a, ¢ such that

[f(z +6) — f(z) — Ad| < ald], (2a)

|h(z +0) — h(z) — Cd| < c|d]. (2b)
In other words, the nonlinearities, that we consider, are to be seen as the
perturbations in the linear terms and the size of these perturbations is
handled by the constants a and c. It is possible to make the nonlinearities

f, h and the covariances of the noise, time-dependent. As a result, the
matrices A, C' and the constants a, ¢ can also be time-dependent.

2. Estimations

The filter we propose is of the form

Az, = f(&@) dt, (3a)
T =7+ Ky, — h(F,-)). (3b)

k

where the gain Kj needs to be designed.

Theorem 1. Consider system (1) under the small nonlinearity as-
sumption (2), and the estimator (3) with

~1
K = PT,:CT ((1 + C)CPT; CT 4+ (2c+ CQ)tracePT;I + V) ,

where the R™*"-valued process Py be defined by

ar,

T AT P, + P, A+ aP; + atrace(P)I + W + AcP; — K;CP,),

Pi=(1+4c¢)P - - K, CP_-.
k & &
Then, it holds that
El(z, — %) (x —2) '] < P

The foregoing theorem provides the bound on the covariance for each
sample path. The expected value of P; is given by the following state-
ment:
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Proposition 1. Let P; := E[P,], the expectation with respect to the
sampling process. It then holds that

d
% = AP, + P, A+ aP, + atrace(P,)I + W + AP, — KCP,),

where K := P,CT ((1 +¢)OP,CT + (2¢ + ) trace P + V)_l.
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Model Predictive Control and Regularity
of Mappings

V.M. Veliov
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Abstract: The Model Predictive Control (MPC) method, which has been
widely used since more than half a century for process control in industry,
faces new challenges due to its new applications in electronics, requiring fast
implementation. Moreover, the justification of the method and the explana-
tion for the good results it delivers in many cases is still an issue of current
research.
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After an introductory part about the basic MPC algorithm, the talk will
address issues related to its mathematical justification and conditions under
which such is available. The effects of cutting the horizon, discretization, and
measurement errors will be in the focus. Result concerning optimal control
problems satisfying a certain coercivity condition, and for problems that are
affine with respect to the control, will be considered separately. A key role for
these results is played by certain regularity properties of the so-called opti-
mality mapping associated with the system of first order necessary optimality
conditions (Pontryagin’s maximum principle).

The regularity property of interest in the MPC context is the so-called strong
metric reqularity. This property of the optimality mapping is well studied in
the case of coercive problems. However, its implications on the performance of
the MPC method were established recently, and will be presented in the talk.
The case of affine problems is more sophisticated and sufficient conditions for
the regularity property which is relevant in this case (called strong bi-metric
regularity) are also very recent and will be briefly presented.

Special attention will be attributed to affine problems with a finite set of
feasible control values. A direct approach, avoiding any convexification and
relaxation will be briefly described.

The exposition will be based on parts of the joint papers [1-6].

Keywords: optimal control, feedback control, model predictive control, met-
ric regularity, discretization.
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Abstract: The aerodynamic problem on the form of the convex body having
minimal resistance while moving in rare media was proposed and solved by Sir
Isaac Newton for surfaces in revolution. At the very end of the 20th century, it
appears that the rejection of the hypothesis of axial symmetry allows reducing
resistance: non-axially symmetric bodies with less resistance than symmetric
ones of the same length and cross-section were found. The exact form of
the best shape of bodies with minimal resistance was still unknown. It was
considered as a challenge for experts in optimal control theory. We will present
a new result, in which the body shape in the class of bodies with a vertical
symmetry plane is analytically derived, and its local optimality is proved. The
resistance obtained agrees well with the numerical computations performed
by Lachand-Robert, Oudet and Wachmuth, which suggests its asymptotic
optimality among all convex bodies.

Keywords: Newton’s Aerodynamic Problem, Hessian measures.
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